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Abstract1 

In this paper, the intuitionistic fuzzy Lie 
sub-superalgebras and ideals of Lie superalgebras 
are studied further. We define the intuitionistic fuzzy 
quotient Lie superalgebra by an intuitionistic fuzzy 
Lie ideal and prove that it is a Lie superalgebra. The 
intuitionistic fuzzy set of quotient Lie superalgebra is 
also considered. Finally, solvable intuitionistic fuzzy 
Lie ideals and nilpotent intuitionistic fuzzy Lie ideals 
are defined and the related properties are discussed. 
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1. Introduction 
 

After the introduction of fuzzy sets by Zadeh [26], 
there have been a number of generalizations of this fun-
damental concept. The notion of intuitionistic fuzzy sets 
introduced by Atanassov [1, 2] is one among them. The 
theory of intuitionistic fuzzy sets has been applied in 
different areas, such as logic programming, decision 
making problems and topological space, etc. Especially, 
many people are interested in the study of algebras in the 
intuitionistic fuzzy settings [3-6, 8, 9, 13, 15, 17, 18]. 
For example, Biswas applied the concepts of intuitionis-
tic fuzzy sets to the theory of groups and studied in-
tuitionistic fuzzy subgroups of a group in [9]; Banerjee 
et al studied intuitionistic fuzzy subrings and ideals of a 
ring in [8]; M. Akram introduced Lie algebras into the 
intuitionistic fuzzy sets and discussed the related proper-
ties [3-5]. 

The pioneer description of the mathematical theory of 
Lie superalgebras was due to Kac [19] as the generaliza-
tions of the theory of Lie algebras. And it is well known 
that Lie superalgebras are important in theoretical phys-
ics where they are used to describe the mathematics of 
supersymmetry [12]. Recently, Lie superalgebras are 
more and more applied in several branches of both pure 
and applied sciences [16]. So we introduced Lie super-
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algebras into intuitionistic fuzzy sets in [11] as a new 
dircetion of research Lie superalgebras. In [11], we de-
fined intuitionistic fuzzy Lie sub-superalgebras and ide-
als of Lie superalgebras and investigated the related 
properties. We also defined the intuitionistic fuzzy 
bracket product of Lie superalgebras. These works gen-
eralized the theory of fuzzy Lie algebras [7, 14, 20, 21, 
24, 25] and intuitionistic fuzzy Lie algebras [3-5]. 

As a continuation of [11], we further discuss the in-
tuitionistic fuzzy Lie sub-superalgebras and ideals of Lie 
superalgebras in this paper. In Section 3, we define an 
intuitionistic fuzzy quotient Lie superalgebra by an in-
tuitionistic fuzzy Lie ideal and show that it is a Lie su-
peralgebra. So we can consider the intuitionistic fuzzy 
set of it. These works are the generalizations of [10]. 
And since many properties of solvable and nilpotent ide-
als of Lie algebras had been successful in establishing 
the analogous results in the fuzzy settings and in the in-
tuitionistic fuzzy settings [4, 24, 25], we can generalize 
these results in Lie superalgebras. It is our main aim of 
this paper. Moreover, we know that if I  is a solvable 
ideal of Lie superalgebra G  such that / IG is solvable, 
then G  is solvable. We also show that this result is true 
in intuitionistic fuzzy sets. In order to finish these works, 
we need discuss the intuitionistic fuzzy sets of quotient 
Lie superalgebras in Section 4. In Section 5, we define 
the solvable intuitionistic fuzzy ideals and nilpotent in-
tuitionistic fuzzy ideals of Lie superalgebras and charac-
terize their properties. 
 

2. Preliminaries 
 

In this section, some relevant definitions and notations 
are reproduced. 
Definition 2.1: Let V  be a k-vector space. An in-
tuitionistic fuzzy set (IFS for short) of V defined as an 
object having the form { , ( ), ( ) | }A AA x x x x Vμ ν= 〈 〉 ∈ , 
where the functions : [0,1]A Vμ →  and : [0,1]A Vν →  
denote the degree of membership (namely ( )A xμ ) and 
the degree of non-membership (namely ( )A xν ) of each 
element x V∈ to the set A , respectively, and 
0 ( ) ( ) 1A Ax xμ ν≤ + ≤  for each x V∈ . For the sake of 
simplicity, we shall use the symbol ( , )A AA μ ν= for the 
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intuitionistic fuzzy set { , ( ), ( ) | }A AA x x x x Vμ ν= 〈 〉 ∈ . 
In this paper, we use the symbols min{ , }a b a b∧ =  

and max{ , }a b a b∨ = . 
Definition 2.2: An intuitionistic fuzzy set ( , )A AA μ ν=  
of a vector space V  is called an intuitionistic fuzzy 
subspace of V , if it satisfies the following conditions: 
for any ,x y V∈ and kα ∈ , 
(1) ( ) ( ) ( )A A Ax y x yμ μ μ+ ≥ ∧  and 

( )A x yν + ≤ ( ) ( )A Ax yν ν∨ , 
(2) ( ) ( )A Ax xμ α μ≥  and ( ) ( )A Ax xν α ν≤ . 

From this definition, we know that for any x V∈ , we 
have (0) ( )A A xμ μ≥  and (0) ( )A A xν ν≤ . In this pa-
per, we always assume that (0) 1Aμ =  and (0) 0Aν = . 
We also denote that 01  is the fuzzy subset which takes 

the value 1 at 0 and 0 elsewhere and 01c  is the fuzzy 
subset which takes the value 0 at 0 and 1 elsewhere. For 
more details on intuitionistic fuzzy sets, we refer the 
readers to [1, 2]. 
Definition 2.3 [23]: Suppose that V  is a vector space 
and 0 1,V V  are its vector subspaces. If V is the direct 
sum of these two subspaces, 0 1 ,V V V= ⊕  then V  
(with this decomposition) is called a 2 -graded vector 
space. 0V  and 1V  are called the even part and odd 
part of V respectively. 

An element v of a 2 -graded vector space 

0 1V V V= ⊕  has a unique expression of the form 

0 1v v v= +  ( i iv V∈ ). In particular, if v  is an element 
of either 0V  or 1V , v  is said to be homogeneous. For 

,iv V∈  we set ,iν =  and this number (an element of 

2 ) is called the homogeneous degree or the parity. 
Definition 2.4 [23]: A 2 -graded vector space 

0 1G G G= ⊕  possessing the operation called the bracket 
product, 

bilinear[, ] : ( , ) [ , ]G G Gx y x y× ⎯⎯⎯→ ∈  

is called Lie superalgebra, if it satisfies the following 
conditions:  
(1) 2[ , ] ( , ),G G Gi j i j i j+⊆ ∈  

(2) [ , ] ( 1) [ , ],; ;; ;x yy x x y= − −  
(3) [ ,[ , ]] ( 1) [ ,[ , ]] [[ , ], ].; ;; ;x yx y z y x z x y z− − =  

In the above definition, , ,x y z  are elements of G . 
The above condition (2) and (3) are written for homoge-

neous elements and the relations among general ele-
ments of G  can be computed by the bilinearity. 

In [22], the definition of Lie superalgebra is given by 
Definition 2.5 [22]: Let 0 1L L L= ⊕  be a superalgebra 
whose multiplication is denoted by a pointed 
bracket ,< > . This implies in particular that 

,L L Lα β α β+< >⊆  for all 2,α β ∈ . We call L  a Lie 
superalgebra if the multiplication satisfies the following 
identities: 

, ( 1) ,A B B Aαβ< >= − − < >  
( 1) , , ( 1) , , ( 1) , , 0A BC B C A C ABγα αβ βγ− < < >>+− < < >>+− < < >>=
for all 2,, , , ,A L B L C Lα β γ α β γ∈ ∈ ∈ ∈ . 

In fact, the above definitions are equivalent. In this 
paper, we always denote a Lie superalgebra over field 
k  by G  and adopt Definition 2.4 as the definition of 
Lie superalgebra. 

Now, we recall the definitions of intuitionistic fuzzy 
Lie sub-superalgebras and ideals. 
Definition 2.6 [11]: Let ( , )A AA μ ν=  be an intuitionis-
tic fuzzy set of G . Then ( , )A AA μ ν=  is called an in-
tuitionistic fuzzy Lie sub-superalgebra of G , if it satis-
fies the following conditions: 
(1) ( , )A AA μ ν=  is a 2 -graded intuitionistic fuzzy 

subspace, 
(2) ([ , ]) ( ) ( )A A Ax y x yμ μ μ≥ ∧  and 

([ , ]) ( ) ( )A A Ax y x yν ν ν≤ ∨ , for , Gx y∈ . 
Definition 2.7 [11]: Let ( , )A AA μ ν=  be an intuitionis-
tic fuzzy set of G . Then ( , )A AA μ ν=  is called an in-
tuitionistic fuzzy Lie ideal of G , if it satisfies the fol-
lowing conditions: 
(1) ( , )A AA μ ν=  is a 2 -graded intuitionistic fuzzy 

subspace, 
(2) ([ , ]) ( ) ( )A A Ax y x yμ μ μ≥ ∨  and 

([ , ]) ( ) ( )A A Ax y x yν ν ν≤ ∧ , for , Gx y∈ . 
 
3. Intuitionistic fuzzy quotient Lie superalgbras 

 
Definition 3.1: Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie ideal of G . The intuitionistic fuzzy set 

: [0,1]Gx A+ → defined by ( )( ) ( )A Ax y y xμ μ+ = −   
and ( )( ) ( )A Ax y y xν ν+ = −  is called an intuitionistic 
fuzzy coset of the intuitionistic fuzzy Lie ideal 

( , )A AA μ ν= . The set of all such cosets is denoted by 
/ .G A  
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Lemma 3.1: Let ( , )A AA μ ν=  be an intuitionistic fuzzy 
Lie ideal of G . Then for any , Gx y∈ , x A y A+ = +  

( ) (0)A Ax yμ μ⇔ − =  and ( ) (0)A Ax yν ν− = . 
Theorem 3.1: Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie ideal of .G  For any , Gx y∈  and ,kα ∈  
define: 

( ) ( ) ( ) ,x A y A x y A+ + + = + +  
( ) ,x A x Aα α+ = +  

[( ), ( )] [ , ] .x A y A x y A+ + = +  
The operations are well defined and make /G A  into a 
Lie superalgebra called the intuitionistic fuzzy quotient 
Lie superalgebra of G by A . 

We give an example of intuitionistic fuzzy quotient 
Lie superalgebra. 
Example 3.4: Let 0 1N N N= ⊕ , where 0 ,N e=< >  

1 2 1 21 , , ,N a a b b=< >  and [ , ] ,i ia b e=  1, 2i = , the 
remaining brackets are zero. Then N  is a Lie superal-
gebra. (See [19]) 

Define
0 00 0( , ) : [0,1]A AA Nμ ν= →  by

0
( ) 1A xμ = , 

0
( ) 0A xν =  for all 0 .x N∈ Then 

0 00 ( , )A AA μ ν= is an 

intuitionistic fuzzy subspace of 0N . 
Define

1 11 1( , ) : [0,1]A AA Nμ ν= →  as follows.  

If 0x = , we define 
1
(0) 1Aμ =  and 

1
(0) 0Aν = .  

If 0x ≠ , then 1 1 2 2 3 1 4 2x k a k a k b k b= + + + , for ik k∈ , 
(1) 0ik ≠ , for all i , we define 

1 1 1 1 11 2 1 2( ) ( ) ( ) ( ) ( )A A A A Ax a a b bμ μ μ μ μ= ∧ ∧ ∧  

and  

1 1 1 1 11 2 1 2( ) ( ) ( ) ( ) ( )A A A A Ax a a b bν ν ν ν ν= ∨ ∨ ∨ , 

(2) 0ik = , for some i , we may assume 1 0k = , then 

2 2 3 1 4 2x k a k b k b= + + , we define 

1 1 1 12 1 2( ) ( ) ( ) ( )A A A Ax a b bμ μ μ μ= ∧ ∧  

and 

1 1 1 12 1 2( ) ( ) ( ) ( )A A A Ax a b bν ν ν ν= ∨ ∨ . 

In any case 
1 1( ) 1A aμ =

1 2, ( ) 0.3,A aμ =
1 1( ) 1,A bμ =  

1 2( ) 0.4A bμ = and
1 1( ) 0,A aν =

1 2( ) 0.6,A aν =
1 1( )A bν  

0,=
1 2( ) 0.5A bν = . Then 

1 11 ( , )A AA μ ν=  is an in-

tuitionistic fuzzy subspace of 1N . 
Define ( , ) : [0,1]A AA Nμ ν= →  as follows.  

If 0x = , we define (0) 1Aμ =  and (0) 0Aν = .  
If 0x ≠ , then 1 1 2 2 3 1 4 2x le k a k a k b k b= + + + + , for 

, il k k∈ .  
(1) , 0il k ≠ , for all i , we define 

1 2 1 2( ) ( ) ( ) ( ) ( ) ( )A A A A A Ax e a a b bμ μ μ μ μ μ= ∧ ∧ ∧ ∧  
and 

1 2 1 2( ) ( ) ( ) ( ) ( ) ( ),A A A A A Ax e a a b bν ν ν ν ν ν= ∨ ∨ ∨ ∨  
(2) l or 0ik = , for some i , we may assume 1 0k = , then 

2 2 3 1 4 2x le k a k b k b= + + + , define 

2 1 2( ) ( ) ( ) ( ) ( )A A A A Ax e a b bμ μ μ μ μ= ∧ ∧ ∧   
and 

2 1 2( ) ( ) ( ) ( ) ( )A A A A Ax e a b bν ν ν ν ν= ∨ ∨ ∨ . 
In any case ( ) 1A eμ = , 1( ) 1A aμ = , 2( ) 0.3A aμ = , 

1( ) 1A bμ = , 2( ) 0.4A bμ =  and ( ) 0A eν = , 1( ) 0A aν = , 

2( ) 0.6A aν = , 1( ) 0A bν = , 2( ) 0.5A bν = . Then ( )A xμ  

0 10 1( ) ( )A Ax xμ μ= ∧  and 
0 10 1( ) ( ) ( )A A Ax x xν ν ν= ∨ . 

Thus ( , )A AA μ ν=  is an intuitionistic fuzzy Lie ideal 
of N . 

Now since ( , )A AA μ ν=  is an intuitionistic fuzzy 
Lie ideal of N , we denote /N A  the set of all the 
cosets. The operations are defined as Theorem 3.1, then 

/N A is an intuitionistic fuzzy quotient Lie superalge-
bra. 
Theorem 3.2: Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie ideal of G . Then 0/ / ,G GA A≅ where 

0 { | ( ) (0)G A AA x xμ μ= ∈ =  and ( ) (0)}A Axν ν=  is 
an ideal of G . 
Proof : It is straightforward. 

Since /G A  is a Lie superalgebra, we can consider 
the intuitionistic fuzzy set of it. 

Let ( , )A AA μ ν=  be an intuitionistic fuzzy Lie ideal 

of G . Define ( ) ( )
( ) ( , ) :

A A
A μ ν∗ ∗

∗ = / [0,1]A→G  by 

( ) ( ) ( )AA
x A xμ μ∗ + =  and ( ) ( ) ( )AA

x A xν ν∗ + = , for 
any .Gx∈  
Lemma 3.2: ( ) ( )

( ) ( , )
A A

A μ ν∗ ∗
∗ =  is well defined. 

Theorem 3.3: Let ( , )A AA μ ν=  be an intuitionistic 

fuzzy Lie ideal of G . Then ( ) ( )
( ) ( , )

A A
A μ ν∗ ∗

∗ =  is an 
intuitionistic fuzzy Lie ideal of / .G A  
Proof: Let , / .Gx A y A A+ + ∈  Since 

( ) ( )( ) ( )
A A

x A y A x y Aμ μ∗ ∗+ + + = + +  

( ) ( )A Ax yμ μ≥ ∧ ( ) ( )( ) ( )
A A

x A y Aμ μ∗ ∗= + ∧ +  

and ( ) ( )
A

x A y Aν ∗ + + + ( ) ( )
A

x y Aν ∗= + +  



Wenjuan Chen: Intuitionistic fuzzy quotient Lie superalgebras  333

( ) ( )A Ax yν ν≤ ∨ = ( ) ( )
A

x Aν ∗ + ∨ ( ) ( )
A

y Aν ∗ + .  

Also ( ) ( )( ( )) ( )
A A

x A x Aμ α μ α∗ ∗+ = +  

( )( ) ( ) ( )A A A
x x x Aμ α μ μ ∗= ≥ = +  

and ( ) ( ( ))
A

x Aν α∗ + ( ) ( )
A

x Aν α∗= +  

( )( ) ( ) ( )A A A
x x x Aν α ν ν ∗= ≤ = + ,  

we get that ( )A ∗  is an intuitionistic fuzzy subspace. 
Next, we prove that ( )A ∗  has 2 -graded structure. 
Since A  is an intuitionistic fuzzy Lie ideal of G , we 
have 0 1 ,A A A= ⊕ where 0

0 00 ( , ) G
A AA Iμ ν= ∈ , 

1

1 11 ( , ) G
A AA Iμ ν= ∈ . Define 

( ) ( )
0 0

( )
0 0( , ) : / [0,1]G

A A
A Aμ ν∗ ∗

∗ = →  where 

( )
00

( ) ( )AA
x A xμ μ∗ + =  and ( )

00
( ) ( ),AA
x A xν ν∗ + =  

( ) ( )
1 1

( )
1 1( , ) : / [0,1]G

A A
A Aμ ν∗ ∗

∗ = →  where 

( )
11

( ) ( )AA
x A xμ μ∗ + =  and ( )

11
( ) ( )AA
x A xν ν∗ + = .   

It is obvious that ( ) ( )
0 1,A A∗ ∗  are intuitionistic fuzzy sub-

spaces. For any ,Gx∈  Define 

( ) ( )
0 0

( )
0 ( , ) : / [0,1]G

A A
A Aμ ν′ ′∗ ∗

′∗ = →  where 

( )
00

( ) ( )AA
x A xμ μ′∗ ′+ =  and ( )

00
( ) ( )AA
x A xν ν′∗ ′+ = ,  

( ) ( )
1 1

( )
1 ( , ) : / [0,1]G

A A
A Aμ ν′ ′∗ ∗

′∗ = →  where 

( )
11

( ) ( )AA
x A xμ μ′∗ ′+ =  and ( )

11
( ) ( )AA
x A xν ν′∗ ′+ = .  

For 0 /Gx A A+ ∈ , 0 ,Gx∈  we have  

( ) ( )
0 00 0

( ) ( ) ( ) ( )A AA A
x A x x x Aμ μ μ μ′∗ ∗′+ = = = +  

and  ( ) ( )
0 00 0

( ) ( ) ( ) ( )A AA A
x A x x x Aν ν ν ν′∗ ∗′+ = = = + . 

For 1 / ,x A A+ ∈G  1 ,x∈G  we have  

( ) ( )
1 11 1

( ) ( ) ( ) ( )A AA A
x A x x x Aμ μ μ μ′∗ ∗′+ = = = +  

and  ( ) ( )
1 11 1

( ) ( ) ( ) ( )A AA A
x A x x x Aν ν ν ν′∗ ∗′+ = = = + . 

So we have 
( )
0

( )
0

0

0

( ) /
( )

0 /

G

G
A

A

x A x A A
x A

x A A

μ
μ

∗

′∗

+ + ∈⎧⎪+ = ⎨
+ ∉⎪⎩

，

 ，
, 

( )
1

( )
0

0

0

( ) /
( )

1 /

G

G
A

A

x A x A A
x A

x A A

ν
ν

∗

′∗

+ + ∈⎧⎪+ = ⎨
+ ∉⎪⎩

，

 ，
, 

( )
1

( )
1

1

1

( ) /
( )

0 /

G

G
A

A

x A x A A
x A

x A A

μ
μ

∗

′∗

+ + ∈⎧⎪+ = ⎨
+ ∉⎪⎩

，

 ，
, 

( )
1

( )
1

1

1

( ) /
( )

1 /

G

G
A

A

x A x A A
x A

x A A

ν
ν

∗

′∗

+ + ∈⎧⎪+ = ⎨
+ ∉⎪⎩

，

 ，
. 

Then for any / ,Gx A A+ ∈  we have 

( )
0 10 1( ) ( ) ( ) ( )A A AA

x A x x xμ μ μ μ∗ + = = ∧  

( ) ( )
0 1

0 1( ) ( )
A A

x A x Aμ μ∗ ∗= + ∧ +  

( ) ( )
0 1( ) ( )

sup { ( ) ( )}
A A

x A a A b A
a A b Aμ μ′ ′∗ ∗

+ = + + +
= + ∧ +

( ) ( )
0 1

( )( )
A A

x Aμ μ′ ′∗ ∗= + +  and 

( )
0 10 1( ) ( ) ( ) ( )A A AA

x A x x xν ν ν ν∗ + = = ∨   

( ) ( )
0 1

0 1( ) ( )
A A

x A x Aν ν∗ ∗= + ∨ +  

( ) ( )
0 1( ) ( )

inf { ( ) ( )}
A Ax A a A b A

a A b Aν ν′ ′∗ ∗
+ = + + +

= + ∨ +  

( ) ( )
0 1

( )( ).
A A

x Aν ν′ ′∗ ∗= + +  

For 0,x ≠  since 0 1( )( )A A x′ ′∩ =
0 1

( ( ) ( )A Ax xμ μ′ ′∧ ， 

0 1
( ) ( )) (0,1)A Ax xν ν′ ′∨ = , we have ( ) ( )

0 1 (0,1)A A′ ′∗ ∗∩ = . 

So ( ) ( ) ( )
0 1 .A A A∗ ∗ ∗= ⊕  This implies ( )A ∗ is a 2 -graded 

intuitionistic fuzzy subspace. 
Let , /x A y A A+ + ∈G . Then we have 

( ) ( )([ , ]) ([ , ] )
A A

x A y A x y Aμ μ∗ ∗+ + = +  

([ , ]) ( ) ( )A A Ax y x yμ μ μ= ≥ ∨  

( ) ( )( ) ( ),
A A

x A x Aμ μ∗ ∗= + ∨ +   

( ) ( )([ , ]) ([ , ] )
A A

x A y A x y Aν ν∗ ∗+ + = +  

([ , ]) ( ) ( )A A Ax y x yν ν ν= ≤ ∧  

( ) ( )( ) ( ).
A A

x A x Aν ν∗ ∗= + ∧ +  

Hence ( ) ( )
( ) ( , )

A A
A μ ν∗ ∗

∗ =  is an intuitionistic fuzzy Lie 
ideal of / .G A  
 
4. The intuitionistic fuzzy set of quotient Lie su-

peralgebra 
 

Let I  be an ideal of G . Quotient vector space 
/G I is a Lie superalgebra, the bracket operation is de-

fined by [ , ] : [ , ]x y x y= . 
Theorem 4.1: Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie sub-superalgebra of G  and I  be an ideal of 
G . Define ( , )B BB μ ν=  where  

( ) sup{ ( )}B A
z x

x zμ μ
∈

=  and ( ) inf{ ( )}B Az x
x zν ν

∈
= , 

for x x I= + , Gx∈ . Then ( , )B BB μ ν=  is an in-
tuitionistic fuzzy Lie sub-superalgebra of /G I . 
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Proof: We first prove that ( , )B BB μ ν=  is 2 -graded 
intuitionistic fuzzy subspace. Since ( , )A AA μ ν=  is a 

2 -graded intuitionistic fuzzy subspace, we have 

0 1A A A= ⊕ ,  where 
0

0 00 ( , ) G
A AA Iμ ν= ∈ , 1

1 11 ( , ) G
A AA Iμ ν= ∈ . 

Define 
0 00 0( , ) : / [0,1]GB BB Iμ ν= → , where 

0 0
( ) sup{ ( )}B A

m x
x mμ μ

∈
= ,

0 0
( ) inf{ ( )}B Am x
x mν ν

∈
=  

for 0Gx∈  and 
define 

1 11 1( , ) : / [0,1]GB BB Iμ ν= → , where 

1 1
( ) sup{ ( )}B A

m x
x mμ μ

∈
= ,

1 1
( ) inf{ ( )}B Am x
x mν ν

∈
=  

for 1Gx∈ . Then 0 1,B B  are intuitionistic fuzzy sub-
spaces of 0 / ,IG 1 / IG , respectively. 
Define 

0 00 ( , ) : / [0,1]GB BB Iμ ν′ ′′ = → , where 

0 0
( ) sup{ ( )}B A

m x
x mμ μ′ ′

∈
= ,

0 0
( ) inf{ ( )}B Am x
x mν ν′ ′

∈
=  

for Gx∈  and 
define 

1 11 ( , ) : / [0,1]GB BB Iμ ν′ ′′ = → , where 

1 1
( ) sup{ ( )}B A

m x
x mμ μ′ ′

∈
= ,

1 1
( ) inf{ ( )}B Am x
x mν ν′ ′

∈
=  

for Gx∈ . Obviously, they are the intuitionistic fuzzy 
subspaces of /G I as the extensions of 0 1,B B . 
Let /Gx I∈ . Then we have 

( ) sup{ ( )}B A
z x

x zμ μ
∈

=
0 1

sup{sup{ ( ) ( )}}A A
z x z a b

a bμ μ′ ′
∈ = +

= ∧  

0 1
sup {sup{ ( )} sup{ ( )}}A A

x m n a m b n
a bμ μ′ ′

= + ∈ ∈
= ∧  

0 1
sup { ( ) ( )}B B

x m n
m nμ μ′ ′

= +
= ∧

0 1
( )( )B B xμ μ′ ′= + ,  

and 
( ) inf{ ( )}B Az x
x zν ν

∈
=

0 1
{ { ( ) ( )}inf inf }A Az x z a b

a bν ν′ ′
∈ = +

= ∧  

0 1
inf {inf{ ( )} inf{ ( )}}A Ax m n a m b n

a bν ν′ ′
= + ∈ ∈

= ∨  

0 1
inf { ( ) ( )}B Bx m n

m nν ν′ ′= +
= ∨

0 1
( )( )B B xν ν′ ′= + . 

Moreover, for 0 Gx≠ ∈ , since 0 1( )( )A A x′ ′∩ =  

0 1 0 1
( ( ) ( )) (0,1)A A A Ax xμ ν′ ′ ′ ′∩ ∩= =， , we have 

0 1 0 10 1( )( ) ( ( ), ( ))B B B BB B x x xμ ν′ ′ ′ ′∩ ∩′ ′∩ =

0 1 0 1
( ( ) ( ), ( ) ( )) (0,1)B B B Bx x x xμ μ ν ν′ ′ ′ ′= ∧ ∨ = . 

So 0 1B B B= ⊕ , which shows that ( , )B BB μ ν= is a 

2 -graded intuitionistic fuzzy subspace. 
Let , /Gx y I∈ . Then we have 

([ , ]) ([ , ])B Bx y x yμ μ=
[ , ]

sup { ( )}A
z x y

zμ
∈

=  

[ , ] [ , ][ , ] [ , ]
sup { ([ , ])} sup { ( ) ( )}A A A

a b x yz a b x y
a b a bμ μ μ

∈= ∈
≥ ≥ ∧  

sup{ ( )} sup{ ( )}A A
a x b y

a bμ μ
∈ ∈

= ∧ ( ) ( )B Bx yμ μ= ∧ , 

and ([ , ]) ([ , ])B Bx y x yν ν=
[ , ]

inf { ( )}Az x y
zν

∈
=  

[ , ] [ , ][ , ] [ , ]
inf { ([ , ])} inf { ( ) ( )}A A Aa b x yz a b x y

a b a bν ν ν
∈= ∈

≤ ≤ ∨  

inf{ ( )} inf{ ( )}A Aa x b y
a bν ν

∈ ∈
= ∨ ( ) ( ).B Bx yν ν= ∨  

Hence ( , )B BB μ ν=  is an intuitionistic fuzzy Lie sub- 
superalgebra of /G I .  

The intuitionistic fuzzy set ( , )B BB μ ν=  defined in 
Theorem 4.1 is called the quotient intuitionistic fuzzy 
Lie sub-superalgebra of the intuitionistic fuzzy Lie ideal 
A  relative to I and denoted by /A I . 

Now, we define the intuitionistic fuzzy ideal of an in-
tuitionistic fuzzy Lie sub-superalgebra. 
Definition 4.1: Let ( , )B BB μ ν=  be an intuitionistic 
fuzzy set of G  and ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie sub-superalgebra of G  with B A⊆ . Then 

( , )B BB μ ν=  is called an intuitionistic fuzzy ideal of 
( , )A AA μ ν= , if it satisfies the following conditions: 

(1) ( , )B BB μ ν=  is a 2 -graded intuitionistic fuzzy 
vector subspace of G , 
(2) ([ , ]) ( ( ) ( )) ( ( ) ( ))B B A B Ax y x y y xμ μ μ μ μ≥ ∧ ∨ ∧  
and 

([ , ]) ( ( ) ( )) ( ( ) ( ))B B A B Ax y x y y xν ν ν ν ν≤ ∨ ∧ ∨ , 
for any , Gx y∈ .  

By the definition, it is immediately clear that 
Remark 4.3: (1) ( , )B BB μ ν=  is an intuitionistic fuzzy 
Lie ideal of G  if and only if ( , )B BB μ ν=  is an in-
tuitionistic fuzzy ideal of the intuitionistic fuzzy Lie 
sub-superalgebra (1 ,0 )G G GI = . 
(2) If ( , )B BB μ ν=  is an intuitionistic fuzzy Lie ideal 
of G  and ( , )A AA μ ν=  is an intuitionistic fuzzy Lie 
sub-superalgebra of G  such that B A⊆ , 
then ( , )B BB μ ν=  is an intuitionistic fuzzy ideal of 

( , )A AA μ ν= . 
(3) If ( , )B BB μ ν=  is an intuitionistic fuzzy ideal of 
intuitionistic fuzzy Lie sub-superalgebra ( , )A AA μ ν= ,  
then ( , )B BB μ ν= is an intuitionistic fuzzy Lie 
sub-superalgebra of G . 



Wenjuan Chen: Intuitionistic fuzzy quotient Lie superalgebras  335

The proofs of Theorem 4.2 and 4.3 are straightfor-
ward. 
Theorem 4.2: Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie sub-superalgebra of G  and ( , )B BB μ ν=  be 
an intuitionistic fuzzy Lie ideal of G . Then 

( , )A B A BA B μ ν∩ ∩∩ =  is an intuitionistic fuzzy ideal  
of ( , )A AA μ ν= . 
Theorem 4.3: Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie sub-superalgebra of G  and ( , )B BB μ ν=  
and ( , )C CC μ ν=  be intuitionistic fuzzy ideals of 

( , )A AA μ ν= . Then ( , )B C B CB C μ ν∩ ∩∩ =  is also an 
intuitionistic fuzzy ideal of ( , )A AA μ ν= . 
 

5. Solvable intuitionistic fuzzy Lie ideals and 
nilpotent intuitionistic fuzzy Lie ideals 

 
In this section, we give the definitions of solvable in-

tuitionistic fuzzy Lie ideals and nilpotent intuitionistic 
fuzzy Lie ideals of Lie superalgebras, the corresponding 
theorems are parallel with Lie superalgebras.  
Definition 5.1 [11]: For any intuitionistic fuzzy sets 

( , )A AA μ ν=  and ( , )B BB μ ν=  of ,G  we define the 
intuitionistic fuzzy bracket product [ , ]A B =  

[ , ] [ , ]( , )A B A Bμ ν  where 

[ , ]

[ , ]

sup {min{ ( ) ( )}},  , ,

( )
0  , [ , ]

i i i
i N

A i B i i i ii Nx x y

A B

i i i
i N

x y k x y

x
x x y

α
μ μ α

μ
α

∈

∈=

∈

∧ ∈ ∈⎧
∑⎪

=⎨
≠⎪

⎩
∑

G

 

and 

[ , ]

[ , ]

inf {max{ ( ) ( )}}, , ,
( ) .

1 , [ , ]

i i i
i N

A i B i i i ii Nx x y

A B
i i i

i N

x y k x y
x

x x y

α
ν ν α

ν
α

∈

∈=

∈

∨ ∈ ∈⎧
∑⎪=⎨

≠⎪
⎩

∑

G

 

In [11], we proved if ( , )A AA μ ν=  and 
( , )B BB μ ν=  are two intuitionistic fuzzy Lie ideals of 

G , then [ , ]A B  is also an intuitionistic fuzzy Lie ideal 
of .G  So we can give the following definitions. 
Definition 5.2: Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie ideal of G . Define inductively a sequence of 
intuitionistic fuzzy ideals of G  by 

(0) ,A A= (1) (0) (0)[ , ],A A A= (2) (1) (1)[ , ]A A A= , , 
( ) ( 1) ( 1)[ , ],n n nA A A− −=  then ( )nA  is called the n th 

derived intuitionistic fuzzy Lie ideal of G . In which, 

( 1) ( 1)
( 1) ( , )i i
i

A A
A μ ν+ +

+ =  where 

( ) ( )

( 1)

[ , ]
sup {min{ ( ) ( )}}, , ,

( )
0 , [ , ]

i i

j j j
j N

i

j j j j jA Aj Nx x y

A
j j j

j N

x y k x y

x
x x y

α
μ μ α

μ
α

∈
+

∈=

∈

∧ ∈ ∈⎧
∑⎪⎪=⎨

≠⎪
⎪⎩

∑

G

 

( ) ( )

( 1)

[ , ]
inf {max{ ( ) ( )}}, , ,

( )
1 , [ , ]

i i
j j j

j N
i

j j j j jA Aj Nx x y

A
j j j

j N

x y k x y

x
x x y

α
ν ν α

ν
α

∈
+

∈=

∈

∨ ∈ ∈⎧
∑⎪

=⎨
≠⎪

⎩
∑

G

 

From the definition, we can get  
(0) (1) ( 2) ( )nA A A A

μ μ μ μ⊇ ⊇ ⊇ ⊇ ⊇  
and  

(0) (1) ( 2) ( ) .nA A A A
ν ν ν ν⊆ ⊆ ⊆ ⊆ ⊆  

Definition 5.3:  Let ( )nA  be as above. Define: 
( )

( ) sup{ ( ) : 0 }Gn
n

A
x xη μ= ≠ ∈   

and ( )
( ) inf{ ( ) : 0 }Gn
n

A
x xκ ν= ≠ ∈ . 

Then it is clear that (0) (1) (2) ( )nη η η η≥ ≥ ≥ ≥ ≥  
and (0) (1) (1) ( )nκ κ κ κ≤ ≤ ≤ ≤ ≤ . 
Definition 5.4: An intuitionistic fuzzy Lie ideal 

( , )A AA μ ν=  of G  is called a solvable intuitionistic 
fuzzy Lie ideal, if there is a positive integer n  such that 

( ) 0nη =  and ( ) 1nκ = . So it is a solvable intuitionistic 
fuzzy Lie ideal, then there is positive integer n  such 
that ( ) 01nA

μ =  and ( ) 01n
c

A
ν = . 

Example 5.1: The Lie superalgebra N is in Example 3.1. 
Define

0 00 0( , ) : [0,1]A AA Nμ ν= →  where 
0
( ) 1,A xμ =  

0
( ) 0A xν =  for all 0x N∈ . Then it is an intuitionistic 

fuzzy subspace of 0N . 
Define 

1 11 1( , ) : [0,1]A AA Nμ ν= →  as follows.  

If 0x = , we define 
1
(0) 1Aμ =  and 

1
(0) 0Aν = .  

If 0x ≠ , then 1 1 2 2 3 1 4 2x k a k a k b k b= + + + , for ik k∈ , 
(1) 0ik ≠ , for all i , we define 

1 1 1 1 11 2 1 2( ) ( ) ( ) ( ) ( )A A A A Ax a a b bμ μ μ μ μ= ∧ ∧ ∧   

and  

1 1 1 1 11 2 1 2( ) ( ) ( ) ( ) ( )A A A A Ax a a b bν ν ν ν ν= ∨ ∨ ∨ , 

(2) 0ik = , for some i , we may assume 1 0k = , then 

2 2 3 1 4 2x k a k b k b= + + , we define 

1 1 1 12 1 2( ) ( ) ( ) ( )A A A Ax a b bμ μ μ μ= ∧ ∧  

and  

1 1 1 12 1 2( ) ( ) ( ) ( )A A A Ax a b bν ν ν ν= ∨ ∨ . 
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In any case 
1 1( ) 0.2A aμ = , 

1 2( ) 1A aμ = ,
1 1( ) 0.1A bμ = , 

1 1( ) 0.1A bμ = ,
1 2( ) 1A bμ = and

1 1( ) 0.7A aν = ,

1 2( ) 0A aν = , 
1 1( ) 0.9A bν = , 

1 2( ) 0A bν = . Then it is an 

intuitionistic fuzzy subspace of 1N . 
Define ( , ) : [0,1]A AA Nμ ν= →  as follows.  

If 0x = , we define (0) 1Aμ =  and (0) 0Aν = .  
If 0x ≠ , then 1 1 2 2 3 1 4 2x le k a k a k b k b= + + + + , for 
, il k k∈ . 

(1) , 0il k ≠ , for all i , we define 

1 2 1 2( ) ( ) ( ) ( ) ( ) ( )A A A A A Ax e a a b bμ μ μ μ μ μ= ∧ ∧ ∧ ∧  
and  

1 2 1 2( ) ( ) ( ) ( ) ( ) ( )A A A A A Ax e a a b bν ν ν ν ν ν= ∨ ∨ ∨ ∨ , 
(2) l or 0ik = , for some i , we may assume 1 0k = , then 

2 2 3 1 4 2x le k a k b k b= + + + , define 

2 1 2( ) ( ) ( ) ( ) ( )A A A A Ax e a b bμ μ μ μ μ= ∧ ∧ ∧  
and 

2 1 2( ) ( ) ( ) ( ) ( )A A A A Ax e a b bν ν ν ν ν= ∨ ∨ ∨ . 
In which ( ) 1A eμ = , 1( ) 0.2A aμ = , 2( ) 1A aμ = , 

1( ) 0.1A bμ = , 2( ) 1A bμ = and ( ) 0A eν = , 1( ) 0.7A aν = , 

2( ) 0A aν = , 1( ) 0.9A bν = , 2( ) 0A bν = .  
Then 0 1A A A= ⊕  is an intuitionistic fuzzy Lie ideal 
of N . 
Let (0)A A=  and define (1) (0) (0)[ , ]A A A= . Note that 
[ , ]i ia b e=  and the other brackets are zero. 
For 0 x N≠ ∈ , 1 1 2 2 3 1 4 2x le k a k a k b k b= + + + + .  
If 1x N∈ , then x  can not be expressed as 

[ , ],i i ix x yα=∑  so (1) ( ) 0
A

xμ = , (1) ( ) 1
A

xν = .  

If 0x N∈ , then x can be expressed as 

1 1 1 2 2 2[ , ] [ , ]x a b a bα α= + , 1 2, kα α ∈ . We calculate 

(1) (0) (0)

1,2

1,2[ , ]
( ) sup {min{ ( ) ( )}} 0.1

i i i
i

i iA A Aix a b
x a b

α
μ μ μ

=

==
= ∧ =

∑
, 

(1) (0) (0)

1,2

1,2[ , ]
( ) inf {max{ ( ) ( )}} 0

i i i
i

i iA A Aix a b
x a b

α
ν ν ν

=

==
= ∨ =

∑
. 

Define (2) (1) (1)[ , ]A A A= , we calculate for  

( 2) (1) (1)

1,2

1,2[ , ]
( ) sup {min{ ( ) ( )}} 0

i i i
i

i iA A Aix a b
x a b

α
μ μ μ

=

==
= ∧ =

∑
, 

( 2) (1) (1)

1,2

1,2[ , ]
( ) inf {max{ ( ) ( )}} 1

i i i
i

i iA A Aix a b
x a b

α
ν ν ν

=

==
= ∨ =

∑
. 

So (0) (1) (2) 0η η η≥ ≥ = and (0) (1) (2) 1κ κ κ≤ ≤ = , 

which imply that ( , )A AA μ ν= is a solvable intuitionistic 
fuzzy Lie ideal of N . 

Following from the definition of a solvable intuition-
istic fuzzy Lie ideal, we can easily get  
Lemma 5.1: Let ( , )A AA μ ν=  be an intuitionistic fuzzy 
Lie ideal of G . Then ( , )A AA μ ν=  is a solvable in-
tuitionistic fuzzy Lie ideal if and only if there is a posi-
tive integer n  such that ( ) 01mA

μ =  and ( ) 01m
c

A
ν =  for 

all .m n≥  
Theorem 5.1: Homomorphic images of solvable in-
tuitionistic fuzzy Lie ideals are also solvable intuitionis-
tic fuzzy Lie ideals. 
Proof: Let :G Gϕ ′→  be a homomorphism of Lie su-
peralgebra and assume that ( , )A AA μ ν=  is an in-
tuitionistic fuzzy Lie ideal of G . Let ( )A Bϕ = , i.e, 

( ) ( ),B A B Aϕ ϕμ μ ν ν= = . We prove ( ) ( )( )n nA Bϕ
μ μ=  and 

( ) ( )( )n nA Bϕ
ν ν=  by induction on n , where n  is any 

positive integer. Indeed, let Gy ′∈ . Consider 1n = , 

(1) ([ , ])( )
( ) ( )A AA
y yϕϕ

μ μ= [ , ]
( )

sup { ( )}A A
y x

x
ϕ

μ
=

=  

( ) [ , ]
sup { sup {min( ( ) ( ))}}

i i i
i N

A i A ii Ny x x x y
x y

ϕ α
μ μ

∈

∈= =
= ∧

∑
 

[ , ]
sup {min( ( ) ( ))}

i i i
i N

A i A ii Ny x y
x y

α ϕ
μ μ

∈

∈=
= ∧

∑
 

[ , ]
sup {min( ( ) ( )) : ( ) , ( ) }

i i i
i N

A i A i i i i ii Ny a b
x y x a y b

α
μ μ ϕ ϕ

∈

∈=
= ∧ = =

∑

[ , ]
sup {min( ( ) ( ))}

i i i
i N

B i B ii Ny a b
a b

α
μ μ

∈

∈=
= ∧

∑

(1)[ , ] ( ) ( ),B B B
y yμ μ= =  and 

(1) ([ , ])( )
( ) ( )A AA
y yϕϕ

ν ν= [ , ]( )
inf { ( )}A Ay x

x
ϕ

ν
=

=  

( ) [ , ]
inf { inf {max( ( ) ( ))}}

i i i
i N

A i A iy x i Nx x y
x y

ϕ α
ν ν

∈

= ∈=
= ∨

∑
 

[ , ]
inf {max( ( ) ( ))}

i i i
i N

A i A ii Ny x y
x y

α ϕ
ν ν

∈

∈=
= ∨

∑
 

[ , ]
inf {max( ( ) ( )): ( ) , ( ) }

i i i
i N

A i A i i i i ii Ny a b
x y x a y b

α
ν ν ϕ ϕ

∈

∈=
= ∨ = =

∑

[ , ]
inf {max( ( ) ( ))}

i i i
i N

B i B ii Ny a b
a b

α
ν ν

∈

∈=
= ∨

∑

(1)[ , ] ( ) ( ).B B B
y yν ν= =  

These prove the case of 1n = . Suppose that the case of 
1n −  is true, then ( ) ( 1) ( 1)( ) ([ , ])n n nA A Aϕ ϕ

μ μ − −=  

( 1) ( 1)[ ( ), ( )]n nA Aϕ ϕ
μ − −= ( 1) ( 1) ( )[ , ]n n nB B B

μ μ− −= =  and ( )( )nAϕ
ν  
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( 1) ( 1)([ , ])n nA Aϕ
ν − −= ( 1) ( 1)[ ( ), ( )]n nA Aϕ ϕ

ν − −= ( 1) ( 1) ( )[ , ]n n nB B B
ν ν− −= = . 

Let m  be a positive integer such that ( ) 01mA
μ =  

and ( ) 01m
c

A
ν = . Then for any 0 ,Gy ′≠ ∈ we get 

( ) ( )( )
( ) ( )m mB A
y y

ϕ
μ μ= 0

( )
sup {1 ( )} 0

y x
x

ϕ=
= = , ( ) ( )mB

yν

( ) 0( )
( )( ) inf {1 ( )} 1m

c
A y x

y x
ϕ

ϕ ν
=

= = = . So ( ) 01mB
μ =  and  

( ) 01m
c

B
ν = . 

Let ( , )A AA μ ν=  be an intuitionistic fuzzy Lie ideal 
of G  and I  be an ideal of G . We can prove that 

/A I  is an intuitionistic fuzzy Lie ideal of / IG  imi-
tating Theorem 4.1. 
Theorem 5.2:  Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie ideal of G  and /A I  be a solvable in-
tuitionistic fuzzy Lie ideal of / IG . If ( , )B BB μ ν=  is 
a solvable intuitionistic fuzzy Lie ideal of G and is also 
an intuitionistic fuzzy ideal of ( , )A AA μ ν=  such that 

( ) ( )B I A I= , then ( , )A AA μ ν= is solvable. 
Proof:  Let ϕ  be the canonical projection from G  to 

/ IG . From the proofs of Theorem 4.1 and 5.1, we can 
get ( ) ( )( ) ( / )n nA A Iϕ

μ μ= and ( ) ( )( ) ( / )n nA A Iϕ
ν ν= . Since 

/A I  is solvable, there exists n  such that 
( ) 0( / )

1nA I
μ =  and ( ) 0( / )

1n
c

A I
ν = . 

For 0 /y I≠ ∈G , we have 

( ) ( ) ( )
1 ( ) ( / )
( )

sup { ( )} ( ) ( ) 0n n nA A A I
m y

m y y
ϕ

ϕ
μ μ μ

−∈
= = =  

and ( ) ( ) ( )1 ( ) ( / )( )
inf { ( )} ( ) ( ) 1n n nA A A Im y

m y y
ϕϕ

ν ν ν
−∈

= = = . 

Notice that m∈G and 0m ≠ , we get ( ) ( ) 0nA
mμ =  

and ( ) ( ) 1nA
mν = . 

For 0y = , we have ( ) ( )
1 ( )
(0)

sup { ( )} (0) 1n nA A
m

m
ϕ

ϕ
μ μ

−∈
= =  

and ( ) ( )1 ( )(0)
inf { ( )} (0) 0n nA Am

m
ϕϕ

ν ν
−∈

= = . 

Since 1(0) Iϕ− =  and ( ) ( )B I A I= ,  we  have 

( ) ( )( ) ( )n nB A
I Iμ μ= and ( ) ( )( ) ( )n nB A

I Iν ν= . For any 

,x I∈ B  is solvable, then there exists n  such that 

( ) 01nB
μ =  and ( ) 01n

c
B

ν = , we have ( ) 01nA
μ =  and 

( ) 01n
c

A
ν = . Hence for any x∈G , we always have 

( ) 01nA
μ =  and ( ) 01n

c
A

ν = , which imply that 

( , )A AA μ ν=  is solvable.  
Remark 5.1: By Remark 4.1(2), the result is also true if 

the condition of Theorem 5.2 can be reduced to "If 
( , )B BB μ ν=  is a solvable intuitionistic fuzzy Lie ideal 

of G  and B A⊆  such that ( ) ( )B I A I= ". 
Lemma 5.2: Let ( , )A AA μ ν=  and ( , )B BB μ ν=  be 
intuitionistic fuzzy Lie ideals of G . Then 

( ) ( ) ( )( ) .n n nA B A B⊕ = ⊕  
Proof: Let 0 .x≠ ∈G  Then we have 

[ , ] [ , ][ , ] ( , )A B A BA B μ μ=  where 

[ , ]
[ , ]

( ) sup {min( ( ) ( ))}
i i i

i N

A B A i B ii Nx x y
x x y

α
μ μ μ

∈

∈=
= ∧

∑
 

( ) ( ) 0,A Bx xμ μ≤ ∧ =  

[ , ] [ , ]
( ) inf {max( ( ) ( ))}

i i i
i N

A B A i B ii Nx x y
x x y

α
ν ν ν

∈

∈=
= ∨

∑
 

( ) ( ) 1A Bx xν ν≥ ∨ =  

So [ , ] 01A Bμ =  and [ , ] 01c
A Bν = . Consequently, for any 

positive  integer , ,a b  we  have ( ) ( ) 0[ , ]
1a bA B

μ =  and 

( ) ( ) 0[ , ]
1a b

c
A B

ν = . Now we prove the lemma by induction 

on n . Let  1n = . Then by Theorem 5.1 of  [11], we 
Have (1)( ) [ , ]A B A B A B⊕ = ⊕ ⊕  

(1) (1)[ , ] [ , ] [ , ] [ , ]A A A B B A B B A B= ⊕ ⊕ ⊕ = ⊕ . 
Suppose that the case of 1n −  is true, then 

( ) ( 1) ( 1)( ) [( ) , ( ) ]n n nA B A B A B− −⊕ = ⊕ ⊕  
( 1) ( 1) ( 1) ( 1)[ , ]n n n nA B A B− − − −= ⊕ ⊕ ( ) ( ) .n nA B= ⊕  

Theorem 5.3: Direct sum of solvable intuitionistic fuzzy 
Lie ideals is also a solvable intuitionistic fuzzy Lie ideal. 
Proof: Let ( , )A AA μ ν=  and ( , )B BB μ ν=  be solv-
able intuitionistic fuzzy Lie ideals. Then there exist posi-
tive integers ,m n  such that ( ) ( )0 01 , 1m m

c
A A

μ ν= =  and 

( ) ( )0 01 , 1 .n n
c

B B
μ ν= =  Since ( )( ) m nA B +⊕ = ( ) ( )m n m nA B+ +⊕ , 

we have ( )( ) m nA B
μ +⊕

=  ( ) ( ) 01m n m nA B
μ + +⊕

=  and 

( )( ) m nA B
ν +⊕ ( ) ( )m n m nA B

ν + +⊕
= 01c= . So A B⊕  is a solvable 

intuitionistic fuzzy Lie ideal.  
Definition 5.5: Let ( , )A AA μ ν=  be an intuitionistic 
fuzzy Lie ideal of G . Define inductively a sequence of 
intuitionistic fuzzy Lie ideals of G  by 

0 1 0 2 1 1, [ , ], [ , ], , [ , ]n nA A A A A A A A A A A −= = = = , 
which is called the descending central series of an in-
tuitionistic fuzzy Lie ideal ( , )A AA μ ν=  of G . We get 

0 1 2 nA A A A
μ μ μ μ⊇ ⊇ ⊇ ⊇ ⊇  

and 0 1 2 nA A A A
ν ν ν ν⊆ ⊆ ⊆ ⊆ ⊆ . 
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Definition 5.6: For an intuitionistic fuzzy Lie ideal 
( , )A AA μ ν= , define sup{ ( ) : 0 }n

n
A

x xη μ= ≠ ∈G and 

inf{ ( ) : 0 }n
n

A
x xκ ν= ≠ ∈G , for any positive integer 

n . The intuitionistic fuzzy Lie ideal is called a nilpotent 
intuitionistic fuzzy Lie ideal, if there is a positive integer 
m  such that 0mη =  and 1mκ = , or equivalently, 

01mA
μ =  and 01m

c
A

ν = . 

Example 5.2: Let us take the basis , ,h e f of (1|1)sl  

as follows 
1 0 0 1 0 0

, , .
0 1 0 0 1 0

h e f⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

Then 

h  is an even element, and e  and f  are odd element. 
Their bracket products are as follows: 
[ , ] [ , ]e f f e h= = , the other brackets 0= . Then 

(1|1)sl  is a three-dimensional Lie superalgebra. (See 
[23]) 

Define 
0 00 0( , ) : (1|1) [0,1]A AA μ ν= →sl  where 

0

0.6,
( )

1,A

x h
x

otherwise
μ

=⎧
= ⎨
⎩

,
0

0.4,
( )

0,A

x h
x

otherwise
ν

=⎧
= ⎨
⎩

. 

Then
0 00 ( , )A AA μ ν= is an intuitionistic fuzzy subspace 

of 0(1|1)sl . 
Define 

1 11 1( , ) : (1|1) [0,1]A AA μ ν= →sl  where 

1

0.3,
( ) 0.5,

1,
A

x e
x x f

otherwise
μ

=⎧
⎪= =⎨
⎪
⎩

, 
1

0.7,
( ) 0.5, .

0,
A

x e
x x f

otherwise
ν

=⎧
⎪= =⎨
⎪
⎩

 

Then
1 11 ( , )A AA μ ν= is an intuitionistic fuzzy subspace 

of 1(1|1)sl . 
Define ( , ) : (1|1) [0,1]A AA μ ν= →sl  where 

0 10 1( ) ( ) ( )A A Ax x xμ μ μ= ∧  

and 

0 10 1( ) ( ) ( )A A Ax x xν ν ν= ∨ . 

Then ( , )A AA μ ν=  is an intuitionistic fuzzy Lie ideal 
of (1|1)sl . 
Let 0A A= and 1 0[ , ]A A A= . If 1(1|1)x∈ sl , x  can 

not be expressed as [ , ],i i ix x yα=∑  then 

1 ( ) 0,
A

xμ = 1 ( ) 1
A

xν = . If 0(1|1)x∈ sl , then 

[ , ]x e fα=  or [ , ],x f eβ=  , kα β ∈ , we have 

1 0 0( ) sup{ ( ) ( )} sup{ ( ) ( )} 0.3A AA A A
x e f f eμ μ μ μ μ= ∧ = ∧ =  

and 
1 0 0( ) inf{ ( ) ( )} inf{ ( ) ( )} 0.7A AA A A

x e f f eν ν ν ν ν= ∨ = ∨ = . 

Define 2 1[ , ]A A A= , we calculate if 1(1|1)x∈ sl , 

2 2( ) 0, ( ) 1
A A

x xμ ν= = ;  if 0(1|1)x∈ sl , then  

2 1 1( ) sup{ ( ) ( )} sup{ ( ) ( )} 0A AA A A
x e f f eμ μ μ μ μ= ∧ = ∧ =  

and  
1 1 1( ) inf{ ( ) ( )} inf{ ( ) ( )} 1A AA A A

x e f f eν ν ν ν ν= ∨ = ∨ = . 

Then we get 0 1 2 0η η η≥ ≥ = and 0 1 2 1κ κ κ≤ ≤ = . 
So ( , )A AA μ ν=  is a nilpotent intuitionistic fuzzy Lie 
ideal of (1|1)sl . 
Theorem 5.4: Homomorphic images of nilpotent in-
tuitionistic fuzzy Lie ideals are also nilpotent intuitionis-
tic fuzzy Lie ideals. Direct sum of nilpotent intuitionistic 
fuzzy Lie ideals is also a nilpotent intuitionistic fuzzy 
Lie ideal. 
Proof: It can be proved by imitating Theorem 5.1 and 
Theorem 5.3. 
Theorem 5.5: If ( , )A AA μ ν=  is a nilpotent intuitionis-
tic fuzzy Lie ideal of G , then it is solvable.  
Proof: Since ( , )A AA μ ν=  is a nilpotent intuitionistic 
fuzzy Lie ideal, there exists m  such that 

01mA
μ = and 01m

c
A

ν = . It is easy to prove that 

( )m mA A
μ μ⊆  and ( )m mA A

ν ν⊇ by induction on m . So 

( ) ( 1) ( 1) 1 0[ , ] [ , ]
1m m m m mA A A A A A

μ μ μ μ− − −= ⊆ = =  

and  
( ) ( 1) ( 1) 1 0[ , ] [ , ]

1m m m m m
c

A A A A A A
ν ν ν ν− − −= ⊇ = = . 

 
6. Conclusions 

 
The aim of this paper is to introduce and study Lie 

superalgebras in intuitionistic fuzzy settings. We define 
an intuitionistic fuzzy quotient Lie superalgebra by an 
intuitionistic fuzzy Lie ideal of Lie superalgebra. Also, 
we consider the solvable and nilpotent intuitionistic 
fuzzy Lie ideals of Lie superalgebras and investigate 
related properties. These works generalized the related 
theory of fuzzy Lie algebras. Our future work on this 
topic will focus on studying of adjoint representation of 
intuitionistic fuzzy Lie sub-superalgebras and the Killing 
form of intuitionistic fuzzy Lie sub-superalgebras. In 
addition, we shall study: (1) Roughness based on fuzzy 
Lie ideals (2) Soft Lie superalgebras (3) Generalized 
fuzzy soft Lie superalgebras. Our obtained results 
probably can be applied in various fields such as artifi-
cial intelligence, signal processing, multi-agent systems, 
pattern recognition, robotics, expert systems, medical 
diagnosis and engineering. 
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