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On Convex Fuzzy Processes and Their Generalizations

Dong Qiu, Fuping Yang, and Lan Shu

Abstract

In this paper, we give the correlation and differ-
ence between M-convex fuzzy process and
SLW-convex fuzzy process, and present some basic
properties of these convex fuzzy processes, which
improve some known results about the connection
between those convex fuzzy processes and their
graphs. In addition, we introduce a new notion of
s-convex fuzzy process as a generalization of
M-convex fuzzy process, discuss the relationship be-
tween  QYS-s-convex  fuzzy  processes and
CRO-s-convex fuzzy processes, and give some im-
portant connections between these s-convex fuzzy
processes and their graphs. Two examples are given
to illustrate the validity of the main results.

Keywords: Convex fuzzy sets, Convex fuzzy processes,
Fuzzy analysis, S-convex fuzzy processes.

1. Introduction

As a suitable mathematical model to handle vagueness
and uncertainty, fuzzy set theory is emerging as a pow-
erful theory and has attracted the attention of many re-
searchers and practitioners who contributed to its devel-
opment and applications [1-9]. Convexity plays a most
useful role in the theory and applications of fuzzy sets.
Therefore, the research on convexity and generalized
convexity is one of the most important aspects of fuzzy
set theory [10-13].

In 2000, Matloka [14] introduced the notion of convex
fuzzy process. Soon after that, Syan, Low and Wu [15]
gave another definition and showed that the new-type of
convex fuzzy process shares many properties with the
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class of convex fuzzy processes in [14]. To avoid confu-
sion, we will call the former M-convex fuzzy process
and the latter SLW-convex fuzzy process in this paper.
In the sequel we will clarify the relationship between
M-convex fuzzy process and SLW-convex fuzzy process,
and give some necessary and sufficient conditions for
fuzzy mappings to be M-convex fuzzy processes and
SLW-convex fuzzy processes, respectively.

In 2004, Chalco-Cano, Rojas-Medar and Osuna- Go-
mez [16] introduced the concept of s-convex fuzzy
process which is a generalization of SLW-convex fuzzy
process. In this paper, we will present a new type of
s-convex fuzzy process which can be thought of as a
generalization of M-convex fuzzy process. For the two
concepts of s-convex fuzzy process, we will call the new
one QYS-s-convex fuzzy process but the old one
CRO-s-convex fuzzy process in order to avoid confusion.
We will investigate the relationship between them, and
give some necessary and sufficient conditions for fuzzy
mappings to be the two types of s-convex fuzzy proc-
esses, respectively.

2. Preliminaries

Let R"denote the n-dimensional Euclidean space,
and let F(R") denote the set of all nonempty fuzzy
setsinR".

Afuzzy set p:R" —[0J]] is called convex [11], if

1y, + Q= A)y,) = min{u(y,), p(y,)}
forall y,,y,eR" and 1€(0]1).

A fuzzy set u:R" —[0]1] is called a fuzzy cone

[10] if w(Ay)= u(y)for ally e R"and A >0. A con-

vex fuzzy cone is a fuzzy cone, which is also a convex
fuzzy set.

For u,veF(R")and A >0, owing to Zadeh’s ex-
tension principle [17], scalar multiplication and addition
are defined forany y e R" by Au(y)= u(y/A) and

(u+v)(y)=sup  min{u(y,),v(y,)}.

Y1, ¥2:Y1+Y2=Y
The fuzzy set uis said to be included inv, denoted

byucv,if u(y)<v(y)forallyeR".
The graph of a fuzzy mapping A: R™ — F(R"), de-
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noted by G, , is a fuzzy setin R™ x R" such that for any

(X, y)eR"xR", G,(x,y) = A(X)(y) [14].

A mapping A from R"™ to F(R") is called
M-convex fuzzy process [14] if it satisfies the conditions
@ A +X) 2 AX)+ A(X,), VX, X, € R",

(b) A(Ax) = 1A(x),¥1>0,xeR".

A mapping Afrom R™ to F(R") is called SLW-

convex fuzzy process [15] if it satisfies the condition
A + (1= 2)%,)(y) =
©  sup  mingAQQ(y), A)(Y)}

Vi Y2 Ay +(1=2)y, =y
forall x,x,eR"™, Ae(0)andyeR".
One of the principal results of [15] is
Theorem 1 [15]: A mapping A:R™ — F(R")is an
SLW-convex fuzzy process if and only if it satisfies the
condition

(€) A +(1-2)%) 2 AA(X) + (11— 2)A(X,)
forall x,x,eR"™, 1€(02).

The CRO-s-convex fuzzy process was introduced by
Chalco-Cano, Rojas-Medar and Osuna-Gomez [16]. Let

se(0]], a fuzzy mapping F:R™ — F(R")is called

CRO-s-convex fuzzy process if for all « € (0,1) and

X, X, € R™, it satisfies the condition

(d) a’F(x)+@-a) F(x,) < F(ax + [@-a)X,).
Motivated both by the work [16] and by the impor-

tance of the concept of M-convex fuzzy process [14], we

present the concept of QY S-s-convex fuzzy process here.

Definition 1: Let se(0,]] , a fuzzy mapping

F:R™ - F(R") is called QYS-s-convex fuzzy proc-

ess if it satisfies the following conditions

(e) F(Xl + XZ) 2 F(Xl) + F(XZ)’Vxl’XZ € Rm'

f) F(ax)=a’F(x),Va>0,xeR".

3. Fuzzy Convex Processes

We first discuss the relationship between M-fuzzy
convex processes and SLW-convex fuzzy processes. In
[15] the authors have given the following result.
Theorem 2 [15]: Let A: R™ — F(R") be an M-convex
fuzzy process. Then Ais an SLW-convex fuzzy process.

For the converse, we give the conclusion as follows.
Theorem 3: Let A:R™ — F(R") be an SLW-convex
fuzzy process satisfying (b). Then Ais an M- convex

fuzzy process.
Proof: We know from Theorem 1 that the mapping A
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satisfies (') . Now let x,X, € R™, and1=1/2. From
(b) and ("), we obtain

1 1
EA(Xl + Xz) = A(E()ﬁ + Xz)) =2

1 1 1
EA(Xl) +§A(x2) = E(A(Xl) +A(X,)),

which implies  A(X, +X,) 2 A(X;) + A(X,). Thus, A'is
an M-convex fuzzy process.
Corollary 1: A mapping A:R™ — F(R") is an M-
convex fuzzy process if and only if it satisfies (b) and
(c),or (b) and(c').
Proof: It follows quickly from Theorem 1-3.

Next, we present some important connections between

M-convex fuzzy processes and their graphs.
Theorem 4 [14]: The graph of an M-convex fuzzy proc-

ess A:R" > F(R") is a convex fuzzy cone in
R™xR".

In fact, the converse of this theorem is also true.
Theorem 5: If the graph of a fuzzy mapping
A:R™ — F(R") is a convex fuzzy cone in R™ xR",

then A is an M-convex fuzzy process.
Proof: Taking into account the definitions of the graph
and fuzzy cone we observe that forany 4 >0 and

(x,y) e R"xR",
AAX)(Y) = GA (A%, y) = G, (A(X, ¥/ 1))
=G, (x, ¥/ 2) = A(X)(y/ 4) = AA(X)(Y).
Thus the mapping A satisfies (b).

Now, we will prove that the mapping A satisfies
(c") too. Letx,X,eR™ A€(01) . For any given
pointy, € R", from the definitions of addition and scalar
multiplication, we obtain

(A(A(X,) +T=2)A(X,))(Yo)
= sup min{AAM)(Y,), A= A)AX)(Y,)}

Yi.¥2: Y1+ Y2=Yo

= sup minfA(Y)(2), AC) ()}
= sup min{AG)(Y) ACG)(Y)E ()

Y1 ¥2: Ay +(1=2) Y2 =Yo
Since the graph G, is a convex fuzzy set, for any
(X, Y1), (X,,Y,) € R"xR"and 4 € (0,1) such that
Ay, +@-A)y, =Y, wehave
GA(AX1 + (l_ ﬂ)xzy yo)
= GA(;tXl +(1- Z)XZ'ﬂyl +(1- ﬂv)yz)
= GA(ﬂ(Xl’ yl) +(1- ﬂ*)(xz! yz))
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> min{G, (X, ¥1)).G a(X,, ¥2)}-
In other words, we get

A(AX + (1= 2)%,)(Yo)
= A(Ax + (1= )%,)(Ay, + A= A)Y,)
> min{A(Xi)(yl), A(Xz)(yz)}-

Notice that

A(ﬂ“xl + (1_ ﬂ)xz)(yo)
A(ﬂ“xl + (1_ ﬂ*)xz)(lyl + (l_ ﬂ) yz)-

)

= sup
Y1.Y2: A1 +(1=2) Yo=Yo

From (2), we have that for anyy,,y, € R" satisfying
A+ Q=AY = Yo,
sup A(Ax + (1= 2)x;)(Ay, + (1= 2)Y,)
Y1.Y2: Y1+ (1-2) Y2=Yo
= min{ A(X,)(Y), A(X;)(Y,)}-

Now by taking the supremum on the right of the above
inequality and observing (1), we have
A + (1= 24)%,)(Y,)

= sup AU +(A-)%)(Ay, +(1-2)y,)
Y1, Y2: A +(1=24) Yo2=Yo
> sup min{A(X)(Yy), A(X)(Y,)}

Y1 Y2 Ay +H(1=2) Y2=Yo
= (AA(x;) + A=) AC))(Ys)-
Since Y, is an arbitrary given point inR", we complete

the whole proof here.

Corollary 2: A fuzzy mapping Ais an M-convex fuzzy

process if and only if its graph is a convex fuzzy cone.

Proof: It follows quickly from Theorem 4 and 5.
Similarly, we can get the connection between SLW-

convex fuzzy processes and their graphs.

Theorem 6 [15]: The graph of an SLW-convex fuzzy

process A isa convex fuzzy setinR™ x R".
Theorem 7: If the graph of a fuzzy mapping Ais a con-

vex fuzzy set inR™xR", then Ais an SLW-convex
fuzzy process.

Proof: It is similar to the proof of Theorem 5.

Corollary 3: A fuzzy mapping Ais an SLW-convex
fuzzy process if and only if its graph is a convex fuzzy
set.

Proof: It follows quickly from Theorem 6 and 7.

Example 1: Define  the  fuzzy  mapping
A:(0,0) »> F(R) as follows
1, if y>x,
AX)(Yy)=1y/x, if0<y<x,
0, ify<DO.

Now we show that the graph
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1, if y>x,
G,(Xx,y)=1qy/x,if0<y<x,
0, if y<0,

is a fuzzy convex cone in(0,0)x R . In fact, for any
(X,y) € (0,0)x Rand A >0, we have
GA(A(x,Y)) = GA(4x, Ay)

1, if y>x,
=G, (X, y)=1Yy/x, if0<y<X,
0, ify<Q,

which implies G, is a fuzzy cone. Let A>0 and
(X, Y1) (X, Y,) € (0,0) xR In order to prove G,is a

convex fuzzy set, we now distinguish the following three
cases.

Case1: Ay, +(1-A)y, 2 Ax + (L-2)X,.
It is clear that
GA(ﬂ’(Xl’ yl) + (1_ ﬂ,)(Xz, yz))
= GA(ﬂ'x1 + (1_1))(2’/1)/1 + (1_1))/2)
=1> min{GA(XI’ yl)’GA(XZ' yz)}-
Case2: Ay, +(1-A1)y, <0.
In this case we have that at least one of the two points
y,and Y,is not positive. Without loss of generality,

suppose y, <0. Then
GA(/DQ + (1_ /’i’)XZ’ﬂ'yl + (1_ ﬂ)yz)
=0= min{GA(X11 yl)'GA(XZ’ yz)}-
Case3: O< Ay, +(1-A)y, <A +(1—A)X,.
If y, <Xxandy, = X,, then we have that
Ga(A(xy, y1) + A= 2)(X;, ¥2))
= (A, + A=) y,) (A% + 1= 2)X;)
2 (Ay; + 1= 2)y ) (A% + A= 2)Y,)
2 y1/X1 = min{GA(Xll yl)’GA(XZ’ yz))}-
If y, <xandy, <X,, then, without loss of general-
ity, we suppose Y, /X, <Y, /X,. Therefore, we have
(ﬂyl + (1_ /l)yZ)/(ﬂ”Xl + (1_1))(2) - y1 / Xl
= (l_/l)(xlyZ - leZ)/Xl(ﬂ“Xl + (1_1))(2) >0,
which implies
GA(/’i’(Xl’ yl) + (1_1)()(2! yz))
2 Min{G, (X, Y1), Ga (X1 ¥2))}-
From what have been discussed above, we now can see
thatG, is a fuzzy convex cone in(0,0)x R . Thus ac-
cording to Theorem 5, A'is an M-convex fuzzy process.
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4. S-convex Fuzzy Processes

Now, we discuss the relationship between
QYS-s-convex fuzzy processes and CRO-s-convex fuzzy
processes. Theorem 3.2 in [16] is as follows.

Theorem 8 [16]: Lets € (0,1]. LetF : R™ — F(R") be
a fuzzy mapping satisfying (e)and(f). ThenF is a
CRO-s-convex fuzzy process.

Consequently, by the definition in Preliminaries, we
have that if F is a QYS-s-convex fuzzy process, and then

it is a CRO-s-convex fuzzy process. For the converse,
we give the conclusion as follows.

Theorem 9: Letse(0,1]. LetF:R™ - F(R") be a
CRO-s-convex fuzzy process satisfying (f). ThenF is a
QYS-s-convex fuzzy process.

Proof: Now let x,X, e R" anda=1/2. From (d)
and (), we obtain

iSF(Xl_'_ Xz) = F(E(Xl_'_ Xz)) =

l:(><1) T F(Xz) ——(F(X1)+ F(x,)),

which |mpI|es F(X1 +X,) 2 F(xl) + F(X,). Therefore,

F is a QYS-s-convex fuzzy process.

Corollary 4: Letse(01]. A fuzzy mapping F is a
QYS-s-convex fuzzy process if and only if it satisfies
(d) and(f).

Proof: It follows quickly from Theorem 8 and 9.

Next, we present some important connections between
these two types of s-convex fuzzy processes and their
graphs.

Theorem 10: Let se€(0,1]. A fuzzy mapping F is a
CRO-s-convex fuzzy process if and only if its graph G
satisfies the condition

Ge (ax +(l-a)x,, &y, +(1-a)*y,)

> min{Ge (X, 1), +Ge (X, ¥,)}
forall (x,¥,), (X,,¥,) e R"xR"ande € (0,1) .
Proof: Suppose F:R™ — F(R") is a CRO-s-convex
fuzzy process.

Let 2 €(0,1) and (x,¥,), (X,,Y,)€R™xR". Then
there holds

Ge (ax, +(L-a)%, @’y + (L-a)’Y,)
=F(ax +(1-a)x,)(@’y, +(1-a)*y,)
> (a°F (%) +L-a) F(x )@’y +(1-a)*y,)
> min{a’F (x)(@’Y;), (- a) F() (- a)°y,)}
= min{F (x)(y,), F(x)(y2)}

®3)
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= min{GF (Xl’ yl)’GF (Xza yz)}-
For the converse, letx,, X, € R"anda € (0,1) . From
the definitions of addition and scalar multiplication, for
any given point y € R" we obtain

(@ F (%) +1-a)’ F(x,))(y)
= sup min{a’F(4)(y,), 1-a) FOQ))(Y,)}

Yi: Y2 Y1+Yo=Y

_ sup mln{F(xl)(yl)F(X DL}

Y1, Y2 Y1 +Y2=Y (1 )

- sup min{F (x,)(y.), F (x;))(¥,)}-

Vi Yo @ty +(1-a)® Yo=Y

Since the graph G satisfies (3), for any a <(0,)

(4)

and (%, Y;),  (%,Y,)eR"xR" such that
a’y,+(1-a)’y, =y, wehave
Ge(ax +(L-a)%,, @’y +(1-a)’y,)
> min{G¢ (X, ¥;),+G¢ (X5, ¥,)},
that is,
Flax +1-a)x)(a’y, +(1-a)’y,) (5)

2 min{F (x,)(y,), F(x,)(y,)}-
Now taking into account (4) and (5), we obtain

F(ax, +(1-a)x,)(y)

= Flax +(1-a)%)@’y, +(1-a)"y,)
> sup - mindF0q)(y), FOG)(Y2)}

ViY@ yi+H(1l-a)* Y=y

=(@’F(x)+1-a) F(x))(Y),
which completes the whole proof.
Theorem 11: Lets e (0,1]. A fuzzy mapping F is a

QYS-s-convex fuzzy process if and only if its graph G,
satisfies (3) and the following condition

G (ax,a’y) =G (X, Y)
forall (x,y)eR™xR"anda €(0,1).

Proof: We first prove that Condition (6) is equivalent to
(f). Suppose that Condition (f) holds. Then for any

(x,¥) e R"xR"anda € (0,1), we have
Ge (ax,a’y) = F(ax)(a°y)
=a’F(x)(a’y) = F(x)(y) = G: (X, y).

Conversely, for any xeR"™, yeR"anda € (0,1), we
have

(6)

%F(ax)(y) = F(ax)(a"y)
=G (ax,a°y) = G (x, ) = F(x)(y)
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which implies F (ax)(y) = a°F (x)(y) . Since Condition
(3) is equivalent to (d) which follows from Theorem

10, we get the desired result by Corollary 4.
Example 2: This example is partly quoted from [18]. Let
us consider the fuzzy mapping F : (0,0) — F(R) that

associates to each X € (0,00) the points of the real line

“much bigger than \& ”. Now, we define the fuzzy map-
ping F, : (0,0) - F(R) as follows
yIx -1, if Vx <y <2VX,
ROy =11 ify=2Vx,
0, ify<+x.
For F, andx =4, we have that the points of the real
line “much bigger than \/Z = 2" is the fuzzy sets
yl2-1 if 2<y <4,
F.(4)(y)=11, ify>4,
0, ify<2

This means that the points after 4 are “much bigger than
2”7, while the points in the interval (2, 4) are partially
“much bigger than 2”, i.e., they have a degree of mem-

bership to the fuzzy set F,(4). Therefore, F models the
fuzzy mapping F . In [18], the authors have shown that
F, isa CRO-1/2-convex fuzzy process. Now we show

that F, is also a QYS-1/2-convex fuzzy process. Ac-
cording to Theorem 9, it is enough to merely prove that
F, satisfies (f) . Leta>0, xe(0,0) and yeR.

From the definition of F, we get
yiNax -1, if Jax <y <2vox,
Fa)(y)=11,  if y=>2Jox,
0, ify<iex,
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Therefore, F, isaQYS-1/2-convex fuzzy process.

5. Conclusions

In this present investigation, we have got the correla-
tion and difference between M-convex fuzzy process and
SLW-convex fuzzy process, and have given the com-
plete connections between these convex fuzzy processes
and their graphs. For their generalizations, we have also
shown the relationship between QYS-s-convex fuzzy
processes and CRO-s-convex fuzzy processes, and have
obtained the important connections between these
s-convex fuzzy processes and their graphs. Two exam-
ples are given to illustrate the validity of the main re-
sults.

Several possible applications of our results may be
suggested. We briefly mention some of them. An ana-
Iytical approach to fuzzy systems certainly requires the
fuzzy mappings as a prerequisite. Recalling the applica-
tion of convex process was first studied in economics,
convex fuzzy processes may prove useful in such a field.
Fuzzy mappings are a convenient way to define
ill-defined correspondences between variables which
characterize a system. The possibility of simple criteri-
ons for convex fuzzy processes by their graphs, on such
representation makes them even more attractive. This
paper continues the authors’ research in fuzzy convex
analysis and fuzzy complex analysis [12, 19]. We have
introduced some new and more general definitions in the
area of fuzzy convexity [12]. In the next phase of inves-
tigations, we will combine the results obtained in this
paper and the ones in [12], and try to solve the open
problem in fuzzy analysis that we proposed in [19]. In
addition, the mathematics of the introduced concept cer-
tainly deserves further investigation. It would be inter-
esting to deeply analyze issues related to continuity of
QYS-s-convex fuzzy process like the work for
CRO-s-convex fuzzy process in [20], and it would be
also interesting to study inequalities for QY S-s-convex
fuzzy processes like the work for CRO-s-convex fuzzy
process in [18]. In our further research, we intend to ad-
dress these issues.
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