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Abstract1 

New sufficient conditions are proposed for the ex-
istence, uniqueness and global exponential stability of 
the equilibrium point of a general class of fuzzy cellu-
lar neural networks with time-varying delays. The 
new criteria possess the structure of linear matrix 
inequalities, which can be solved efficiently by the in-
terior-point algorithm. Theoretical analysis and nu-
merical examples are given to show that the new cri-
teria extend and improve some existing results in the 
literature. 

Keywords: Delayed neural networks, Global exponen-
tial stability, Fuzzy cellular neural networks, Linear 
matrix inequality (LMI). 
 

1. Introduction 
 

System stability and performance are important con-
cerns in the design of neural networks and fuzzy control 
systems (see [1-12] and references therein). To deal with 
the vagueness in mathematical modeling of real world 
problems, Yang et al. introduced the fuzzy cellular neu-
ral networks (FCNNs) in [13][14]. In a FCNN each cell 
contains fuzzy operating abilities, and the entire network 
is governed by cellular computing laws. FCNNs are 
proved to be important in practical applications [15][16]. 
It has been recognized that the time delay is an inherent 
feature of signal transmission between neurons. The ex-
istence of time delays may degrade system performance 
and cause oscillation in a network, leading to instability. 
Therefore, the study of time delay effects on stability 
and convergent dynamics of fuzzy neural networks has 
received much attention [17]- [28]. In [17] and [18], the 
authors obtained some exponential stability conditions 
by applying linear matrix inequality (LMI) and 
Lyapunov- Krasovskii functional. In [27] and [28], some 
results were derived by employing the properties of M 
-matrix. 

The objective of this paper is to study a more general 
class of FCNNs model which includes the models in [17], 
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[18], [27] and [28] as its special cases. Some stability 
criteria ensuring the exponential stability of such models 
are presented. Theoretical analysis and numerical exam-
ples are given to show that the results in this paper ex-
tend and improve some previous ones in [17], [18], [27] 
and [28]. 
 

2. Problem Statement and Preliminaries 
 

In the following, we consider the following fuzzy 
cellular neural network (FCNN) model with time-   
varying delays: 

1 1

( ) ( ) ( ( )) ( ( ( )))
n n

i i i ij j j ij j j j
j j

x t d x t a f x t b g x t tτ
= =

= − + + −∑ ∑�  

1 11

( ( ( )))
n n n

ij j i ij j j j ij j
j jj

c u I g x t t uα τ ζ
= ==

+ + + − +∑ ∧ ∧  

1 1
( ( ( ))) ,

n n

ij j j j ij j
j j

g x t t uβ τ δ
= =

+ − +∨ ∨         (1) 

where 1, 2, , ,i n= " , ,ij ij ijα β ζ  and ijδ are elements of 
fuzzy feedback MIN template, fuzzy feedback MAX 
template, fuzzy feed-forward MIN template and fuzzy 
feed-forward MAX template, respectively. 0id >  
represents the passive decay rates to the state of ith unit 
at time t. ija  and ijb are elements of feedback template, 

and ijc  are elements of feed-forward template. ⋀ and ⋁ 
denote the fuzzy AND and fuzzy OR operation, respec-
tively. ,i ix u  and iI  denote state, input and bias of the 

i th neurons, respectively. ( )if ⋅ and ( )ig ⋅ are the activa-
tion functions. ( )i tτ is the bounded transmission delay 
with 0 ( )i tτ τ≤ ≤ . 

To obtain our results, we make the following assump-
tion: 
Assumption (A): The activation functions ( )if ⋅ and 

( )ig ⋅  are Lipschitz continuous, i.e., there exist con-
stants 0, 0i ik l> >  such that for 1, 2, ,i n= " , 

1 2 1 2( ) ( ) ,i i if f kξ ξ ξ ξ− ≤ −  

1 2 1 2 1 2( ) ( ) , ,i i ig g lξ ξ ξ ξ ξ ξ− ≤ − ∀ ∈\ . 
For convenience, we introduce some notations and 

lemmas. For real symmetric matrices X  and Y , 
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X Y>  (respectively, X Y≥ ) means that the matrix 
X Y−  is positive definite (respectively, semi-positive 

definite). 
1 2 1 2 1 2{ , , , }, { , , , }, { , , , },n n nD diag d d d K diag k k k L diag l l l= = =" " "   

[ ]1 2( ) ( ), ( ), , ( ) , [ ] , [ ] ,T
n ij n n ij n nx t x t x t x t A a B b× ×= = ="

1 2 1 1 2 2[ , , , ] , ( ( )) [ ( ( )), ( ( )), , ( ( ))] ,T T
n n nu u u u f x t f x t f x t f x t= =" "  

1 1 1 2 2 2( ( ( ))) [ ( ( ( ))), ( ( ( ))), , ( ( ( )))] .T
n n ng x t t g x t t g x t t g x t tτ τ τ τ− = − − −" For any 

vector 
1
22

1 2 1 2
1

[ , , ] , [ , , , ] , .
n

T n T
n n i

i
v v v v v v v v v v

=

⎛ ⎞
= ∈ = =⎜ ⎟

⎝ ⎠
∑" \ "    

For any matrix ( ) ,ij n nQ q ×=  ( ) ,ij n nQ q ×=  
1
2

max( ( )) ,TQ Q Qλ=  

where max ( )TQ Qλ  denotes the maximum eigenvalue of 
TQ Q . 

Definition 1: The equilibrium point 
* * * *

1 2[ , , , ]T
nx x x x= "  of (1) is said to be globally expo-

nentially stable, if there exist 0ε >  and 1M ≥ , such 
that for any solution ( )x t  of system (1) with initial 
function 

( ) ( ), [ ,0],x s s sφ τ= ∈ −  
where ([ ,0], ),nCφ τ∈ − \ one has 

* *

0
( ) sup ( ) , 0.t

s
x t x Me s x tε

τ
φ−

− ≤ ≤
− ≤ − ∀ ≥  

Lemma 1 (Forti and Tesi, [32]): If : n nH →\ \ is a 
continuous function and satisfies the following condi-
tions: 
(i) ( ) ( )H x h y≠  for all x y≠ , 
(ii) ( )H x →∞  as ,x →∞ , 

then, ( )H x ) is homeomorphism of n\ . 
Lemma 2 [31]: For any 0ε > , ,nx y∈\ and positive 
definite matrix n nQ ×∈\ ,the following matrix inequal-
ity holds: 

1 12 .T T Tx y x Qx y Q yε ε − −≤ +  
Lemma 3 (Schur Complement [29]): The linear matrix 
inequality (LMI) 

( ) ( )
0,

( ) ( )T

Q x S x
S x R x
⎡ ⎤

>⎢ ⎥
⎣ ⎦

 

where ( ) ( ), ( ) ( ),T TQ x Q x R x R x= =  is equivalent to 
( ) 0R x >  and 1( ) ( ) ( ) ( ) 0.TQ x S x R x S x−− >  

Lemma 4: [15] Let ,i ix y  be two states of system (1), 
then we have 

1 1 1
( ) ( ) ( ) ( ) ,

nn n

ij j j ij j j ij j j j j
j j j

g x g y g x g yα α α
= = =

− ≤ −∑∧ ∧
 

1 1 1
( ) ( ) ( ) ( ) .

nn n

ij j j ij j j ij j j j j
j j j

g x g y g x g yβ β β
= = =

− ≤ −∑∨ ∨  

 

3. Existence and uniqueness analysis 
 

In this section, we present sufficient conditions for the 
existence and uniqueness of the equilibrium point for the 
FCNN model (1). 
Theorem 1: Under the assumption (A), the FCNN model 
(1) has a unique equilibrium point for every input u if 
there exist three positive diagonal matrices diagonal ma-
trices 1 2{ , , , },nP diag p p p= "  1 2{ , , , }nQ diag q q q= " , 

1 2{ , , , }nW diag w w w= "  and number (0,1),ε ∈  such 
that 

1
1 2 TWD KPK LQL WAP A W−Ω − − −�  

1 1(1 ) TWBQ B Wε − −− −  
1 1( ) ( ) 0TW Q Wε α β α β− −− + + > .     (2) 

Proof: Let us define a mapping that is associated with 
(1): 

1 1 1

( ) ( ) ( )
n n n

i i i i ij j j ij j j ij j i
j j j

h x d x a f x b g x c u I
= = =

= − + + + +∑ ∑ ∑  

1 1 1 1
( ) ( ) , 1,2, , .

n n n n

ij j j ij j ij j j ij j
j j j j

g x u g x u i nα ζ β δ
= = = =

+ + + + =∧ ∧ ∨ ∨ "  

(3) 
If * * * *

1 2[ , , , ]T
nx x x x= " is an equilibrium point of FCNN 

model (1), we have *( ) 0,H x =  where 

1 1 2 2( ) [ ( ), ( ), , ( )]T
n nH x h x h x h x= " . 

By the topological degree theory [32], we know that 
the FCNN model (1) has a unique equilibrium point for 
every input vector u if ( )H x  given by (3) is homeo-
morphism of .n\  

From (3), we get 

1
( ) ( ) ( ) ( ( ) ( ))

n

i i i i i i i ij j j j j
j

h x h y d x y a f x f y
=

− = − − + −∑  

1 11
( ( ) ( )) ( ) ( )

n n n

ij j j j j ij j j ij j j
j jj

b g x g y g x g yα α
= ==

+ − + −∑ ∧ ∧  

1 1
( ) ( )

n n

ij j j ij j j
j j

g x g yβ β
= =

+ −∨ ∨ .         (4) 

Multiplying the both sides of (4) by 2( ) ,i i ix y w−  we 
obtain 

2( ) ( ( ) ( )) 2( ) ( )i i i i i i i i i i i i ix y w h x h y x y wd x y− − =− − −  

1 1

2( ) [ ( ( ) ( )) ( ( ) ( ))]
n n

i i i ij j j j j ij j j j j
j j

x y w a f x f y b g x g y
= =

+ − − + −∑ ∑

1 1
2( ) [ ( ) ( )

n n

i i i ij j j ij j j
j j

x y w g x g yα α
= =

+ − −∧ ∧  
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1 1
( ) ( )]

n n

ij j j ij j j
j j

g x g yβ β
= =

+ −∨ ∨ .        (5) 

From Lemma 4, we get 

1 1

1 1

1

( ) [ ( ) ( )]

( ) ( )

( ) ( )

n n

i i i ij j j ij j j
j j

n n

i i i ij j j ij j j
j j

n

i i i ij j j j j
j

x y w g x g y

x y w g x g y

x y w g x g y

α α

α α

α

= =

= =

=

− −

≤ − −

≤ − −

∧ ∧

∧ ∧

∑

 

and, similarly, 

1 1
( ) [ ( ) ( )]

n n

i i i ij j j ij j j
j j

x y w g x g yβ β
= =

− −∨ ∨  

1
( ) ( ) .

n

i i i ij j j j j
j

x y w g x g yβ
=

≤ − −∑  

From (5), we have 
2( ) ( ( ) ( )) 2( ) ( )T Tx y W H x H y x y WD x y− − ≤− − −  

2( ) ( ( ) ( ))Tx y WA f x f y+ − −
2( ) ( ( ) ( ))Tx y WB g x g y+ − −  

2 ( ) ( ) ( ) .Tx y W g x g yα β+ − + −      (6) 
From Lemma 2, we obtain 

2( ) ( ( ) ( ))
( ( ) ( )) ( ( ) ( )),

T

T

x y WA f x f y
f x f y P f x f y

− − ≤

− −
 

1( ) ( )T Tx y WAP A W x y−+ − −         (7) 
2( ) ( ( ) ( ))

(1 )( ( ) ( )) ( ( ) ( ))

T

T

x y WB g x g y
g x g y Q g x g yε

− −

≤ − − −
 

1(1 ) ( ) ( )T T Tx y WBQ B W x yε −+ − − −       (8) 
and 

2 ( ) ( ) ( )

( ) ( ) ( ) ( )

T

T

x y W g x g y

g x g y Q g x g y

α β

ε

− + −

≤ − −
 

1 1( ) ( )T Tx y W Q W x yε α β α β− −+ − + + − .  (9) 
It follows from assumption (A) that 

( ( ) ( )) ( ( ) ( )) ( ) ( ),
( ( ) ( )) ( ( ) ( )) ( ) ( ).

T T

T T

f x f y P f x f y x y KPK x y
g x f y Q g x g y x y LQL x y

− − ≤ − −

− − ≤ − −
 

(10) 
From (6)-(10), we get 

2( ) ( ( ) ( )) 2 TTx y W H x H y x y WD x y− − ≤ − − −  
1

1 1

1 1

(

(1 ) )

( ) ( )

T T

T

T T

x y KPK LQL WAP A W

WBQ B W x y

x y W Q W x y

ε

ε α β α β

−

− −

− −

+ − + +

+ − −

+ − + + −

 

2
1 ,Tx y x y x yκ= − − Ω − ≤ − −      (11) 

where min 1( ) 0κ λ= Ω > . Hence we obtain 

( ) ( ( ) ( )) ( ) ( ( ) ( ))T Tx y W H x H y x y W H x H y− − − = − −  

( ) ( )w x y H x H y≤ − − ,         (12) 

where
1
max{ }.ii n

w w
≤ ≤

=  

From (11) and (12), we get 
22 ( ) ( ) . (13)w x y H x H y x yκ− − ≥ −  

It follows from (13) that ( ) ( )H x H y≠  when x y≠  
holds. Letting 0y =  and x y≠ , from (13), we also get 

( ) (0) ( ) (0) .
2

x H x H H x H
w
κ

≤ − ≤ +  

Since (0)H  is finite, we can conclude that 

( )H x →∞  as x →∞ . From Lemma 1, the map 

( )H x  given by (3) is homeomorphism of n\ . This 
completes the proof. 
 

4. Exponential stability analysis 
 
Theorem 2:  Let ( )i itτ μ′ ≤  and [0,1),iμ ∈  

1, 2, , .i n= "  Under the assumption (A), the FCNN 
model (1) has a unique equilibrium point, which is glob-
ally exponentially stable if there exist positive diagonal 
matrices 1 2{ , , , },nP diag p p p= "  

1 2{ , , , }nQ diag q q q= "  and 1 2{ , , , }nW diag w w w= "  
and number (0,1),ε ∈  such that 

1
2 2 TWD KPK LSL WAP A W−Ω − − −�  

1 1(1 ) TWBQ B Wε − −− −  
1 1( ) ( ) 0TW Q Wε α β α β− −− + + > ,    (14) 

where 1 2

1 2

{ , , , }.
1 1 1

n

n

qq qS diag
μ μ μ

=
− − −

"  

Proof: 
1 2

1 1 1Since [0,1) and { , , , },
1 1 1i

n

S Q diagμ
μ μ μ

∈ =
− − −

i "  

we know that  .Q S≤  From (2) and (14) we 
get 1 2 0Ω ≥ Ω > .By Theorem 1, the condition (14) im-
plies the existence and uniqueness of equilibrium point 
of model (1). 

Let * * * *
1 2[ , , , ]T

nx x x x= "  be an equilibrium point of 

FCNN model (1), then *x  satisfies 

* * *

1 1 1
0 ( ) ( )

i j j

n n n

i ij j ij j ij j i
j j j

d x a f x b g x c u I
= = =

=− + + + +∑ ∑ ∑
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* *

1 1 1 1
( ) ( ) .

j j

n n n n

ij j ij j ij j ij j
j j j j

g x u g x uα ζ β δ
= = = =

+ + + +∧ ∧ ∨ ∨  

We shift the equilibrium point *x  of (1) to the origin 

by using the transformation *( ) ( ) ,
ii iz x x⋅ = ⋅ −  

1, 2, ,i n= " . System (1) can be transformed to the fol-
lowing form: 

1 1

( ) ( ) ( ( )) ( ( ( )))
n n

i i i ij j j ij j j j
j j

z t d z t a z t b z t tϕ ψ τ
= =

= − + + −∑ ∑�  

* *

1 1
( ( ( )) ) ( )

n n

ij j j j j ij j j
j j

g z t t x g xα τ α
= =

+ − + −∧ ∧  

* *

1 1
( ( ( )) ) ( )

n n

ij j j j j ij j j
j j

g z t t x g xβ τ β
= =

+ − + −∨ ∨  (15) 

where 
* * * *( ( )) ( ( ) ) ( ), ( ( )) ( ( ) ) ( ).i i i i i i i i i i i i i iz t f z t x f x z t g z t x g xϕ ψ= + − = + −  

We introduce some notations that will be used below: 

[ ]1 2( ) ( ), ( ), , ( ) ,T
nz t z t z t z t= "  

1 1 2 2( ( )) [ ( ( )), ( ( )), , ( ( ))] ,T
n nx t z t z t z tϕ ϕ ϕΦ = "

1 1 1 2 2 2( ( ( ))) [ ( ( ( ))), ( ( ( ))), , ( ( ( )))] .T
n n nx t t z t t z t t z t tτ ψ τ ψ τ ψ τΨ − = − − −"  

It follows from assumption (A) that 
( ) , (0) 0,i i i i iz k zϕ ϕ≤ =  

( ) , (0) 0, 1,2, , .i i i i iz l z i nψ ψ≤ = = "      (16) 
Obviously, the global exponential stability of equilib-

rium point *x  of model (1) is equivalent to the global 
exponential stability of the origin of (15). 

We choose a Lyapunov functional as follows 
2 2

( )
1 1

( , ) ( ) ( ( )) .
1 i

n n ti
t i i i it t

i i i

qV t z w z t z s ds
τ

ψ
μ −

= =

= +
−∑ ∑ ∫  (17) 

The derivative of ( , )tV t z  along the trajectory of sys-
tem (15) is 

1
( , ) 2 ( ) ( )

n

t i i i
i

V t z w z t z t
=

= ∑� �  

2 2

1

( ( ( )) (1 ( )) ( ( ( ))))
1

n
i

i i i i i i
i i

q z t t z t tψ τ ψ τ
μ=

′+ − − −
−∑  

2 ( ) ( ) 2 ( ) ( ( ))T Tz t W Dz t z t W A z t= − + Φ  
2 ( ) ( ( ( )))Tz t WB z t tτ+ Ψ −  

* *

1 11
2 ( )( ( ( ( )) ) ( ))

n n n

i i ij j j j j ij j j
j ji

wz t g z t t x g xα τ α
= ==

+ − + −∑ ∧ ∧  

* *

1 11

2 ( )( ( ( ( )) ) ( ))
n n n

i i ij j j j j ij j j
j ji

w z t g z t t x g xβ τ β
= ==

+ − + −∑ ∨ ∨
 

2 2

1

( ( ( )) (1 ( )) ( ( ( )))).
1

n
i

i i i i i i
i i

q z t t z t tψ τ ψ τ
μ=

′+ − − −
−∑     (18) 

By Lemma 4, we have 

* *

1 1
2 ( )( ( ( ( )) ) ( ))

n n

i i ij j j j j ij j j
j j

wz t g z t t x g xα τ α
= =

− + −∧ ∧  

* *

1 1
2 ( ) ( ( ( )) ) ( )

n n

i i ij j j j j ij j j
j j

w z t g z t t x g xα τ α
= =

≤ − + −∧ ∧
 

* *

1

2 ( ) ( ( ( )) ) ( )
n

i i ij j j j j j j
j

w z t g z t t x g xα τ
=

≤ − + −∑  

1
2 ( ) ( ( ( )))

n

i i ij j j j
j

w z t z t tα ψ τ
=

= −∑     (19) 

and, similarly, 
* *

1 1
2 ( )( ( ( ( )) ) ( ))

n n

i i ij j j j j ij j j
j j

w z t g z t t x g xβ τ β
= =

− + −∨ ∨  

1

2 ( ) ( ( ( )))
n

i i ij j j j
j

w z t z t tβ ψ τ
=

≤ −∑ .   (20) 

From (18)-(20), we obtain 
( , ) 2 ( ) ( ) 2 ( ) ( ( ))T T

tV t z z t WDz t z t WA z t≤ − + Φ�  

2 ( ) ( ( ( )))Tz t WB z t tτ+ Ψ −  

1 1
2 ( ) ( ) ( ( ( )))

n n

i i ij ij j j j
i j

w z t z t tα β ψ τ
= =

+ + −∑ ∑  

2 2

1

( ( ( ( )) ( ( ( ))))
1

n
i

i i i i i i
i i

q z t q z t tψ ψ τ
μ=

+ − −
−∑  

2 ( ) ( ) 2 ( ) ( ( ))T Tz t WDz t z t WA z t= − + Φ  
2 ( ) ( ( ( )))Tz t WB z t tτ+ Ψ −  

2 ( ) ( ) ( ( ( )))Tz t W z t tα β τ+ + Ψ −  

( ( )) ( ( ))T z t S z t+Ψ Ψ  
( ( ( ))) ( ( ( )))T z t t Q z t tτ τ−Ψ − Ψ − .    (21) 

From Lemma 2, we know 
2 ( ) ( ( )) ( ( )) ( ( ))T Tz t WA z t z t P z tΦ ≤Φ Φ  

1( ) ( )T Tz t WAP A Wz t−+             (22) 
and 
2 ( ) ( ( ( ))) (1 ) ( ( ( ))) ( ( ( )))T Tz t WB z t t z t t Q z t tτ ε τ τΨ − ≤ − Ψ − Ψ −  

1 1(1 ) ( ) ( ).T Tz t WBQ B Wz tε − −+ −       (23) 
Since 
2 ( ) ( ) ( ( ( ))) ( ( ( ))) ( ( ( )))T Tz t W z t t z t t Q z t tα β τ ε τ τ+ Ψ − − Ψ − Ψ −  

2 ( ( ( ))) ( ) ( )T Tz t t W z tτ α β= Ψ − +  

( ( ( ))) ( ( ( )))T z t t Q z t tε τ τ− Ψ − Ψ −  
1 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1

( ( ( ( ))) ( ) ( ) )

( ( ( ( ))) ( ) ( ) )

( ) ( ) ( ) ( )

T T

T

T T

Q z t t Q W z t

Q z t t Q W z t

z t W Q W z t

ε τ ε α β

ε τ ε α β

ε α β α β

− −

− −

− −

= − Ψ − − +

× Ψ − − +

+ + +
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1 1( ) ( ) ( ) ( ) .T Tz t W Q W z tε α β α β− −≤ + +  (24) 

From (21)-(24), we have 
( , ) 2 ( ) ( ) ( ) ( ( ))T T

tV t z z t WDz t z t P z t≤− + Φ�  
1( ) ( ) ( ( )) ( ( ))T T Tz t WAP A Wz t z t S z t−+ +Ψ Ψ  

1 1(1 ) ( ) ( )T Tz t WBQ B Wz tε − −+ −  
1 1( ) ( ) ( ) ( )T Tz t W Q W z tε α β α β− −+ + +  

[ 1( ) 2T Tz t WD KPK LSL WAP A W−≤ − + + +  
1 1(1 ) TWBQ B Wε − −+ −  

1 1( ) ( ) ( )TW Q W z tε α β α β− − ⎤+ + + ⎦  
2

2( ) ( ) ( ) ,Tz t z t z tϑ= − Ω ≤ −     (25) 

where min 2{ } 0.ϑ λ= Ω >  
Letting 0γ > , from (17) we get 

( ( , )) ( , ) ( , )t t t
t t te V t z e V t z e V t zγ γ γγ′ = + �  

2 2

( )
1 1

( ( ) ( ( )) )
1 i

n n tt i
i i i it t

i i i

qe w z t z s dsγ

τ
γ ψ

μ −
= =

≤ +
−∑ ∑ ∫  

2( ) .te z tγϑ−             (26) 
Letting t η=  and integrating the both sides of (26) 

on [0, ]t , we obtain 

2

0
1

( , ) (0, ) ( ( )
ntt

t t i i
i

e V t z V z e w zγ γηγ η
=

− ≤ ∑∫  

2

( )
1

( ( )) )
1 i

n
i

i i
i i

q z s ds d
η

η τ η
ψ η

μ −
=

+
−∑ ∫  

2

0
( ) .

t
e z dγηϑ η η−∫             (27) 

Taking 
1
max ii n

w w
≤ ≤

= , 
1
max ii n

l l
≤ ≤

= , 
1
max{ }

1
i

i n
i

qρ
μ≤ ≤

=
−

, 

[ ,0]
max ( )

s
z s

τ
φ

∈ −
= , we have 

0 0 22 2

(0)
1 1

( ( )) ( )
1 i

n n
i

i i i
i ii

q z s ds l z s ds
τ τ

ψ ρ
μ − −

= =

≤
−∑ ∑∫ ∫  

0 2 22 2( ) ,l z s ds l
τ

ρ ρ τ φ
−

= ≤∫  

and, consequently, 
02 2

(0)
1 1

(0, ) (0) ( ( ))
1 i

n n
i

t i i i i
i i i

qV z w z z s ds
τ

ψ
μ −

= =

= +
−∑ ∑ ∫  

22( )w lρ τ φ≤ + .            (28) 
Thus we obtain 

2
2

0 0
1

( ( )) ( ) .
nt t

i i
i

e wz d w e z dγη γηγ η η γ γ η η
=

≤∑∫ ∫       (29) 

Since ( ) ( ) ,
s s s s

s s
e d e d e

τ τγη γ τ γ τη η τ
+ + + +≤ ≤∫ ∫  

0 02 2 2( ) ( ) ,se z s ds z s dsγ

τ τ
τ φ

− −
≤ ≤∫ ∫  we have 

2

0 ( )
1

( ( ( )) )
1 i

nt i
i i

i i

qe z s ds d
ηγη

η τ η
γ ψ η

μ −
= −∑∫ ∫

2

0
1

( ( ( )) )
nt

i i
i

e z s ds d
ηγη

η τ
γρ ψ η

−
=

≤ ∑∫ ∫  

22

0
( )

t
l e z s dsd

ηγη

η τ
γρ η

−
≤ ∫ ∫

min[ , ] 22

max[ ,0]
( ) ( )

t s t

s
l e d z s ds

τ γη

τ
γρ η

+

−
= ∫ ∫

22 ( ) ( )
t s

s
l e d z s ds

τ γη

τ
γρ η

+

−
≤ ∫ ∫

2 22 ( ) 2( ) ( )
t ts sl e z s ds l e e z s dsγ τ γτ γ

τ τ
γρ τ γρ τ+

− −
≤ =∫ ∫

0 2 22

0
( ( ) ( ) )

ts sl e e z s ds e z s dsγτ γ γ

τ
γρ τ

−
= +∫ ∫  

2 22

0
( ( ) )

t sl e e z s dsγτ γγρ τ τ φ≤ + ∫ .   (30) 

From (27)-(30), we obtain 
222

0
( , ) ( ) ( )

tt
te V t z w l w e z dγ γηρ τ φ γ η η≤ + + ∫  

2 2 22

0 0
( ( ) ) ( )

t tsl e e z s ds e z dγτ γ γηγρ τ τ φ ϑ η η+ + −∫ ∫  

Choosing sufficiently small 0γ >  such that 
2 0w l eγτγ γρ τ ϑ+ − ≤ , we have 

2 22 2 2( , ) ( )t
te V t z w l l e Mγ γτρ τ γρ τ φ φ≤ + + �  

From (17), we obtain 
2 22

1
( ) ( ) ( , ) ,

n
t

i i t
i

w z t w z t V t z M e γφ −

=

≤ ≤ ≤∑  

where 
1
min{ }.ii n

w w
≤ ≤

= That gives 

2( )
tMz t e

w

γ

φ
−

≤ . 

Hence the origin of (15) is globally exponentially stable. 
This completes the proof. 
Remark 1: Suppose that inequality (22) is replaced with 
the following inequality 

2 ( ) ( ( )) 2 ( ) ( ( ))T Tz t WA z t z t W A z tΦ ≤ Φ  

( ( )) ( ( ))T z t P z t≤Φ Φ 1( ) ( )TTz t W A P A W z t−+ . (31) 

Consequently, the sufficient condition (14) can be re-
placed with the following stronger condition 

1
2 2 TWD KPK LSL W A P A W−Ω − − −�  

1 1(1 ) TW B Q B Wε − −− −  
1 1( ) ( ) 0TW Q Wε α β α β− −− + + >   (32) 

or, equivalently, 
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1 1
2 2

1
2

1
2

2 (1 ) ( )

0 0
0

(1 ) 0 0

( ) 0 0

T

T

T

WD KPK LSL W A W B W

A W P

B W Q

W Q

ε ε α β

ε

ε α β

− −

−

−

⎡ ⎤
− − − +⎢ ⎥

⎢ ⎥
⎢ ⎥

>⎢ ⎥
−⎢ ⎥

⎢ ⎥
⎢ ⎥+⎣ ⎦

 

(33) 

Theorem 3: Let ( ) 0ijb t ≡ , ( )i itτ μ′ ≤  and [0,1),iμ ∈  

, 1, 2, , .i j n= "  Under the assumption (A), FCNN 
model (1) has a unique equilibrium point, which is glob-
ally exponentially stable if there exist positive diagonal 
matrices 1 2{ , , , },nP diag p p p= "  

1 2{ , , , }nQ diag q q q= "  and 

1 2{ , , , },nW diag w w w= "   such that 

3 2 TWD LSL W A K K A WΩ − − −�
 

1( ) ( ) 0TW Q Wα β α β−− + + >       (34) 
or, equivalently, 

2 ( )
0,

( )

T

T

WD LSL W A K K A W W

W Q

α β

α β

⎡ ⎤− − − +
>⎢ ⎥

+⎢ ⎥⎣ ⎦
 (35) 

where 1 2

1 2

{ , , , }.
1 1 1

n

n

qq qS diag
μ μ μ

=
− − −

"  

Proof: Since ( ) 0ijb t ≡  holds, similarly to the proof of 
Theorem2, we obtain 

( , ) 2 ( ) ( ) 2 ( ) ( ( ))T T
tV t z z t WDz t z t WA z t≤ − + Φ�  

2 ( ) ( ) ( ( ( )))Tz t W z t tα β τ+ + Ψ −  

( ( )) ( ( )) ( ( ( ))) ( ( ( )))T Tz t S z t z t t Q z t tτ τ+Ψ Ψ −Ψ − Ψ − , (36) 
where ( , )tV t z  is defined as (17). 

From (24) with 1ε = , using the fact that 

1 1
2 ( ) ( ( )) 2 ( ) ( ( ))

n n
T

i i ij j j
i j

z t WA z t z t w a z tϕ
= =

Φ = ∑∑  

1 1
2 ( ) ( ( ))

n n

i i ij j j
i j

z t w a z tϕ
= =

≤ ∑∑  

1 1
2 ( ) ( )

n n

i i ij j j
i j

z t w a k z t
= =

≤ ∑∑
 

( ) ( ) ( ) .TTz t W A K K A W z t= +  

we have 
( , ) 2 ( ) ( )T

tV t z z t WDz t≤ −�  

( ) ( ) ( )TTz t W A K K A W z t+ +  

( ( )) ( ( ))T z t S z t+Ψ Ψ  

1( ) ( ) ( ) ( )T Tz t W Q W z tα β α β−+ + +  
( ) ( 2 TTz t WD LSL W A K K A W≤ − + + +  

1( ) ( ) ) ( ) .TW Q W z tα β α β−+ + +  
The following proof is similar to that of Theorem 2 and 
is omitted. 

Theorem 4:  Let ( ) 0, ( )ij i ia t tτ μ′≡ ≤  and 

[0,1),iμ ∈  , 1, 2, , .i j n= "  Under the assumption (A), 
FCNN model (1) has a unique equilibrium point, which 
is globally exponentially stable if there exist positive 
diagonal matrices 1 2{ , , , }nQ diag q q q= " and 

1 2{ , , , },nW diag w w w= "  and number (0,1),ε ∈  such 
that 

1 1
4 2 (1 ) TWD LSL WBQ B Wε − −Ω − − −�  

1 1( ) ( ) 0TW Q Wε α β α β− −− + + > .   (37) 

where 1 2

1 2

{ , , , }.
1 1 1

n

n

qq qS diag
μ μ μ

=
− − −

"  

Proof: Since ( ) 0ija t ≡ holds, similarly to the proof of 
Theorem 2, we obtain 

( , ) 2 ( ) ( ) 2 ( ) ( ( ( )))T T
tV t z z t WDz t z t WB z t tτ≤− + Ψ −�  

2 ( ) ( ) ( ( ( )))Tz t W z t tα β τ+ + Ψ −  

( ( )) ( ( )) ( ( ( ))) ( ( ( )))T Tz t S z t z t t Q z t tτ τ+Ψ Ψ −Ψ − Ψ − . (38) 
From (23), (24) and (38), we have 

( , ) 2 ( ) ( ) ( ( )) ( ( ))T T
tV t z z t WDz t z t S z t≤− +Ψ Ψ�  

1 1(1 ) ( ) ( )T Tz t WBQ B Wz tε − −+ −  
1 1( ) ( ) ( ) ( )T Tz t W Q W z tε α β α β− −+ + +  

[ 1 1( ) 2 (1 )T Tz t WD LSL WBQ B Wε − −≤ − + + −  

]1 1( ) ( ) ( ) .TW Q W z tε α β α β− −+ + +  
The following proof is also similar to that of Theorem 

2 and is omitted. 
 

5. Comparison and Examples 
 

The FCNNs models in [17], [18], [27] and [28] are 
special cases of model (1) with 0, 0A B= =  or 

( ) ( )j j j jf x g x≡ . To make precise comparison, we list 
some of their results as follows. 
Theorem 5 (Yuan et al. 2006, [17]): Assume 

that ( ) ( ), ( ) 0j j ijf g b t⋅ ≡ ⋅ ≡  and ( ) 1i tτ μ′ ≤ < . Under 
the assumption (A), the equilibrium point of model (1) is 
exponentially stable if there exist positive diagonal ma-
trices W  and S , and a positive constant k such that 
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5 2 2 TWD kW W A L L A W LSLΩ − − − −�  
1 2 1(1 ) ( ) ( ) 0k Te W S Wτμ α β α β− −− − + + >  (39) 

Remark 2: Letting ( ) ( )j jf g⋅ = ⋅  and [0,1),iμ μ= ∈  

from Theorem 3, we know that 
1 .

1
S Q

μ
=

−
 Therefore, 

(34) can be rewritten as 

3 2 TWD W A L L A W LSLΩ = − − −  
1 1(1 ) ( ) ( ) 0TW S Wμ α β α β− −− − + + > . 

Since [0,1)μ∈ and 0k > hold, from (34) and (39) we 
know that 3 5Ω > Ω , i.e., inequality (39) implies (34). 
Hence, to some extent, Theorem 3 improves Theorem 5. 
Theorem 6 (Zhang et al. 2008, [28]): Assume that as-
sumption (A) holds and ( ) 0ija t ≡ . The equilibrium point 
of model (1) is globally asymptotically stable if 

( )D B L Lα β− − +  is nonsingular M-matrix and 

( ) 0.i tτ ′ ≤  
Remark 3: In [27], assuming that ( ) 0ijb t ≡ , the authors 
proved that the model (1) is globally exponentially stable 
if ( )D A L Lα β− − +  is a nonsingular M-matrix. 
Obviously, the signs of elements of weight matrices A 
and B of the non-fuzzy terms are ignored in [27] and 
[28], while they are considered in the Theorems 1, 2 and 
4 of this paper. In [18], the activation functions jf are 
assumed to be bounded, while this condition is removed 
in this paper. Examples given below will show the crite-
ria in this paper are less conservative than the results in 

[18], [27] and [28]. In addition, the condition ( ) 0i tτ ′ ≤  
in Theorem 6 is not required in Theorems 1 through 4 in 
this paper. 
Remark 4: The conditions (33) and (35) in this paper are 
expressed by LMI, which can be solved numerically us-
ing the effective interior-point algorithm [29] [30]. 

Now let us consider two examples. 
Example 1: Suppose that a FCNN (1) has the following 
parameters: 

1 1 1 11 1, ,
1 1 1 14 5

A B α β
−⎡ ⎤ ⎡ ⎤

= = = =⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦
 

2.2 0
0 2.2

D ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

, 

( ) 0.5( sin ), ( ) 0.5( cos ).j j j j j j j jf x x x g x x x= − = +  

Taking 0.5, 0.8,iμ ε= =
1.5 0
0 1.5

W ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

, 

1 0
,

0 1
P Q ⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
 and 

1 0
,

0 1
K L ⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
 we have 

1 1 1
2 2 (1 )T TWD KPK LSL WAP A W WBQ B Wε− − −Ω = − − − − −  

1 1( ) ( ) 0TW Q Wε α β α β− −− + + >  

1.0125 0.9
0.

0.9 1.0125
−⎡ ⎤

= >⎢ ⎥−⎣ ⎦
 

From Theorem 2, this model has a unique equilibrium 
point, which is globally exponentially stable. Since 

0A ≠ and 0B ≠ , the results in [17], [27] and [28] fail to 
this example. Since jf and jg are unbounded activation 
functions, the results in [18] are not applied for this ex-
ample, either. 
Example 2: Assume that the parameters of FCNN model 
(1) are given as follows: 

0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1

, ,
0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1

A B

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥− −⎢ ⎥ ⎢ ⎥= =
⎢ ⎥ ⎢ ⎥− −
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

 

0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1

,
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1

α β

⎡ ⎤
⎢ ⎥
⎢ ⎥= =
⎢ ⎥
⎢ ⎥
⎣ ⎦

 

( ) , 3 , ,i t D E K L Eτ τ≡ = = =  
where 0τ >  is a constant and E  denotes the identity 
matrix. 

Letting 0, 0.4 , , 0.3,i W E Q Eμ ε= = = =  
from (37) we have 

1 1
4 2 (1 ) TWD LSL WBQ B Wε − −Ω = − − −

1 1( ) ( )TW Q Wε α β α β− −− + +  

0.4004 0.0853 0.0853 0.0853
0.0853 0.4004 0.0853 0.0853

.
0.0853 0.0853 0.4004 0.0853
0.0853 0.0853 0.0853 0.4004

− − −⎡ ⎤
⎢ ⎥− − −⎢ ⎥=
⎢ ⎥− − −
⎢ ⎥− − −⎣ ⎦

 

The eigen-values of 4Ω  are 0.1444  and triple 
0.4857  . Hence  4 0Ω >  and by Theorem 4 the equi-
librium point of this FCNN model is globally exponen-
tially stable. 

Since 
( )D B L Lα β∏ − − +�  
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1.8 1.2 1.2 1.2
1.2 1.8 1.2 1.2

,
1.2 1.2 1.8 1.2
1.2 1.2 1.2 1.8

− − −⎡ ⎤
⎢ ⎥− − −⎢ ⎥=
⎢ ⎥− − −
⎢ ⎥− − −⎣ ⎦

 

whose eigen-values are -1.8 and triple 3. Hence Π is not 
nonsingular M-matrix, i.e., Theorem 6 is not applicable 
to this example. 
 

6. Conclusion 
 

In this paper, the stability problem for a broad class of 
fuzzy cellular neural networks (FCNNs) with 
time-varying delays is studied. By the topological degree 
theory, the existence and uniqueness of the equilibrium 
point is analyzed. Constructing suitable Lyapunov func-
tional, we derive some new sufficient conditions for 
global exponential stability of such FCNNs. These crite-
ria in terms of linear matrix inequalities can be solved 
numerically using the interior-point algorithm. Theoreti-
cal analysis shows the improvement of the obtained re-
sults over some existing ones. Two examples are pre-
sented to show our results are less conservative than 
some previous stability criteria. 
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