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Abstract1 

Feature extraction plays an essential role in 
high-dimensional data classification. Linear dis-
criminant analysis (LDA) is one of the most 
well-known methods for reducing data dimensional-
ity in various fields. However, there are three inher-
ent limitations when applying LDA to extract fea-
tures. First, the number of features that can be ex-
tracted by LDA is the number of classes minus one at 
most. Second, it cannot perform well for 
non-normally distributed data. Third, it suffers from 
the singularity problem when handling the small 
sample size (SSS) problem. Nonparametric feature 
extraction algorithms such as nonparametric dis-
criminant analysis (NDA) and nonparametric 
weighted feature extraction (NWFE) are developed to 
overcome the limitations of LDA and preserve better 
data structure in the reduced feature space for classi-
fication. In this study, we propose a novel nonpara-
metric feature extraction method, called nonpara-
metric fuzzy feature extraction (NFFE) method, to 
which some properties revealed from the fuzzifica-
tion procedure of the fuzzy K-nearest neighbor algo-
rithm are introduced. The performance of NFFE is 
investigated on two remotely sensed hyperspectral 
images with different training sample sizes, including 
the so-called ill-posed and poorly posed classification 
cases. The experimental results demonstrate that 
1NN and SVM classifiers with NFFE features achieve 
better classification results than with features ex-
tracted from some existing methods. 

Keywords: Dimension reduction, Feature extraction, 
Hyperspectral image, Small sample size problem. 
 

1. Introduction 
 

Feature extraction [1] is an important technique for 
high-dimensional classification problems, which aims to 
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mitigate the Hughes phenomenon [2], [3] or the curse of 
dimensionality [4] so as to enhance classification per-
formance. The Hughes phenomenon describes the ratio 
of the training samples to the number of features that 
must be maintained at or above some minimum value to 
achieve statistical confidence [2]. However, it is not 
necessary to have sufficient training samples to keep the 
ratio in a high-dimensional classification task. Thus, by 
using feature extraction to reduce the data dimensional-
ity, the ratio can be relatively enlarged without increas-
ing the training samples. Feature extraction uses all the 
features to construct a transformation matrix that maps 
the original data to a low-dimensional subspace. As 
compared with feature selection [5], the main advantages 
of feature extraction are the information of all the origi-
nal bands is used, and it is easier to use than feature se-
lection for high-dimensional data [6]. 

Linear discriminant analysis (LDA) [5] is one of the 
well-known dimension reduction methods and has been 
successfully applied to many classification problems. 
LDA uses within-class, between-class and mixture (or 
total) scatter matrices to formulate criteria of class sepa-
rability. The purpose of LDA is to find a linear trans-
formation that can be used to project data from a 
high-dimensional space into a low-dimensional subspace 
with maximized class separability [5], and the classifica-
tion accuracy of the projected data can therefore be en-
hanced. However, LDA has three inherent deficiencies 
when dealing with classification problems. First, LDA is 
only well-suited for normal distributed data [5]. If the 
distributions are significantly non-normal, the use of 
LDA cannot be expected to accurately indicate which 
features should be extracted to preserve complex struc-
tures needed for classification. Second, since the rank of 
between-class scatter matrix is the number of classes 
minus one [5], the maximum number of features that can 
be extracted remains the same, which may not be suffi-
cient for achieving better accuracy in practical applica-
tion [7]. Third, the singularity problem arises when 
dealing with high-dimensional and small sample size 
(SSS) [8] problems. Lots of algorithms are proposed to 
overcome the drawbacks of LDA [7], [9]-[13]. 

LDA was called a parametric feature extraction 
method in [5] since it uses the mean vector and covari-
ance matrix of each class, meaning that its theory is 
based on data with normal distribution. Fukunaga and 
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Mantock [9] proposed a discriminant analysis algorithm 
with a nonparametric between-class scatter matrix, 
namely nonparametric discriminant analysis (NDA). 
NDA aims to find a better between-class scatter matrix 
to overcome the limitation of LDA for only  fea-
tures can be extracted at most, and to project data as 
separate as possible. However, the within-class scatter 
matrix of NDA is the same as LDA, so NDA still suffers 
from the problem of singularity when the training sam-
ple size is small. Kuo and Landgrebe [7] addressed the 
nonparametric weighted feature extraction (NWFE) with 
fully nonparametric within- and between-class scatter 
matrices. In addition, it includes a regularization tech-
nique [14] to solve the singularity problem. Some studies 
[15]-[20] have shown that NWFE is efficient in reducing 
dimensionality. NWFE reveals some useful conse-
quences for building a nonparametric feature extraction 
method. 

In this paper, a novel nonparametric feature extraction 
method, called nonparametric fuzzy feature extraction 
(NFFE), is proposed. NFFE introduces fuzzy member-
ship grades to design its within-class and between-class 
scatter matrices, and a more general regularization form 
with the same components in NWFE is adopted to alle-
viate the singularity problem. Importantly, a theoretical 
adjustment on features, not applying in LDA, NDA and 
NWFE, is taken to orthogonalize the features. The effec-
tiveness of NFFE is evaluated on two remotely sensed 
hyperspectral image data sets. A hyperspectral image is 
generally with hundred of features and the cost of col-
lecting its ground-truth can be considerably difficult and 
expensive. The SSS problem has been a key issue for 
hyperspectral image classification. Therefore, the feature 
extraction techniques have been played an important role 
in hyperspectral image classification. 

The rest of the paper is organized as follows. In Sec-
tion 2, some feature extraction methods are reviewed and 
the proposed NFFE is presented in Section 3, followed 
by the experimental designs and results in Section 4. Fi-
nally, conclusions are drawn in Section 5. 
 

2. Related Work 
 
2.1 Linear Discriminant Analysis 

The goal of LDA is to find a transformation matrix  
which maximizes the class separability [5] 

 in the transformed space, where  and 
 denote the within-class and between-class scatter 

matrices of LDA, respectively. That is 
.       (1) 

The  and  are defined as 

,        (2) 

,              (3) 

where  denotes the prior probability of class ,  is 
the number of classes,  is the grand mean,  is the 
common covariance,  and  are the mean and co-
variance matrix of class , respectively. 

The maximization of (1) is equivalent to solving the 
generalized eigenvalue decomposition problem  

, .  (4) 
where  denotes the dimensionality of the transformed 
space, ( ) represent the eigen-pair of , and 

. Thus, the transformation matrix 
 can be obtained. 

 
2.2 Nonparametric Discriminant Analysis 

The nonparametric between-class scatter matrix 
 of NDA for the two-class problem is defined as 

  

 ,        

(5) 
where  and  

,           (6) 

denotes the sample mean of the NN’s with respect to 
 and is called the local mean of  in class . The 

weighting function  is defined as 

 ,   (7) 

where  is a control parameter between zero and infin-
ity, and  is the distance from  to its NN 
in class . 

The weighting function (7) is capable of achieving the 
goal of emphasizing the importance of boundary points. 
It takes on values close to 0.5 and drops off to zero as we 
move away from the classification boundary. The con-
trol parameter, , adjusts how rapidly  falls to zero 
as we move away. Obviously, the weighting function has 
the property that samples near the classification bound-
ary are given higher values of the weights and those far 
away from the classification boundary are given less. 
Nevertheless, if we focus on those samples near the class 
boundary, an important problem will arise. For example, 
if  is a sample in class 1 and  is small, 
then  is considered to be more close to the classifica-
tion boundary but gains less weight. This phenomenon 
will happen in highly overlapped classes and notably 
affect the performance of NDA. 
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2.3 Nonparametric Weighted Feature Extraction 
The main ideas of nonparametric weighted feature ex-

traction (NWFE) [7] are to place different weights on 
every sample to compute the “weighted means”, and ap-
ply to the distances between samples and their weighted 
means as their “closeness” to classification boundary. 
Additionally, NWFE addresses a regularized 
within-class scatter matrix for alleviating the singularity. 
As a result, NWFE prevents the disadvantages of LDA 
and NDA and obtains satisfactory results [7]. The be-
tween-class and within-class scatter matrices of NWFE, 
denoted as  and , are defined as 

, 

(8) 

,  

(9) 
where the scatter matrix weight  is defined by 

,      (10) 

and the weighted mean is 

,           (11) 

and 

.        (12) 

Equations (11) and (12) show that each sample  
has its own weighted mean  in class , which is 
contributed by each sample  in class  according to 
the distance between  and . A longer distance 
between  and  implies less contribution of . 
Then, the relationships between  and  are 
employed to design, ,  and , as demon-
strated in (8), (9) and (10). Note that the criterion 

 requires  to be nonsingular 
for extracting sound features [5], [11]. However, when 
the size of training samples is small,  is often sin-
gular or nearly singular. Regularization is employed to 
improve the singularity problem of in NWFE [7]. 
The Tikhonov regularization,  
where , is not the best choice for the regularization 
in feature extraction and the diagonal part of the original 
matrix may be more important, as demonstrated from 
[21]-[23]. Instead of applying Tikhonov regularization, 

 is replaced by the regularized within-class scatter 
matrix  

.     (13) 
Evidently,  is constructed by reducing the ef-

fect of the cross products of  to half and keeping 
the diagonal entries invariant. The main disadvantage of 
NWFE is that it takes enormous computation time on 
calculating the weighted mean and the weight of each 
sample in each class. The computation time of NWFE 
markedly increases with increasing . 
 

3. Nonparametric Fuzzy Feature Extraction 
 

The ideas behind the nonparametric fuzzy feature ex-
traction (NFFE) are described as follows. In NFFE, we 
use the membership grades estimated by the fuzzifica-
tion procedure of the fuzzy K-nearest neighbor (FKNN) 
algorithm [24] to design its weighting function. The 
fuzzification procedure of FKNN is defined as  

     (14) 

where  is the th training sample in the class ,  
is a given constant denoting for the -nearest neighbors 
of ,  is the number of samples that belongs to the 
class  among the -nearest neighbors of  and 

. Since  is labeled, the membership 
grade to which it belongs will be more than 0.51, and 
increases by the number of samples from the same class 
among the -nearest neighbors. Therefore, each train-
ing sample  is associated with a membership vector 

. Here  denotes 
the membership grade of the class that  belongs to 
and is called the within-class membership grade in this 
study. The other membership grades in  is called 
between-class membership grades. If  is 1, then 

 is surrounded with  same-class nearest neighbors 
and is considered away from the class boundary, and a 
value of 0.51 represents  locates near the classifica-
tion boundary or even an outlier. A two-class example 
demonstrating the computation of membership grades is 
illustrated in Figure 1, where  equals to 3. The mem-
bership vectors of some samples are labeled and those 
circled samples are regarded as the samples near the 
classification boundary. Thus, these samples should be 
emphasized by assigning larger weights. In fact, the 
fuzzification procedure devotes to collecting local in-
formation of each training sample, and the information 
exerts a considerable influence on the classification 
phase. The membership grades computed by (14) reflect 
the information, and we employ the information to de-
sign the weighting function of NFFE. 
The within-class scatter matrix of NFFE ( ) is defined 
as 
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,  

(15) 
where  is the weighted local mean of  in-
class .  is the weight with respect to . Here, we 
define the weighted local mean  as  

,        (16) 

with .  denotes the th near-

est neighbor of  in class , and  represents 
’s within-class membership grade.  is 

computed by the -nearest neighbors around , and 
their corresponding membership grades as the weights. 
The weighting function  is defined as 

.      (17) 

As demonstrated from Figure 1, the within-class mem-
bership grades are small when samples are close to the 
classification boundary. Therefore, (17) can confirm that 
these samples are with larger weights. 
The between-class scatter matrix of NFFE ( ) is de-
fined as 

,  

(18) 
where  and are the 
weighted local mean and the weight of  in class , 
respectively. Here  is defined as 

.       (19) 

As shown form (14), the closer the sample  is to the 
th class, the larger the between-class membership grade 

it will have. Therefore,  confirms that samples near 
classification boundary gain larger weights. In NFFE, 
the membership grades of each sample are applied to 
design the weighting functions and weighted local 
means. 

The geometric depiction of the estimation of the 
within-class scatter matrices for LDA and the proposed 
NFFE is demonstrated in Figure 2. The plot (a) depicts 
the relationship between samples and class mean ( ) in 
LDA, and the plot (b) demonstrates the relationship be-
tween samples and weighted local mean ( ) in 
NFFE. Obviously, the estimator of NFFE can describe 
the scatter of the data set better than that of LDA. Addi-
tionally, NWFE uses  samples to calculate the 
weighted mean , but NFFE employs only  

samples to compute , so NFFE can reduce the 
computation time. The difference in computation time 
between NFFE and NWFE markedly increases with in-
creasing . 

 
Figure 1. Illustration of the fuzzification procedure of FKNN 
algorithm with . 
 

 
Figure 2. Geometric depiction on the estimation of 
within-class scatter matrices: (a)  in LDA; (b)  in 
NFFE. 
 

To make NFFE applicable for SSS problems, the 
regularization of  is implemented by including an 
adaptive parameter for finding a suitable within-class 
estimator of NFFE. The regularized within-class scatter 
matrix  of NFFE is defined as 

.   (20) 
where  is the regularization parameter. In NWFE,  
is only fixed at 0.5. As is well-known, the selection of 
optimal values of parameters is a model-selection prob-
lem [25]. Thus, we take a more general form to find a 
more suitable within-class scatter matrix estimator for 
NFFE. In this study, the grid-search and cross validation 
(CV) methods are adopted to search the optimal value of 

. 
When the singularity problem of  has resolved by 

utilizing , there exists another essential issue about 
the extracted eigenvectors. Simultaneous diagonalization 
of two matrices is a very powerful tool in pattern recog-

(a) (b) 

Class 1 

Class 2 

[0, 1] 

[1, 0] 

[0.49, 0.51] 
[0.67, 0.33] 
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nition [5]. In fact, the transformation matrix  consists 
of eigenvectors of  can diagonalize  and 

 simultaneously, which has been proven in [5, p.32]. 
Nevertheless, the matrix  may be not sym-
metric in general, and subsequently the eigenvectors  
are not mutually orthogonal. Instead, the ’s are or-
thogonal with respect to : that is, , for 

. To make the ’s orthonormal with respect to 
 to satisfy , the scale of  must be 

adjusted by 
              (21) 

such that 

.        (22) 

This feature adjustment procedure is theoretically im-
portant, but it is not included in LDA, NDA and NWFE. 
We will make some efforts to investigate the effects of 
this procedure in this study. 

As previously stated, NFFE includes three parts: the 
design of nonparametric scatter matrices, the regulariza-
tion of the within-class scatter matrix, and the adjust-
ment of the extracted features. The steps of the proposed 
NFFE are summarized in the following. 
Algorithm: NFFE 
Input: the training data matrix , where  is 

the dimensionality of original space and  is the 
number of training samples. 

Output: the transformed data matrix , 
where  and  is the dimensionality of 
the transformed subspace. 

Step 1. Given a value of 1k  for estimating the mem-
bership grades of samples in . 

Step 2. Compute the within-class and between-class 
weights of each  in , i.e.,  and . 

Step 3. Given a value of  to compute the weighted 
local means and then compute  and  by 
(15) and (18), respectively. 

Step 4. Replace  with  (Eq. (20)) where the 
optimal value of  is searched by grid-search 
and 5-fold CV methods in a grid of 0.05. 

Step 5. Select the  eigenvectors of , which 
correspond to the  largest eigenvalues. 

Step 6. Adjust each eigenvector  by (21), and 
 

Step 7. Calculate the transformed data . 
 

4. Experimental Design and Results 
 

To evaluate the performance of the proposed NFFE, 
two remotely sensed hyperspectral image data sets are 
employed. The overall averaged accuracy with two clas-
sifiers, 1-nearest-neighbor (1NN) [4], [5] and support 
vector machine (SVM) [26] with RBF kernel function, 
on the transformed data will be reported. 
 
4.1 Data Set 

Two real data sets are applied to compare the per-
formances of NFFE and other famous feature extraction 
methods, including the Indian Pines Site (IPS) image, a 
mixed forest/agricultural site in Indiana [1], and the 
Washington DC Mall (WDC) image [1] as an urban site. 
The IPS data set were gathered by a sensor known as the 
Airborne Visible/Infrared Imaging Spectrometer 
(AVIRIS) [27]. The WDC data set is a Hyperspectral 
Digital Imagery Collection Experiment (HYDICE) [28] 
airborne hyperspectral data flightline over the Washing-
ton, DC Mall. 

The IPS image, mounted from an aircraft flown at 
65000 ft. altitude and operated by the NASA/Jet Propul-
sion Laboratory, with the size of 145×145 pixels has 220 
spectral bands measuring approximately 20m across on 
the ground. Since the size of samples in some classes are 
too small to retain enough disjoint samples for training 
and testing, only eight classes: Corn-notill, Corn-min, 
Grass/Pasture, Hay-windrowed, Soybeans- notill, Soy-
beans-min, Soybean-clean, and Woods, were selected for 
the experiments. 

The Washington DC Mall (WDC) dataset is available 
in the student CD-ROM of [1]. Two hundred and ten 
bands were collected in the 0.4 to 2.4 m region of the 
visible and infrared spectrum. Some water absorption 
channels are discarded, resulting in 191 channels. There 
are seven information classes, roofs, roads, trails, grass, 
trees, water, and shadows, in the Washington, DC data-
set. The test images of WDC and IPS are depicted in 
Figure 3(a) and 3(b), respectively. Each of them is a por-
tion of the original image. 
 

 
(a) Washington DC Mall (b) Indian Pines Site 

Figure 3. The test images of a portion of the Washington DC 
Mall and Indian Pines Site data are displayed in (a) and (b), 

respectively. 
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4.2 Experimental Design 
To evaluate the performance of the proposed algo-

rithms, a portion of the original WDC image and IPS 
image are selected as a test field, as shown in Figure 3. 
Three different cases, each class with 20 (case I: 

), 40 (case II: ) and 
300 (case III: ) training samples are 
investigated to discover the effect of training sample size 
in the experiments. In all cases, the test sample size of 
each class is 100. Of the three cases, the ill-posed (cases 
I) and poorly posed (cases II) classification problems [29] 
are included, which are challenging cases in the field of 
pattern recognition. At each experiment, ten training and 
testing data sets are randomly selected for computing the 
average of testing data accuracies of different algo-
rithms. 

Two other methods, NWFE and LDA, are used to 
compare the effectiveness of the proposed NFFE. In this 
study, the 1NN is implemented in PRTools [30] and the 
soft-margin SVM classifier is in LIBSVM [31]. For the 
soft-margin SVM classifier, a parameter  is used to 
control the trade-off between the margin and the size of 
the slack variables. The kernel function employed in 
SVM is RBF kernel function with a parameter . We 
use the five-fold cross validation to find the best  and 

 within the given sets  and 
, respectively (suggested by [32]). 

The values of  and  for estimating the membership 
grades and the weighted local mean in NFFE are se-
lected by some trial and error in this study. For the WDC 
data set, the values of  and  are fixed at 5. For the 
IPS dataset, they are fixed at 3. 
 
4.3 Experimental Results 

The highest averaged accuracies and their corre-
sponding standard deviations of the feature extraction 
methods in the experiments are listed in Table I. We have 
the following findings. 

1) From an overall viewpoint, NFFE and NWFE 
make significant improvements on the two data 
sets, particularly in cases I and II. 

2) In most of the cases, the number of features re-
quired for achieving better classification per-
formance is more than  for NFFE and 
NWFE on the two data sets.  

3) SVM and 1NN classifiers with NFFE features 
achieve better performances than with other al-
gorithms’ features, particularly in cases I and II. 
In other words, NFFE is more robust than other 
methods on various training sample sizes.  

4) LDA obviously yields ill performances in case I 
on both data sets because it suffers from the 
singularity problem NFFE and NWFE do not 

have the problem due to they include the regu-
larization technique. 

5) LDA performs poorly on the IPS data set even in 
case III. By analyzing the mentioned deficien-
cies of LDA, this phenomenon shows that the 
IPS data set is possibly not normally distributed. 
However, NFFE and NWFE still achieve sound 
results. No matter which classifier we employed, 
the accuracy difference between LDA and NFFE 
reach 9.5%. 

 

Table I. The highest average classification accuracies (in %) 
and their corresponding standard deviations (in %) achieved 
by using 1NN and SVM classifiers with features extracted by 
LDA, NWFE and NFFE. The number   in the parenthesis 
represents the number of features achieving the highest accu-
racies in the experiments. 

 
 

Since the feature adjustment procedure is not included 
in LDA, NWFE and NDA, its influences on NFFE over 
WDC and IPS data sets by using 1NN and SVM classi-
fiers are investigated and demonstrated in Figure 4. The 
results with and without feature adjustment procedure in 
cases I and II are demonstrated. The red lines in these 
plots denote that the feature adjustment procedure is not 
adopted. Some remarks can be made as follows: 

1) Undoubtedly, the feature adjustment procedure 
is definitely important for obtaining better re-
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sults. 
2) In DC+1NN cases, the accuracies of 

NFFE_NonAdj have the tendency to decline 
with the increase of dimensionality, but it does 
not occur when feature adjustment is adopted. 

3) Evident peaks exist when the dimensionality is 
near ten for NFFE as demonstrated in Figure 
4(c), Figure 4(d), and Figure 4(g). 

4) The Figure 4(f) shows that a higher accuracy can 
be obtained by using SVM classifier with more 
than fifteen features. The necessity of specifying 
more than  features is verified again. 

Some classified images of DC and IPS by using 1NN 
and SVM classifiers with features extracted by different 
feature extraction algorithms in cases II ( ) and III 
( ) are demonstrated in Figures 5 and 6, respec-
tively. The DC thematic maps are obtained by using 
1NN classifier, and the IPS thematic maps are obtained 
by using SVM classifier. Here  denotes the number of 
features achieving the highest accuracies in the experi-
ments, as shown in Table I. On DC image classification, 
NFFE evidently obtains the best visual effect than the 
other methods. As shown in Figure 5, NFFE has excel-
lent classification in “grass” and “tree” parts. From Fig-
ure 6, we can find that NFFE+SVM achieves the best 
visual effect. Clearly, in Figure 6(e), all parts classified 
by NFFE+SVE are better than by NWFE+SVM, 
LDA+SVM and single SVM, particularly in the areas of 
“Corn-notill”, “Soybeans-notill” and “Soybeans-min”. A 
large portion of the “Soybeans-min” part at the top-right 
corner is misclassified into “Soybeans-clean” by the sin-
gle SVM, but this area is classified well by 
NWFE+SVM and NFFE+SVM. LDA+SVM misclassi-
fies a large portion of the “Soybeans-min” part in the 
center of the map to “Corn-notill”, but NFFE+SVM and 
NWFE+SVM misclassify only a small portion of that 
part to “Soybeans-notill”. 
 

5. Conclusions and Future Work 
 

The objective of the study is to demonstrate the con-
struction of a powerful nonparametric feature extraction 
algorithm. We demonstrate that a powerful nonparamet-
ric feature extraction algorithm consists of three con-
stituents, including the construction of sound scatter ma-
trices, the employment of a suitable regularization, and 
the adjustment of the extracted features. In addition, we 
recommend adopting the feature adjustment procedure 
because it is of theoretical and practical importance for 
the design of such a method. This procedure is of practi-
cal importance for reaching better results. 

NFFE is theoretically suitable for handling linear 
problems but for the nonlinear problems. The kernel 
method [26], [33] provides a framework for constructing 

the nonlinear version of NFFE to extract nonlinear fea-
tures. Future research could be conducted on the con-
struction and investigation of the kernel version of NFFE. 
Moreover, in recent years the type-2 fuzzy set theory [34] 
has become an import theme in fuzzy systems. The 
type-2 fuzzy set theory is more capable of handling un-
certainty of problem. In [35], type-2 fuzzy classifiers 
were applied to land cover classification problem. It 
might be beneficial to introduce the type-2 fuzzy set the-
ory to our work as well. 
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Figure 4. The influence of the feature adjustment procedure on 
the performances of the proposed NFFE in cases I and II on 
the DC and IPS data sets. 
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(a) 1NN 

 
(b) LDA+1NN ( ) 

 
(c) NWFE+1NN ( ) 

 
(d) NFFE+1NN ( ) 

Figure 5. Thematic maps resulting from the classification of 
the area of Figure 3(a) in case II ( ). (a) to (d) are the 
results of 1NN, LDA+1NN, NWFE+1NN and NFFE+1NN, 
respectively. 
 

 
(a) Ground truth 

 
(b) SVM 

 
(c) LDA+SVM ( ) 

 
(d) NWFE+SVM ( ) 

 
(e) NFFE+SVM ( ) 

Figure 6. Thematic maps resulting from the classification of 
the area of Figure 3(b) in case III ( ). (a) is the 
ground truth of the area with eight classes, and (b) to (e) are 
the results applying single SVM, LDA+SVM, NWFE+SVM, 
NFFE+SVM, respectively. 
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