330

International Journal of Fuzzy Systems, Vol. 12, No. 4, December 2010

Intuitionistic fuzzy quotient Lie superalgebras

Wenjuan Chen

Abstract

In this paper, the intuitionistic fuzzy Lie
sub-superalgebras and ideals of Lie superalgebras
are studied further. We define the intuitionistic fuzzy
quotient Lie superalgebra by an intuitionistic fuzzy
Lie ideal and prove that it is a Lie superalgebra. The
intuitionistic fuzzy set of quotient Lie superalgebra is
also considered. Finally, solvable intuitionistic fuzzy
Lie ideals and nilpotent intuitionistic fuzzy Lie ideals
are defined and the related properties are discussed.

Keywords: Intuitionistic fuzzy sets, Intuitionistic fuzzy
Lie ideals, Nilpotent intuitionistic fuzzy Lie ideals,
Solvable intuitionistic fuzzy Lie ideals

1. Introduction

After the introduction of fuzzy sets by Zadeh [26],
there have been a number of generalizations of this fun-
damental concept. The notion of intuitionistic fuzzy sets
introduced by Atanassov [1, 2] is one among them. The
theory of intuitionistic fuzzy sets has been applied in
different areas, such as logic programming, decision
making problems and topological space, etc. Especially,
many people are interested in the study of algebras in the
intuitionistic fuzzy settings [3-6, 8, 9, 13, 15, 17, 18].
For example, Biswas applied the concepts of intuitionis-
tic fuzzy sets to the theory of groups and studied in-
tuitionistic fuzzy subgroups of a group in [9]; Banerjee
et al studied intuitionistic fuzzy subrings and ideals of a
ring in [8]; M. Akram introduced Lie algebras into the
intuitionistic fuzzy sets and discussed the related proper-
ties [3-5].

The pioneer description of the mathematical theory of
Lie superalgebras was due to Kac [19] as the generaliza-
tions of the theory of Lie algebras. And it is well known
that Lie superalgebras are important in theoretical phys-
ics where they are used to describe the mathematics of
supersymmetry [12]. Recently, Lie superalgebras are
more and more applied in several branches of both pure
and applied sciences [16]. So we introduced Lie super-
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algebras into intuitionistic fuzzy sets in [11] as a new
dircetion of research Lie superalgebras. In [11], we de-
fined intuitionistic fuzzy Lie sub-superalgebras and ide-
als of Lie superalgebras and investigated the related
properties. We also defined the intuitionistic fuzzy
bracket product of Lie superalgebras. These works gen-
eralized the theory of fuzzy Lie algebras [7, 14, 20, 21,
24, 25] and intuitionistic fuzzy Lie algebras [3-5].

As a continuation of [11], we further discuss the in-
tuitionistic fuzzy Lie sub-superalgebras and ideals of Lie
superalgebras in this paper. In Section 3, we define an
intuitionistic fuzzy quotient Lie superalgebra by an in-
tuitionistic fuzzy Lie ideal and show that it is a Lie su-
peralgebra. So we can consider the intuitionistic fuzzy
set of it. These works are the generalizations of [10].
And since many properties of solvable and nilpotent ide-
als of Lie algebras had been successful in establishing
the analogous results in the fuzzy settings and in the in-
tuitionistic fuzzy settings [4, 24, 25], we can generalize
these results in Lie superalgebras. It is our main aim of
this paper. Moreover, we know that if | is a solvable
ideal of Lie superalgebra G such that G/ 1 is solvable,

then G is solvable. We also show that this result is true

in intuitionistic fuzzy sets. In order to finish these works,
we need discuss the intuitionistic fuzzy sets of quotient
Lie superalgebras in Section 4. In Section 5, we define
the solvable intuitionistic fuzzy ideals and nilpotent in-
tuitionistic fuzzy ideals of Lie superalgebras and charac-
terize their properties.

2. Preliminaries

In this section, some relevant definitions and notations
are reproduced.
Definition 2.1: Let V be a k-vector space. An in-
tuitionistic fuzzy set (IFS for short) of V defined as an
object having the form A ={(X, x,(X),v,(X))| xeV},
where the functions z, :V —[0,1] and v,:V —[0,1]
denote the degree of membership (namely 2, (X)) and
the degree of non-membership (namelyv,(x)) of each
element xeV to the set A , respectively, and
0< 1, (X)+v,(x)<1 foreach xeV . For the sake of

simplicity, we shall use the symbol A= (x,,v,)for the
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intuitionistic fuzzy set A={(X, £, (X),v,(X))| xeV}.
In this paper, we use the symbols a Ab = min{a,b}

and avb=max{a,b}.

Definition 2.2: An intuitionistic fuzzy set A= (u,,v,)

of a vector space V is called an intuitionistic fuzzy
subspace of V , if it satisfies the following conditions:
forany x,yeVand a<ck,

(1) ua(X+Y)Z 1, (X) A 1, (y) and
Va(X+y) S va(x)vva(y),
(2) pp(ax) = pu,(x) and v, (ax)<v,(X).

From this definition, we know that for any x eV , we
have £,(0) 2> u,(x) and v,(0) <v,(X). In this pa-
per, we always assume that x,(0)=1 andv,(0)=0.
We also denote that 1, is the fuzzy subset which takes
the value 1 at 0 and O elsewhere and 17 is the fuzzy

subset which takes the value 0 at 0 and 1 elsewhere. For
more details on intuitionistic fuzzy sets, we refer the
readers to [1, 2].

Definition 2.3 [23]: Suppose that V is a vector space

and V;,V; are its vector subspaces. If V is the direct
sum of these two subspaces, V =V;®V;, then V
(with this decomposition) is called a Z,-graded vector
space. V; and V; are called the even part and odd

part of V respectively.
An element v of a Z, -graded vector space

V =V;®V; has a unique expression of the form
V=V;+V; (v, €V;). In particular, if v is an element
of either V; or V;, v is said to be homogeneous. For
veV,, weset |v|=i, and this number (an element of
Z,) is called the homogeneous degree or the parity.

Definition 2.4 [23]: A Z, -graded vector space

G =0, ®G; possessing the operation called the bracket
product,
[!] : ng = (X’ y)ﬂ)[x, y] Eg

is called Lie superalgebra, if it satisfies the following
conditions:

(1) [gl7gj] - gi+j(il J€Z,),
@ [y, xI=-CD""[xyl,
@) XLy, zZI1- D™y [x. 21 =[x, y]. z].

In the above definition, X,Yy,z are elementsof G.
The above condition (2) and (3) are written for homoge-
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neous elements and the relations among general ele-
ments of G can be computed by the bilinearity.

In [22], the definition of Lie superalgebra is given by
Definition 2.5 [22]: Let L =L; @ L; be a superalgebra

whose multiplication is denoted by a pointed
bracket <,> This implies in particular that

<L,Ly><L,, foralla,feZ,. Wecall L alLie
superalgebra if the multiplication satisfies the following
identities:

<AB>=—(-D)”<B,A>
(* <A<BC>>H-D? <B<C A>+H-1" <C<AB>=0
forallAel,,Be Lﬁ,C € Ly,a,ﬂ,yeZz.

In fact, the above definitions are equivalent. In this
paper, we always denote a Lie superalgebra over field
k by G and adopt Definition 2.4 as the definition of

Lie superalgebra.
Now, we recall the definitions of intuitionistic fuzzy
Lie sub-superalgebras and ideals.

Definition 2.6 [11]: Let A= (u,,v,) be an intuitionis-
tic fuzzy set of G. Then A=(u,,v,) is called an in-
tuitionistic fuzzy Lie sub-superalgebra of G, if it satis-
fies the following conditions:
(1) A=(u,,v,) is a Z,-graded intuitionistic fuzzy
subspace,
@) pa([X, Y1) 2 g5 (X) A 1, (y) and
VA% YD) SV, () v, (y) for x,yeg.
Definition 2.7 [11]: Let A=(u,,v,) be an intuitionis-
tic fuzzy set of G. Then A=(u,,v,) is called an in-
tuitionistic fuzzy Lie ideal of G, if it satisfies the fol-
lowing conditions:
(1) A=(u,,v,) is a Z,-graded intuitionistic fuzzy
subspace,
@) pa([X, Y1) 2 g5 (X) v 11, (y) and

VaX YD) Sva () Av,a(y) for x,yeG.
3. Intuitionistic fuzzy quotient Lie superalgbras

Definition 3.1: Let A=(u,,v,) be an intuitionistic
fuzzy Lie ideal of G . The intuitionistic fuzzy set
X+ A:G —[0,1] defined by (X+ ££,)(Y) = o (y —X)
and (x+v,)(y)=v,(y—X) is called an intuitionistic

fuzzy coset of the intuitionistic fuzzy Lie ideal
A=(u,,v,). The set of all such cosets is denoted by

GlA



332

Lemma 3.1: Let A=(u,,v,) be an intuitionistic fuzzy
Lie ideal of G. Then for anyx,yeG, Xx+A=y+A
< ppy(x—=Yy)=u,(0) and v,(x—y)=v,(0).

Theorem 3.1: Let A=(u,,v,) be an intuitionistic

fuzzy Lie ideal of G. For any X,yeG and « €Kk,
define:
(X+A)+(y+A) =(x+Yy)+A,
a(X+A)=ax+A,
[(x+A),(y+Al=[x y]+ A
The operations are well defined and make G/ A into a
Lie superalgebra called the intuitionistic fuzzy quotient
Lie superalgebra of Gby A.

We give an example of intuitionistic fuzzy quotient
Lie superalgebra.

Example 3.4: Let N =N;®N;, where N;=<e>,
N; =<a,,a,,b,b, > and [a,b]=e, =12, the

remaining brackets are zero. Then N is a Lie superal-
gebra. (See [19])

Define A; = (,upﬁ,vAﬁ): N; =[0,1] by My, x)=1,
Va (x)=0 for all xeN;.Then A, = (,upﬁ,v%)is an
intuitionistic fuzzy subspace of Nj.

Define A; = (,upq,qu) :N; —[0,1] as follows.

If x=0, we define ,uAI(O) =1 and V%(O)ZO.
If x=0,then x=ka, +k,a, +kb +k,b,, fork. ek,
(1) k=0, forall i, we define
Ha (X) = pn (@) Aty (8) A (B) Ay (D)
and
Va (X)=v, (@) v, (@) vy, (B) v, (b),
(2) k, =0, forsome i,we mayassume k =0, then
X =k,a, + kb, +Kk,b,, we define
1, (%) = 1, (@) Aty (0) A s (B))
and
Va (X)= Va, (a,) v Va (b)v Vi (b,) .
In any case s, (a)=1  Ha, (a,)=0.3, Ha, (b) =1
Ha, (b,)=0.4 and Va, (a,)=0, Va, (a,) =0.6, Va (b)
=0, vy, (b,)=0.5. Then A = (,upq,qu) is an in-
tuitionistic fuzzy subspace of N;.
Define A= (u,,v,):N —[0,1] as follows.
If x=0,wedefine x,(0)=1 and v,(0)=0.
If x=0,then x=le+ka +k,a, +k,b +k,b,, for
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Ik ek.
(1) Lk, #0,forall i,we define
1, (X) = 22, (€) A g (@) A 12, (8,) A 2, () A 1, (1)

and
Va(X) =€) vva(@a) v (@) v, () vva(b,),

(2) lork, =0, for somei, we may assume k =0, then
X =le+k,a, +k;b +k,b,, define

Ha(X) = 11, (8) A 11, (B5) A prp (B) A 12, (B,)
and

Va(X) =va(@) vva(@) vva(0) vva(b,).
In any case u,(e)=1, u,(a)=1, u,(a,)=03,
u(0)=1, u,(b,)=04 and v,(e)=0,v,(a)=0,
va(a,)=0.6, v,(0)=0,v,(b,)=0.5. Then z,(x)
= Hy, (Xﬁ) N Hp, (XI) and VA(X) =V (Xﬁ)vqu (XI) .
Thus A=(u,,v,) is an intuitionistic fuzzy Lie ideal
of N.

Now since A= (u,,v,) is an intuitionistic fuzzy

Lie ideal of N, we denote N /A the set of all the
cosets. The operations are defined as Theorem 3.1, then
N / Ais an intuitionistic fuzzy quotient Lie superalge-
bra.

Theorem 3.2: Let A=(u,,v,) be an intuitionistic
fuzzy Lie ideal of G . Then G/ A=G/A,, where
A ={xeG|u,(x) =, (0) and v,(x)=v,(0)} is
an ideal of G.
Proof : It is straightforward.

Since G/ A is a Lie superalgebra, we can consider
the intuitionistic fuzzy set of it.

Let A=(u,,v,) be an intuitionistic fuzzy Lie ideal

of G. Define A" =(u,.,,v,,): G/IA—>[01] by
:UA<*>(X+A):;UA(X) and VA(*)(X+A):VA(X)1 for
any X eg.

Lemma 3.2: A(*)z(,uA(*),vA(*)) is well defined.
Theorem 3.3: Let A=(u,,v,) be an intuitionistic
fuzzy Lie ideal of G. Then A™ =(u,.,v,.) is an

intuitionistic fuzzy Lie ideal of G/ A.
Proof: Let X+ A,y+AeG/ A Since

Hpe (X+A+y+A):,uA(*> (X+y+A)
2 pp(X) A 1 (Y) = Hpe (X+A)/\ﬂA<*)(y+A)
and v, ., (X+A+y+A) =v, ,(X+y+A)
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<va(X)va(y) = Ve (X+A) v Vi (Y+A).
Also 1, (a(x+A)) = Hpe (ax+A)
= pp(aX) 2 pp (X) = p, ) (X+ A)
and v, (a(x+A) =v,., (ax+A)
=va(@X) <V (X)=v,., (X+A),

we get that A™ is an intuitionistic fuzzy subspace.
Next, we prove that A" has Z,-graded structure.

Since A is an intuitionistic fuzzy Lie ideal of G, we
have A=A, ® A;, where A; :(,upﬁ,vpﬁ)e 1%
A; :(,upq,vpi) e 1% . Define
A = (,uAé*),v%*)):g@/Ae[O,l] where
yAé*)(X+A):,u%(X) and vAg,(x+A)=vp6(x),
AP = (yA%*),VA%*)):QI/Aa[O,l] where
,LIA%*)(X-%A):/JAI(X) and V) (x+A) =v, ().

It is obvious that Al”, A" are intuitionistic fuzzy sub-
spaces. Forany X e, Define

A = (#0740 ) :G 1 A—[0,1] where
,uAé*),(X+A)=,u,%(X) and vAé,,,(X+ A)=vy(X),
A = (,uAé*), ,VA%*),) G/ A—[0,1] where
ﬂAp'(X*‘A):ﬂ%(X) and vAé,,,,(x+ A)=vy (X).
For x+AeG; /A, xeG;, wehave
ﬂAé*)' (x+A)= Hp (x) = Ha (x) = ﬂAé*) (x+A)
and VAé*)'(X+A)=VA6(X)=VA6(X)=VAé*)(X+A)'
For x+AeG /A xeG;, wehave
,UA%*)' (X+A)= Ha (x)= Ha (x)= ,UA%*) (X+A)
and VAP,(X+A)=V%(X)=V%(X)=VA¥)(X+A).

So we have

IuAé*)(X—f-A), x+AeG; /A

,UAé*)'(X"‘A): '
0 s X+AegGi /A

Vo (X+A), x+AeG; /A
V. (X+A)= A :
% 1 , X+AgG I A
/J/%*)(X+A), x+AeG A

Mooy (X+A) = :
A7 {0 ) x+A¢_C’ﬁ/A
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VAY)(X+A), x+AeG A

V. (X+A)= .
A {1 » X+AgG A
Then forany X+ AeG/ A, we have
Hpe (X+A)=p,(x) = Hp (Xﬁ) AN Hp, (XI)

= ,UA(({) (X5 +A) A IUA%»«) (X; +A)

= sup {/lAé> @+AA 'uAFY (b+A)}

X+A=(a+A)+b+A)
= (,uAé*y + Hyg )(x+A) and

Vo X+ A)=v,(X) =v, (%) Vv, (%)

=V (X5 + A)va%ﬂ (X; +A)
= inff  {v.(@a+ A)va?), (b+A)}

B x+A:(aI+A)+(b+A) A
= (vA((;), + Ve )(X+A).
For x#0, since (Ag N AD(X)= (1 (X) A 1 (X),
vy () Vv (X)) =(0,1), we have AT n AT =(0,1).
S0 A® = AV @ AL, This implies A“”isa Z,-graded

intuitionistic fuzzy subspace.
Let x+ A, y+AeG/A. Thenwe have

My (IX+ A Y+ A = 1, ([X, Y]+ A)
= A% YD) 2 1, () v 2, (Y)
=Hyen (X+A)v My (X+A),
Vo (x+Ay+A]) = Vo (Ix. yl+ A)
=valx YD va(x) Ava(y)
=V, (X+A) AV, (X+A).
Hence A® = (#,0+V ») s an intuitionistic fuzzy Lie
ideal of G/ A.

4. The intuitionistic fuzzy set of quotient Lie su-
peralgebra

Let | be an ideal of G . Quotient vector space
G/ lis a Lie superalgebra, the bracket operation is de-

fined by [X,V]:=[x, y].

Theorem 4.1: Let A=(u,,v,) be an intuitionistic
fuzzy Lie sub-superalgebra of G and |
G . Define B =(ug,vy) where

15 (%) =up{z, (2)} and v, (R) =inf{v, (1)},

for X=x+1,xeG. Then B=(y,vy) is an in-
tuitionistic fuzzy Lie sub-superalgebraof G/1 .

be an ideal of
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Proof: We first prove that B = (z,vy) is Z,-graded
intuitionistic fuzzy subspace. Since A= (u,,v,) is a
7., -graded intuitionistic fuzzy subspace, we have

A=A, ®A;, where
A :(,upﬁ,vpﬁ)e Igﬁ,AI :(,uAI,vAI)e 1%
Define B; = (y&,v&):gf /1 —[0,1], where
g, (0) = sup{t, (M)}, vy, (7) = infv,, (m)}

meX

for xe G- and

0
define B; = (y&,v&):gf /'1 —[0,1], where

Hg, (X) =sup{st, (M)}, v, (X) =inf{v, (m)}

meX

forxeG; . Then By, B;
spaces of G /1, G, /1, respectively.
Define B

= (ttg; e, ) 1G 11 —>[0,1], where
Hg, (X) = sup{ue, (M)}, ve, (X) = inf{v,, (m)}

meX

are intuitionistic fuzzy sub-

for xeG and
define B; = (y&,,v&,):gll —[0,1], where
ey (%) =sUp{az,, (M)}, v, (R) = inf{v,, ()}

meX

forx € G. Obviously, they are the intuitionistic fuzzy
subspaces of G/ | as the extensions of B;: B;.
Let X G/ 1 .Then we have

Hg (X) =sup{u,(2)} = sup{sup{ﬂpﬁ (@) A p, (D)3}

zex zeX z=a+b

= Slrann{iUnE’{ﬂpﬁ (@)}n SUD{,%E (b)}}

= xSlrann{’UB (M) A Mg (M}= (,UB + /uer)(x)
and
ve(X) =inf{v, (2)} =inf{inf {v, (2) A v, (0)}}

= |nf {mf{vAﬁ (@)}v ibrelg{v,% (b)}}

= yij%tﬁ{v% (M) v vg, (M} =(vg +ve )(X).

Moreover, for 0= XxeG,since (A; NA)(X) =
= (,u,%ﬁAi (x)s Vi oa (x)) =(0,1) , we have

(Bé M B%)(X) = ('u&é“&i (X), Ve B (x))

= (1t () A 41, (9, vy (v gy () = (0.1
So B=B; ®B;, which shows that B =(z,v;)is a
7., -graded intuitionistic fuzzy subspace.
Let X,y eG/1.Then we have
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Hg ([x,yD) = Hg (W) = S%{ﬂA(Z)}

ze[x,y]

sup  {u,([a,bD)}=> sup {u,(a) A u,(b)}

z={a,blelx,y] [a,b]le[x,y]

=sup{u,(a)}A Sup{:uA (0)} = g (X) A 15 (Y)

aex

and v ([X, 1) = vo (. ¥]) = inf {v,(2)}
< inf {,(@bD}ys inf {v,@)vv, 0}

z=[a,ble[x,y] [a,bJelx,

= |am;{VA (@)}v ibn;{VA (0)} = v (X) v vg (V).

Hence B =(u;,v;) isan intuitionistic fuzzy Lie sub-
superalgebraof G/ 1.
The intuitionistic fuzzy set B = (,v;) defined in

Theorem 4.1 is called the quotient intuitionistic fuzzy
Lie sub-superalgebra of the intuitionistic fuzzy Lie ideal
A relative to | and denoted by A/ I .

Now, we define the intuitionistic fuzzy ideal of an in-
tuitionistic fuzzy Lie sub-superalgebra.

Definition 4.1: Let B =(ug,v;) be an intuitionistic
fuzzy set of G and A=(u,,v,) be an intuitionistic
fuzzy Lie sub-superalgebra of G with B< A. Then
B =(ug,vy) is called an intuitionistic fuzzy ideal of
A= (u,,v,), if it satisfies the following conditions:

(1) B=(ug,vg) is a Z,-graded intuitionistic fuzzy
vector subspace of G,

@) 15[ YD 2 (5 () A 23 (YD) v (15 (Y) A 124(X))
and
Ve (DX YD < (v () v va(Y)) A (Ve (Y) vva(X))
forany x,yegG.
By the definition, it is immediately clear that
Remark 4.3: (1) B =(u,Vvg) is an intuitionistic fuzzy

Lie ideal of G if and only if B =(ug,vs) is an in-
tuitionistic fuzzy ideal of the intuitionistic fuzzy Lie
sub-superalgebra 1, =(1,,0,) .

(2) If B=(ug,vy) is an intuitionistic fuzzy Lie ideal
of G and A=(u,,v,) is an intuitionistic fuzzy Lie
sub-superalgebra  of G such that Bc A
then B = (15,v) is an intuitionistic fuzzy ideal of

A=(tp,Va)-

(3) If B=(ug,vg) is an intuitionistic fuzzy ideal of
intuitionistic fuzzy Lie sub-superalgebra A= (x,,v,),
then B =(ug,vg) is an
sub-superalgebra of §.

intuitionistic fuzzy Lie
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The proofs of Theorem 4.2 and 4.3 are straightfor-
ward.

Theorem 4.2: Let A=(u,,v,) be an intuitionistic
fuzzy Lie sub-superalgebra of G and B =(g;,v;) be
an intuitionistic fuzzy Lie ideal of G . Then
ANB =(u,5:Vag) IS an intuitionistic fuzzy ideal
of A=(uuva).

Theorem 4.3: Let A=(u,,v,) be an intuitionistic
fuzzy Lie sub-superalgebra of G and B =(ug,vy)
and C=(g,v.) be intuitionistic fuzzy ideals of
A=(u,,v,). Then BNC = (1, ¢ Vg-c) IS also an
intuitionistic fuzzy ideal of A= (u,,v,).

5. Solvable intuitionistic fuzzy Lie ideals and
nilpotent intuitionistic fuzzy Lie ideals

In this section, we give the definitions of solvable in-
tuitionistic fuzzy Lie ideals and nilpotent intuitionistic
fuzzy Lie ideals of Lie superalgebras, the corresponding
theorems are parallel with Lie superalgebras.

Definition 5.1 [11]: For any intuitionistic fuzzy sets

A=(u,,v,) andB=(ug,vy) of G, we define the

intuitionistic ~ fuzzy  bracket product [A,B]=

(u[AYB],v[A B]) where

sp {minu, () A (V3 o kX, Y €G
()= ZNoq[x ¥
Hag\ W=y *
B 0 XD ol ]
and
. lenr ]{W{VA(X)VVB(M)}} ,q €k X, Y, €G
p09=
AR X% Y g% Y]
In [11], we proved if A=(u,,v,) and

B = (ug,vy) are two intuitionistic fuzzy Lie ideals of
G, then [A,B] is also an intuitionistic fuzzy Lie ideal
of G. So we can give the following definitions.

Definition 5.2: Let A=(u,,v,) be an intuitionistic

fuzzy Lie ideal of G. Define inductively a sequence of
intuitionistic fuzzy ideals of G by

A A A0 [A(O) A(O)] A — [A(l) A(l)]
AD =AY ACD] then A™ s called the n th
derived intuitionistic fuzzy Lie ideal of G. In which,
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(i+1) _
AT —(,UAml) VA<i+1>) where

Z&p {mn{uA(-) (X)/\,UA(-) (y])}} o5 €k, %Y ey
x=) a[x.yj]
Mo ()=
0 XD Y]
jeN
. 2!”[ s {ITBX{V 0 (X )VVU) (yj)}} o; €k, %Y, €g
=) o5 % i E
Vo (0=
’ 1 REDIALBY
jeN
From the definition, we can get
Hpoo 2H0 2H0 2 2 H,m 2
and
VA(O) < VA(1) o= VA(z) c-C VA(n) (G
Definition 5.3: Let A™ be as above. Define:

77(n) = Sup{ﬂAm) (x):0#xegG}
and x" =inf{v,,, (x):0# xeG}.
Thenitis clear that n® >7® >p@ >...
and k@ <x® <xe® <<k <
Definition 5.4: An intuitionistic fuzzy Lie ideal
A=(u,,v,) of G is called a solvable intuitionistic
fuzzy Lie ideal, if there is a positive integer n such that
7™ =0 and «™ =1. So it is a solvable intuitionistic
fuzzy Lie ideal, then there is positive integer n such
that s, =1, and v, =1;.

Example 5.1: The Lie superalgebra N is in Example 3.1.
Define A; = (1, ,v, ): Ny —[0,1] where 1, (x) =1,
v%(x) =0 for all xe Nj. Then it is an intuitionistic

277(“)2...

fuzzy subspace of N .
Define A = (,u%,v%) :N; —[0,1] as follows.
If x=0, we define ,uAT(O) =1 and VAI(O) =0.
If x=0,thenx=Kka, +k,a, +kb +k,b,, for k ek,
(1) k; =0, forall i,we define
i (X) = i (@) A 1y (35) A (0)) A g (B,)
and
Va () =V @)V, (@) vy, (B) v, (),
(2) k; =0, for somei, we may assume Kk, =0, then
X =k,a, +k;b, +k,b,, we define
Hp (X) = 1, (3,) A gt (B) A (D))
and
VAI (X) = VAI (az) Vv VAI (b1) Vv V,aq (bz) .
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In any case ypq(ai):O.Z, y,ﬁ(az):l,,uAI(bl):O.l,
) =01, (b)=1 and v, (a)=07
qu(az):O, qu(bl):0.9, VAI(bZ):O.Then it is an
intuitionistic fuzzy subspace of N;.

Define A= (u,,v,):N —[0,1] as follows.
If x=0,wedefine 1,(0)=1 and v,(0)=0.
If x=0, then x=Ile+ka, +k,a, +k;b +k,b, ,
Ik k.
(1) 1k, =0, forall i, we define

/JA(X) = /JA(e) N /'IA(a1) N /uA(az) N /'IA(bl) N Uy (bz)
and

VA(X) :VA(e)\/VA(al)VVA(aZ)VVA(bl)VVA(bZ)1
(2) lork, =0, for somei, we may assume k, =0, then
X =le+k,a, +k;b, +k,b,, define

Ha(X) = 115 (8) A 14 (35) A pp (0) A 124 (B,)

for

and
va(X) =va(@) vva(@) vva(b) vv,(b,).
In which IUA(e)=1 ' :uA(a1):0-2 ' :uA(az):]- '

#a(0) =01, u,(b,)=1and v,(e)=0,v,(a)=0.7,

va(a,)=0,v,(b)=0.9,v,(b,)=0.
Then A=A, ® A; is an intuitionistic fuzzy Lie ideal
of N.

Let A® =A and define AY =[A®, A®]. Note that

[a,,b]=€e and the other brackets are zero.
ForO=xeN, x=le+ka +k,a, +kb +k,b,.
If Xxe NI , then X can not be expressed as

X:zai[xi’yi]! SO H,w (x)=0, Vo (x)=1.
If xeN; , then X
x=aa,b]+a,[a,,b,], a,a, k. Wecalculate

can be expressed as

Hyo (x)= gu? . {mm{ﬂA(O) (a)A Hpo (b)}}=0.1,
Vo (x) = Z!D‘Ia' b ]{maX{VA(O) (a)v Vo (b)}}=0.
Define A® = [A(l) A®], we calculate for
Hyo (X)=sup {mm{ﬂ o @) A Hyw (b)}}=0,
x-Za,[a‘ b1 L
Vo (x)=_nf {maX{VAu) (@)v Vo (b)}}=1.

x=>"aila,b]

=12

So 792pW>2p® =0 and ¥ <k <x® =1,
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which imply that A= (u,,v

fuzzy Lie ideal of N .
Following from the definition of a solvable intuition-
istic fuzzy Lie ideal, we can easily get

Lemma 5.1: Let A=(u,,v,) be an intuitionistic fuzzy

»)is a solvable intuitionistic

Lie ideal of G. Then A=(u,,v,) is a solvable in-
tuitionistic fuzzy Lie ideal if and only if there is a posi-
tive integer n such that u,., =1, and v, =1 for

all m=n.

Theorem 5.1: Homomorphic images of solvable in-
tuitionistic fuzzy Lie ideals are also solvable intuitionis-
tic fuzzy Lie ideals.

Proof: Let ¢:G — G’ be a homomorphism of Lie su-

peralgebra and assume that A=(u,,v,) is an in-
tuitionistic fuzzy Lie ideal of G. Let @(A)=B, i.e
Hg = Hypy1Ve =V,(n - We prove u = g

p(AM)
by induction on n, where n is any

A(m)

and

Voamy = Vem

positive integer. Indeed, let y € G'. Consider n=1,
My (y)= Hoqan (y)= SUp {:u[A,A](X)}

=sup{ sup {mln(,uA(X)/\,UA(Y.))}}
y=p(x) x= Za[x vl N

= sup {mln(yA(X)/\ﬂA(Y.))}
yza.rp[x yi1 =N

= Sup {min(u, () A1, (%)) : (%) =&, (y;) =b}

y=) ala bl

ieN

= sup {mln(,uB(a)/\,UB(b))}
yZa[a. bi]

= g ) (Y) = g (Y), and
v A(l))(y) :V¢([A A])(Y) = |nf {V[A A](X)}

- ylr;rx){x Z!z?][cx Vi ]{nu]aX(VA (X ) VVa (y' N3

= _inf {ran(VA(X-)VVA(yi))}

y—Za.fp[x yil

=, Z'm[; q]{nrrax(vA(x)va(y.)) o%)=a,¢y,)=h}
{maX(VB (a )V Vg (b N}

= _nf
y= Za[a b1 ieN

= V[B,B](y) =V (y)-

These prove the case of n=1. Suppose that the case of

n—1 istrue, then Ky pmy = Hoy e a0y,

= a0y pan vy = Higon gony = Hgo and Voam)
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=V oA At 0y =V a00) pa0vy = Vigen gony = Vo -

Let m be a positive integer such that u ., =1,

and v, =15 .

o () = Ay () = SUR L3 (0} =0 vy (1)
y=p(x

= (140 )(¥) = inf E(O}=1.50 sr,, =1, and
Vam =1.

Let A=(u,,v,) be an intuitionistic fuzzy Lie ideal
of G and | be an ideal of G. We can prove that
A/l is an intuitionistic fuzzy Lie ideal of G/ 1 imi-
tating Theorem 4.1.

Theorem 5.2: Let A=(u,,v,) be an intuitionistic
fuzzy Lie ideal of G and A/l be a solvable in-
tuitionistic fuzzy Lie ideal of G/ 1 .1f B=(ug,v;) is
a solvable intuitionistic fuzzy Lie ideal of Gand is also
an intuitionistic fuzzy ideal of A= (u,,v,) such that
B(I)=A(l), then A= (u,,v,)is solvable.

Proof: Let ¢ be the canonical projection from G to
G/l . From the proofs of Theorem 4.1 and 5.1, we can
get “, Since
A/l is solvable, there

IU(A“)(H) =10 and V(A“)(n) :18
ForO=yeG/1,wehave
SUP {,UAm) (m)}= Hyam) (y)= Hippym (y)=0

meg™(Y)
and mei{p;f(y){VA(n) (m)} = V(p(A(n)) (7) = V(A/l )(n) (7) = l .

Notice that me Gand m#=0, we get x ., (m)=0

Then for any O0z#yed’, we get

(A(")) = /’l(A“)(n) and V{p(/_\(ﬂ)) = V(A“)(“) '

exists n such that

and v, (m)=1.
Fory=0,wehave sup {u,. (m)}= oy poy 0)=1

megp™(0)
and melg?’r(O){VA(n) (m)}= V(p(A(n)) (0)=0.

Since ¢ '(0)=1 and B(l)=A(l), we have
:UB(n)(I):;UA(n)(I) and VB<n>(|)=VA(n)(I) . For any
Xxel, B is solvable, then there exists n such that

Moo =1, and v, =1, we have u,, =1, and
Vo =1;. Hence for any xeG, we always have
My =1, and v, =1 imply
A= (u,,v,) issolvable.

Remark 5.1: By Remark 4.1(2), the result is also true if

which that
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the condition of Theorem 5.2 can be reduced to "If
B =(u,vg) is asolvable intuitionistic fuzzy Lie ideal

of G and Bc A suchthat B(1)=A(l)".
Lemma 5.2: Let A=(u,,v,) and B=(u,v;) be

intuitionistic  fuzzy Lie ideals of G Then
(A®B)™ = A" B™,
Proof: Let 0#xed. Then we have
[A Bl=(t4nz): Hinpy) Where
:u[A,B](X) = Ssup {min(ﬂA(Xi)/\ﬂB(yi )}
Xzzai[xiv)’i] ieN
< /,IA(X) A Hp (X) =0,
ViaB] (X) = x:Z!Q][cxi y ]{Q%X(VA(Xi) vve (Vi))}

2v,(X)vg(x)=1

SO typg =1, and v, =15. Consequently, for any
positive integer a,b, we have Hp g0y =1, and
ViA® 01 =1;. Now we prove the lemma by induction
on n.Let n=1.Thenby Theorem5.10of [11], we
Have (A®@B)Y =[A®B,A®B]

=[A A]®[A B]®[B,A]®[B,B]= AY @ BY,
Suppose that the case of n—1 is true, then

(A®B)" =[(A@B)" Y, (A®B)" "]
— [A(nfl) @® B(nfl)’ AMD @ B(nfl)] =AM apBm.

Theorem 5.3: Direct sum of solvable intuitionistic fuzzy
Lie ideals is also a solvable intuitionistic fuzzy Lie ideal.

Proof: Let A=(u,,v,) and B=(u,v;) be solv-
able intuitionistic fuzzy Lie ideals. Then there exist posi-
tive integers m,n such that u ., =1, v,wm =1; and
Mg :lo'VB(n) =1 Since (A® B)(mm) = AMV @B™Y,
have =1, and

Y pomymn =1;. So A@B s a solvable
intuitionistic fuzzy Lie ideal.

Definition 5.5: Let A=(u,,v,) be an intuitionistic
fuzzy Lie ideal of G . Define inductively a sequence of
intuitionistic fuzzy Lie ideals of G by

A=A A =[AA"], A =[A A],---, A" =[A AT,

which is called the descending central series of an in-

tuitionistic fuzzy Lie ideal A= (u,,v,) of G.We get
Mpo DM DMy D Dy D

and v, Cv,CV, - CV,, .

we

ﬂ(A@B)(mm) = /’lA(mm)@B(mm)

= VA(mm) @B(mm)
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Definition 5.6: For an intuitionistic fuzzy Lie ideal
A=(u,,v,), define n" =sup{u,,(x):0+# x € G}and
k" =inf{v,(x):0=xeG}, for any positive integer

N . The intuitionistic fuzzy Lie ideal is called a nilpotent
intuitionistic fuzzy Lie ideal, if there is a positive integer

m such that »™" =0 and x™ =1, or equivalently,
M =1 and v, =17,
Example 5.2: Let us take the basis h,e, f of s[(1|1)

0 0 1 0 0
8= L f = .Then
1] (0 OJ (1 Oj

h is anevenelement,and e and f are odd element.

Their bracket products are as follows:
[e, f]=[f,e]=h , the other brackets =0 . Then

s[(1|1) is a three-dimensional Lie superalgebra. (See

[23])
Define Ay Z(u%,v%)iﬁ[(lll)g —[0,1] where

0.6, x=h 0.4, Xx=nh
() z{ 1 otherwise’ " ()= {0, otherwise ’
Then A; = (,u%,v%) is an intuitionistic fuzzy subspace
of sl(1]1),.
Define A; = (yAI ,qu) :sl(1]1); —[0,1] where

1
as follows h :(
0

0.3, x=¢ 0.7, x=¢e
upq(x): 05 x="f , qu(x): 05 x=f
1, otherwise 0, otherwise

Then Ay = (u, v, )is an intuitionistic fuzzy subspace
of s[(1|1);.
Define A= (u,,v,):sl(1]|1) —[0,1] where
Ha(X) = Hp, (Xﬁ)/\,uAI (X7)
and
Va(X) =v, (%) Vv, (%)
Then A=(u,,v,) is an intuitionistic fuzzy Lie ideal
of sl(1]1).
Let A° = Aand A'=[A A’]. If xesl(|1);, X can
x=>a[x,y], then
#e(X)=0, v, (x)=1 . If xesll]); ,
x=cale, f] or x=p0[f,e], a,f ek, wehave
g (X) =sup{z(€) A 1,0 (F)T=5Up{ts, () A 12, (€)}=0.3
and
v () =inf{y, (€) v, (f)}=inf{y,(f) vy, ()}=0.7.

not be expressed as

then
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Define A> =[A, A"], we calculate if xesl(1]1);,
1 (X)=0,v,(x)=1; ifxesl(l|1);, then
M (%) =sup{z4,(€) ANy (F)}=sup{e,(f) ANy €}=0

and

v, () =inf{v, (€) v, (F)}=inf{y,(f)vv,(E)}=1.
Then we get 7°>7'>n°=0and x° <" <x’=1.
So A= (u,,v,) is a nilpotent intuitionistic fuzzy Lie
ideal of s[(1]|1).
Theorem 5.4: Homomorphic images of nilpotent in-
tuitionistic fuzzy Lie ideals are also nilpotent intuitionis-
tic fuzzy Lie ideals. Direct sum of nilpotent intuitionistic
fuzzy Lie ideals is also a nilpotent intuitionistic fuzzy
Lie ideal.

Proof: It can be proved by imitating Theorem 5.1 and
Theorem 5.3.

Theorem 5.5: If A= (u,,v,) is a nilpotent intuitionis-
tic fuzzy Lie ideal of G, then it is solvable.

Proof: Since A=(u,,v,) is a nilpotent intuitionistic
fuzzy Lie ideal, there exists m such that
Uw=1yand v =17 . It is easy to prove that
Hymy S My and Vam 2V m by inductionon m. So

Hpym = Hpmn gmny S Hpp amay = Hpn = 1
and

_ _ _1qc
VA(m) - V[A(mfl)'A(mfl)] 2 V[A’Amfl] - VAm - 10 .

6. Conclusions

The aim of this paper is to introduce and study Lie
superalgebras in intuitionistic fuzzy settings. We define
an intuitionistic fuzzy quotient Lie superalgebra by an
intuitionistic fuzzy Lie ideal of Lie superalgebra. Also,
we consider the solvable and nilpotent intuitionistic
fuzzy Lie ideals of Lie superalgebras and investigate
related properties. These works generalized the related
theory of fuzzy Lie algebras. Our future work on this
topic will focus on studying of adjoint representation of
intuitionistic fuzzy Lie sub-superalgebras and the Killing
form of intuitionistic fuzzy Lie sub-superalgebras. In
addition, we shall study: (1) Roughness based on fuzzy
Lie ideals (2) Soft Lie superalgebras (3) Generalized
fuzzy soft Lie superalgebras. Our obtained results
probably can be applied in various fields such as artifi-
cial intelligence, signal processing, multi-agent systems,
pattern recognition, robotics, expert systems, medical
diagnosis and engineering.



Wenjuan Chen: Intuitionistic fuzzy quotient Lie superalgebras

Acknowledgment

The author is very grateful to the referees for their
valuable suggestions and comments. This work was
supported by NSFC (61070241) and Doctor Fund of
University of Jinan (XBS0919).

References

[1] K. T. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy
Sets and Systems, vol. 20, pp. 87-96, 1986.

[2] K. T. Atanassov, “New operations defined over the
intuitionistic fuzzy sets,” Fuzzy Sets and Systems,
vol. 61, pp.137-142, 1994.

[3] M. Akram, “Intuitionistic (S,T)-fuzzy Lie ideals of
Lie algebras,” Quasigroups Relat. Systems, vol. 15,
pp. 201-218, 2007.

[4] M. Akram and K. P. Shum, “Intuitionistic fuzzy
Lie algebras,” Southeast Asian Bulletin of Mathe-
matics, vol. 31, no.5, pp. 843-855, 2007.

[5] M. Akram, “Intuitionistic fuzzy Lie ideals of Lie
algebras,” Int. Journal of Fuzzy Math., vol. 16, no.
4, pp. 991-1008, 2008.

[6] M. Akram and W. A. Dudek, “Intuitionistic fuzzy
left k-ideals of semirings,” Soft Comput., vol. 12,
pp. 881-890, 2008.

[71 M. Akram, “Co-fuzzy Lie superalgebras over a
co-fuzzy field,” World Applied Sciences Journal,
vol. 7, pp. 25-32, 2009.

[8] B. Banerjee and D. K. Basnet, “Intuitionistic fuzzy
subrings and ideals,” J. Fuzzy Math., vol. 11, no. 1,
pp. 139-155, 2003.

[9] R. Biswas, “Intuitionistic fuzzy subgroups,” Math.

Forum, vol. 10, pp. 37-46, 1989.

W. J. Chen, “Fuzzy-quotient Lie superalgebras,”

Journal of Shandong University (Natural Science),

vol. 43, pp. 25-27, 2008.

W. J. Chen and S. H. Zhang, “Intuitionistic fuzzy

Lie sub-superalgebras and intuitionistic fuzzy ide-

als,” Computers and Mathematics with Applica-

tions, vol. 58, pp. 1645-1661, 2009.

L. Corwin, Y. Ne’Eman, and S. Sternberg, “Graded

Lie algebras in mathematics and physics

(Bose-Fermi  symmetry),” Reviews of Modern

Physics, vol. 47, no. 3, pp. 573-603, 1975.

B. Davvaz, W. A. Dudek, and Y. B. Jun, “In-

tuitionistic fuzzy H, - submodules,” Information
Sciences, vol. 176, pp. 285-300, 2006.
[14] B. Davvaz and M. Mozafar, “(e,e vq)-fuzzy Lie

subalgebras and ideals,” International Journal of
Fuzzy Systems, vol. 2, pp. 123-129, 2009.

[15] W. A. Dudek, B. Davvaz and Y. B. Jun, “On in-
tuitionistic fuzzy sub-hyperquasigroups of hyper-

[10]

[11]

[12]

[13]

339

quasigroups,” Information Sciences, vol.

pp.251-262, 2005.

J. W. B. Hughes and J. V. Jeugt, “Unimodal poly-

nomials associated with Lie algebras and superal-

gebras,” Journal of Computational and Applied

Mathematics, vol. 37, pp. 81-88, 1991.

K. Hur, S. Y. Jang, and H. W. Kang, “Intuitionistic

fuzzy ideals of a ring,” J. Korea Soc. Math. Educ.

Ser.B: Puer Appl. Math., vol. 12, pp. 193-209,

2005.

Y. B. Jun, M. A. Ozturk, and C. H. Park, “In-

tuitionistic nil radicals of intuitionistic fuzzy ideals

and Euclidean intuitionistic fuzzy ideals in rings,”

Information Sciences, vol. 177, pp. 4662-4677,

2007.

V. G. Kac, “Lie superalgebras,” Advances in

Mathematics, vol. 26, pp. 8-96, 1977.

Q. Keyun, Q. Quanxi, and C. Chaoping, “Some

properties of fuzzy Lie algebras,” J. Fuzzy Math.,

vol. 9, pp. 985-989, 2001.

C. Kim and D. Lee, “Fuzzy Lie ideals and fuzzy

Lie subalgebras,” Fuzzy Sets and Systems, vol. 94,

pp. 101-104, 1998.

M. Scheunert, The theory of Lie superalgebras an

introduction, Berlin — Heidelberg — New York,

Springer-Verlag, 1979.

[23] M. Wakimoto, Infinte-dimensional Lie algebras,
the American Mathematical Society, 2001.

[24] S.E. Yehia, “Fuzzy ideals and fuzzy subalgebras of
Lie algbras,” Fuzzy Sets and Systems, vol. 80, pp.
237-244, 1996.

[25] S. E. Yehia, “The adjoint representation of fuzzy
Lie algebras,” Fuzzy Sets and Systems, vol. 119, pp.
409-417, 2001.

[26] L. A. Zadeh, “Fuzzy sets,” Inform and Control, vol.
8, pp. 338-353, 1965.

170,

[16]

[17]

[18]

[19]

[20]

[21]

[22]



