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Abstract1 

Multi-attribute decision problems with uncertainty 
largely exist in the real world, it is very necessary to 
solve these problems. The paper proposes a grey cor-
relation method based on maximizing deviation to 
solve the multiple attribute decision-making prob-
lems under risk in which the weight is unknown and 
attribute values are interval numbers. In the grey 
correlation method, according to different attributes 
and their natural states, the decision matrix is nor-
malized and ideal/ negative ideal solutions are also 
determined respectively; then, maximizing deviation 
method is used to determine the weights of attributes, 
and grey correlation method is used to rank the al-
ternatives by using relative closeness coefficients. The 
computational results from an illustrative example 
have shown that the proposed approach is feasible 
and effective for the multiple attribute decision mak-
ing problems under risk. 

Keywords: Grey correlation method; Multi-attribute 
decision making (MADM); Risk decision; Weight. 
 

1. Introduction 
 

Multi-attribute decision making is widely used in the 
field of society, economy, management, military affairs 
and engineering technology, such as investment decision 
making, project evaluation, economic benefit evaluation 
and staff evaluation etc. Some methods have been pro-
posed to solve the multi-attribute decision making prob-
lems [1-4], but in most of which the attribute values of 
the alternatives must be known in advance. However, in 
the real decision making process, the decision makers 
sometimes face the uncertain condition, and the attribute 
values take the form of random variables and they can 
vary with natural state. The decision makers can’t know 
the real state in the future, but they can give various pos-
sible natural states and can quantify the randomness by 
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setting the probability distribution. This decision making 
problem is called multi-attribute decision making under 
risk [5]. In addition, in the condition that the probability 
of the natural state is given, the decision makers are dif-
ficult to give the evaluation values for some attributes. In 
this case, the interval fuzzy numbers can be considered. 
Therefore, it is of great theoretical and practical signifi-
cance to research the multi-attribute decision making 
problems under risk with interval numbers. 

At present, relatively less research work on 
multi-attribute decision making problems under risk 
have been done. Rao and Xiao (2006) [6] researched the 
mixed multi-attribute decision making problem under 
risk, where the attribute weight information is unknown 
and the attribute values are mixed with the exact number, 
the interval number and linguistic fuzzy number. Firstly, 
according to the expected value, the risk decision mak-
ing problem is transformed to the certain one, then the 
dynamic mixed multi-attribute decision making method 
under risk based on the gray matrix closeness coeffi-
cients is proposed. Luo and Liu (2004) [7] adopted the 
same method proposed by Rao and Xiao(2006) to solve 
the decision making problem under risk with the attrib-
ute weights unknown and the attribute values taking the 
form of interval numbers. In the method, the decision 
making problem under risk is transformed to certain one 
using the expected values, and then the grey fuzzy rela-
tionship method and two-basic-point method were pro-
posed. Yu, Wang and Liu, etc. (2003) [5] researched the 
multi-attribute decision making problem under risk in 
the condition that the attribute weights were unknown 
and the attribute values were real numbers, and the 
multi-attribute decision making problem under risk was 
not transformed to certain one using the expectation 
values, but the weighted distances were calculated in the 
different attributes and natural states, and the relative 
mathematical model was established. Yao (2006) [8] 
proposed a TOPSIS method to solve the decision making 
problem under risk in which attribute values took the 
form of real number. In the method, the ideal and nega-
tive ideal solutions with different attributes and natural 
states were standardized and defined. Then the TOPSIS 
method of decision making problem under risk was real-
ized and was verified by an application case. 

According to the above statement, the method used in 
literatures [6, 7] can only transformed the risk decision 
making problem to deterministic one by the expected 
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value. However, because the expectation values of dif-
ferent attributes in different states may be equal, the al-
ternatives will not be ranked in this condition, so, these 
methods have some obvious weakness. Literatures [5] 
and [8], based on calculating the weighted distances in 
the different attributes and natural states, overcame the 
weakness in the method shown in literatures [6,7]. Espe-
cially, the method proposed in the literature [8] got the 
reasonable ranking. This paper, based on literature [8], 
proposed a grey correlation decision making method 
based on the attribute values taking the form of interval 
values. Firstly, the decision making matrix is standard-
ized and the ideal and negative ideal solutions are de-
fined aiming at different attributes and natural states; 
then the maximizing deviation method is proposed to 
determine the weights and the grey relevant degree 
method to rank the alternatives are extended to the risk 
decision making area. 

The remainder of the paper is organized as follows: 
Section 2 describes the decision making problem; Sec-
tion 3 introduces the decision making method and the 
steps；Section 4 presents an illustrative example to verify 
effectiveness of this method; Finally, conclusions are 
given in Section 5. 
 

2. The Description of the Decision Making 
Problem 

 
Supposed that in the decision making problem under 

risk there are m  evaluation alternatives 

1 2( , , , )mA a a a= and n evaluation attrib-
utes 1 2( , , , )nC c c c= . jw is the weight of the attribute 

jc , where 
1

0 1, 1
n

j j
j

w w
=

≤ ≤    =∑ . The weight vector 

1 2( , , , )nW w w w= … is unknown. There are jl possible 

states 1 2( , , , )
jj lθ θ θΘ = … with respect to the attrib-

ute jc . t
jp is the occurring probability with respect to the 

state tθ  of the attribute jc , where 

1

0 1, 1
jl

t t
j j

t

p p
=

≤ ≤    =∑ . t
ijx is the attribute value of al-

ternative ia  under the attribute jc  and the state tθ , 

and t
ijx takes the form of interval number[ tL

ijx , tU
ijx ] (The 

data in this decision making under risk are shown in Ta-
ble 1). With these conditions, we can rank the alterna-
tives of this multi-attribute decision making problem 
under risk. 
 
 

Table 1.multi-attribute decision making data under risk. 

 
 

3. The Decision Making Method and Steps 
 
A. The calculation rules of interval numbers [9] 

Supposed that [ , ]L Ua a a= and [ , ]L Ub b b= are two 
positive interval numbers, then the following calculation 
rules can be obtained: 

[ , ] [ , ] [ , ]L U L U L L U Ua b a a b b a b a b+ = + = + +   (1) 
[ , ] [ , ] [ , ]L U L U L U U La b a a b b a b a b− = − = − −   (2) 

[ , ] [ , ] [ , ]L U L U L L U Uab a a b b a b a b= × =         (3) 
/ [ , ] / [ , ] [ / , / ]L U L U L U U La b a a b b a b a b= =     (4) 

[ , ] [ , ] 0L U L Ua a a a aλ λ λ λ λ= =      >        (5) 
 
B. The decision making method 
(1) The initialization of the decision making matrix 

In order to avoid the influence of the different physi-
cal dimensions on the decision making result, the deci-
sion making matrix should be standardized. The most 
familiar index (attribute) types are benefit index ( 1I ) and 
cost index ( 2I ). 

Supposed that after standardization the index value 
is [ , ]t tL tU

ij ij ijr r r= , the standardization method is show as 
follows: 

2 2

1

2 2

1

/ ( ) ( )

/ ( ) ( )

m
tL tL tL tU

ij ij ij ij
i

m
tU tU tL tU

ij ij ij ij
i

r x x x

r x x x

=

=

⎧
⎡ ⎤= +⎪ ⎣ ⎦⎪      ⎨

⎪ ⎡ ⎤= +⎣ ⎦⎪
⎩

∑

∑
        (6a) 

For 1( 1,2, , ; 1, 2, , ; 1, 2, , )jj I i m j n t l∈ = = =  

 
( ) ( ) ( )

( ) ( ) ( )

2 2

1

2 2

1

1 1 1

1 1 1

m
tL tU tU tL

ij ij ij ij
i

m
tU tL tU tL

ij ij ij ij
i

r x x x

r x x x

=

=

⎧ ⎡ ⎤= +⎪ ⎢ ⎥⎣ ⎦⎪    ⎨
⎪ ⎡ ⎤= +⎪ ⎢ ⎥⎣ ⎦⎩

∑

∑
     (6b) 

For 2 ( 1,2, , ; 1, 2, , ; 1, 2, , )jj I i m j n t l ∈ = = =  
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(2) Define the distance of the interval numbers 
  Supposed that ,L Ua a a⎡ ⎤= ⎣ ⎦ and ,L Ub b b⎡ ⎤= ⎣ ⎦ are 

two positive interval numbers, the distance between 
a and b can be defined as follows: 

2 22( , ) ( ) ( )
2

L L U Ud a b a b a b= − + −        (7) 

(3) The calculation of the attribute weight 
  The uncertainty of the attribute weight can cause the 
uncertainty of the ranking order of the alternatives. Gen-
erally, if the difference is smaller among the attribute 
values of all decision making alternatives under the at-
tribute jc , then the effect of the attribute weight on the 

alternative is smaller. Whereas, if the attribute jc can 
make the attribute values of all the decision making al-
ternatives have a bigger deviation, it can be concluded 
that this attribute plays a more important role in the de-
cision making process. So in the view of ranking or se-
lecting alternatives, the bigger the deviation of the at-
tribute value is, the bigger the weight is. If the deviation 
is smaller, the weight should be smaller [10]. 

To the attribute jc , the distance between alternative 

ia and alternative ka in the status tθ can be defined as 
follows: 

2 22( , ) ( ) ( )
2

t t t tL tL tU tU
ijk ij kj ij kj ij kjd r r r r r r= − + −   (8) 

Then the deviation of attribute jc  between alterna-

tive ia and alternative ka is defined as follows: 

1
( , )

jl
t t t t

ijk j ijk ij kj
t

D p d r r
=

= ∑            (9) 

To the attribute jc , the weighted deviation ijD be-

tween alternative ia and all the other alternatives is de-
fined as follows: 

1 1 1
( ) ( , )

jlm m
t t t t

ij j j ijk j j ijk ij kj
k k t

D w w D w p d r r
= = =

= =  ∑ ∑∑   (10) 

To the attribute jc , the weighted deviation jD between 
all of the alternatives and the other alternatives is: 

1 1 1 1
( ) ( ) ( , )

jlm m m
t t t t

j j ij j j j ijk ij kj
i i k t

D w D w w p d r r
= = = =

= =∑ ∑∑∑  (11) 

 
1 1 1 1 1

( ) ( ) ( , )
jln n m m

t t t t
j j j j j ijk ij kj

j j i k t

D w D w w p d r r
= = = = =

⎛ ⎞
= = ⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑ ∑∑∑  

is the total deviation between all the attributes and all the 
alternatives. 

The model of maximizing deviation is constructed as 
follows: 

1 1 1 1

2

1

max ( ) ( , )

. 1, 0, 1, 2

jln m m
t t t t

j j j ijk ij kj
j i k t

n

j j
j

D w w p d r r

s t w w j n

= = = =

=

⎧ ⎛ ⎞
=⎪ ⎜ ⎟⎜ ⎟⎪ ⎝ ⎠⎨

⎪ = ≥ = ……⎪
⎩

∑ ∑ ∑ ∑

∑
  (12) 

Construct the Lagrange multiplier function: 

2

1 1 1 1 1

( , ) ( , ) ( 1)
jln m m n

t t t t
j j j ijk ij kj j

j i k t j

L w w p d r r wλ λ
= = = = =

⎛ ⎞
= + −⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑ ∑ ∑ ∑

Let 

1 1 1

2

1

( , )
( , ) 2 0

( , )
1 0

jlm m
j t t t t

j ijk ij kj j
i k tj

n
j

j
j

L w
p d r r w

w

L w
w

λ
λ

λ
λ

= = =

=

⎧ ∂
= + =⎪ ∂⎪

⎨
∂⎪ = − =⎪ ∂⎩

∑ ∑ ∑

∑
 

Solve this model, it can be obtained: 

1 1 1

2

1 1 1 1

( , )

( ( , ))

j

j

lm m
t t t t
j ijk ij kj

i k t
j ln m m

t t t t
j ijk ij kj

j i k t

p d r r
w

p d r r

= = =

= = = =

=
∑∑∑

∑ ∑∑∑
     (13) 

After normalization, the following result can be ob-
tained: 

1 1 1

1 1 1 1

( , )

( , )

j

j

lm m
t t t t
j ijk ij kj

i k t
j ln m m

t t t t
j ijk ij kj

j i k t

p d r r
w

p d r r

= = =

= = = =

=
∑∑∑

∑∑∑∑
      (14) 

 
C. The decision making method based on the grey cor-

relation relative closeness degree 
(1) Define the ideal solution and the negative ideal solu-
tion: 
  Let [ , ]t tL tU

j j jv v v+ + +=  ( 1,2, ,j n= , 1, 2, , jt l= ) be 

the ideal solution of the thj  attribute in the tht  status, , 
and [ , ]t tL tU

j j jv v v− − −= ( 1, 2, ,j n= , 1, 2, , jt l= ) be 
the negative ideal solution, they are defined as follows: 

max( ), max( )

min( ), min( )

tL tL tU tU
j ij j iji i

tL tL tU tU
j ij j iji i

v r v r

v r v r

+ +

− −

⎧ = =⎪
⎨

= =⎪⎩
      (15) 

(2) Calculate the grey correlation coefficient between the 
alternative ia  and the ideal solution about the attrib-
ute jc  [11]. 

ij
ij

N M
d M

ρξ
ρ

+
+

+
=

+
, (0,1)ρ ∈          (16) 

where
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2 2

1

2( ( ( ) ( ) )
2

jl
t tL tL tU tU

ij j ij j ij j
t

d p r v r v+ + +

=

⎡ ⎤
= × − + −⎢ ⎥

⎣ ⎦
∑ ,

min min ij
i j

N d += , max max ij
i j

M d += , ρ is the resolu-

tion coefficient, the value is always equal to 0.5. 
Then the grey correlation coefficient matrix between 

each alternative and the ideal solution is: 

11 12 1

21 22 2

1 2

n

n

m m mn

ξ ξ ξ
ξ ξ ξ

ξ

ξ ξ ξ

+ + +

+ + +
+

+ + +

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

The grey correlation degree between the alternative 
ia and the ideal solution is: 

1
, ( 1, 2, , )

n

i j ij
j

R w i mξ+ +

=

= =∑        (17) 

(3) Calculate the grey correlation coefficient between the 
alternative ia  and the negative ideal solution about the 
attribute jc : 

ij
ij

N M
d M

ρξ
ρ

−
−

+
=

+
, (0,1)ρ ∈         (18) 

where
2 2

1

2( ( ( ) ( ) )
2

jl
t tL tL tU tU

ij j ij j ij j
t

d p r v r v− − −

=

⎡ ⎤
= × − + −⎢ ⎥

⎣ ⎦
∑ ,

min min ij
i j

N d −= , max max ij
i j

M d −= , ρ is the resolution 

coefficient, the value is always equal to 0.5. 
Then the grey correlation coefficient matrix of each 

alternative and the negative ideal solution is: 

11 12 1

21 22 2

1 2

n

n

m m mn

ξ ξ ξ
ξ ξ ξ

ξ

ξ ξ ξ

− − −

− − −
−

− − −

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

The grey correlation degree of the alternative ia  and 
the negative ideal solution is: 

1

, ( 1, 2, , )
n

i j ij
j

R w i mξ− −

=

= =∑        (19) 

(4) Calculate the relative closeness degree of each alter-
native: 

( ) , ( 1, 2, , )i i i iC R R R i m+ + −= + =      (20) 

From the grey relational axiom [11], it can be con-
cluded that 0< +

iR ≤1, 0< −
iR ≤1. So the relative closeness 

degree of the grey correlation is 0< iC <1. 
(5) Ranking the alternatives: 

According to the relative closeness degree of the grey 
correlation, the alternatives are ranked. The bigger the 
relative closeness is, the better the alternative is. 
 

4. Illustrative Example 
 

An enterprise plans to build a new factory, and there 
are four alternatives for the product sale forested in 
market: very good ( 1θ ), good ( 2θ ), medium ( 3θ ) and 
bad ( 4θ ). Now four projects are designed, where three 
attributes are considered: direct benefit 1c , indirect bene-
fit 2c and pollution loss 3c . The data in this decision 
making under risk is shown in Table 2, the problem is to 
select the best alternative [7]. 
 

Table 2 the decision making matrix under risk. 
 

 
 

Table 2 the decision making matrix under risk (cont’). 
 

 
 
The decision making steps are shown as follows: 
(1) Standardize the decision making matrix (shown in 
table 3). 
(2) Calculate the weight of the index. According to for-
mula (14), we can get  

( )0.369, 0.202, 0.429W =  
(3) Calculate the ideal and negative ideal solutions 
(shown in table 4) 
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Table 3 the standardization of the decision making matrix. 
                        1c         

         1θ             2θ             3θ             4θ    

 
0.1            0.2             0.3             0.4    

1

2

3

4

 [0.363,0.414] [0.320,0.365] [0.296,0.338] [0.284,0.325]
 [0.324,0.401] [0.343,0.411] [0.317,0.380] [0.305,0.365]
 [0.285,0.389] [0.308,0.400] [0.338,0.422] [0.325,0.406]
 [0.259,0.363] [0.285,0.

a
a
a
a 377] [0.317,0.401] [0.355,0.437]

  

 
 
Table 3 the standardization of the decision making matrix 
(cont’ 1). 

                        2c         

         1θ             2θ             3θ             4θ    

 
0.1         0.2        0.4       0.3    

1

2

3

4

 [0.335,0.370] [0.328,0.362][0.318,0.352] [0.308,0.340]
 [0.318,0.409] [0.335,0.390][0.325,0.379] [0.314,0.366]
 [0.318,0.395] [0.335,0.376][0.349,0.389] [0.337,0.376]
 [0.318,0.353] [0.331,0.366

a
a
a
a ][0.339,0.372] [0.372,0.405]

 

 
 
Table 3 the standardization of the decision making matrix 
(cont’ 2). 

                        3c         

         1θ             2θ             3θ             4θ    

 
0.1         0.2        0.3       0.4    

1

2

3

4

 [0.381,0.421] [0.380,0.419] [0.380,0.418] [0.379,0.416]
 [0.347,0.381] [0.348,0.380] [0.348,0.380] [0.348,0.379]
 [0.320,0.347] [0.320,0.348] [0.321,0.348] [0.322,0.348]
 [0.296,0.320] [0.297,0.

a
a
a
a 320] [0.298,0.321] [0.299,0.322]

 

 
 
Table 4 the ideal and negative ideal solution under different 
attributes and status. 

                        1c         

         1θ             2θ             3θ             4θ    

 
0.1            0.2             0.3            0.4    

 IS*  [0.363,0.414] [0.343,0.411] [0.338,0.422] [0.355,0.437] 
NIS+[0.259,0.363] [0.285,0.365] [0.296,0.338] [0.284,0.325] 

  
* IS are the ideal solutions  
+ NIS are the negative ideal solutions 
 
 
 
 

Table 4 the ideal and negative ideal solution under different 
attributes and status (cont’ 1). 

                        2c         

         1θ             2θ             3θ             4θ    

 
0.1         0.2        0.4       0.3    

IS*  [0.335,0.409] [0.335,0.390] [0.349,0.389] [0.372,0.405]  
NIS+[0.318,0.353] [0.328,0.362] [0.318,0.352] [0.308,0.340] 
 
 
Table 4 the ideal and negative ideal solution under different 
attributes and status (cont’ 2). 

                        3c         

         1θ             2θ             3θ             4θ    

 
0.1         0.2        0.3       0.4    

IS*  [0.381,0.421] [0.380.0.419] [0.380,0.418] [0.379,0.416] 
NIS+[0.296,0.320] [0.297.0.320] [0.298,0.321] [0.299,0.322] 
 
 
(5) Calculate the grey correlation degree between each 
alternative and the ideal solution/the negative ideal solu-
tion:  

(0.687, 0.573, 0.574, 0.539)R+ =  

(0.623, 0.528, 0.565, 0.721)R− =  
(6) Calculate the relative closeness degree: 

(0.524, 0.521, 0.504, 0.428)C =  
(7) Ranking: 

According to the relative closeness degree, the order 
of the alternatives is: 1 2 3 4a a a a . 
(8) Analysis: 

The literature [7] provided two results: 
3 2 1 4a a a a  and 3 2 4 1a a a a , which are 

very different from those obtained in this paper. The 
reason is that the weights adopted by the literature [7] 
have some errors, which are great different from those 
adopted in this paper. By using the weights in this paper 
and the method proposed by literature [7], the ranking 
result can be obtained: 1 2 3 4a a a a ; whereas by 
using the weights in literature[7] and the method pro-
posed by this paper, the ranking result is: 

3 2 1 4a a a a . Therefore, it can be concluded that 
the method proposed by this paper is efficient. In addi-
tion, from the weight data, the weights in this paper are 

(0.369,0.202,0.429)W =  and the weights in the litera-
ture [7] are: (0.41,0.32,0.27)W = .The weights used in 
this paper aggravate the attribute “pollution loss”. For 
the pollution loss, that for the project 1a  is the least, so 
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it is normal to obtain the conclusion that 1a  is the op-
timum solution, whereas, the weights used in the litera-
ture [7] aggravate the attribute “direct benefit”, so it is 
also very reasonable to get the conclusion that 3a  is the 
optimum solution. 
 

5. Conclusions 
 

With respect to multiple attribute decision making 
(MADM) problems under risk with the attribute weights 
unknown and the attribute values taking the form of in-
terval numbers, a grey correlation method is proposed. 
Firstly, maximizing deviation method is used to deter-
mine the attribute weights, then according to different 
attributes and their natural states, the decision matrix is 
normalized and ideal/ negative ideal solutions are also 
determined respectively, and the grey correlation method 
is used to rank the alternatives by using the relative 
closeness coefficients. Finally, an illustrative example is 
given to verify the developed approach and to demon-
strate its practicality and effectiveness. The method in 
this paper is easy to understand and to use, and over-
comes the weakness of the method proposed in literature 
[7], so it has good adaptability. In the future, we can 
study the risk decision-making problems with the con-
tinuous random variables in finite interval, and to expand 
the application range in MADM. 
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