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Abstract1 

In this paper, a hybrid fuzzy controller with a 
real-time particle swarm optimization algorithm 
(PSO) is presented to swing up and to stabilize the 
pendulum-cart system. The designed PSO with a 
re-start mechanism is particularly suitable for dy-
namic environments and its feasibility is evaluated 
using the typical dynamic functions. The modified 
particle swarm optimization is performed to on-line 
tune the parameters of hybrid fuzzy controllers. Also, 
the stability of the control system is discussed for the 
PSO optimized stable fuzzy control system. Simula-
tion results, compared to conventional fuzzy control, 
illustrate that the proposed optimization-based con-
trol scheme can provide better control performance 
subject to extra disturbances. 

Keywords: Particle swarm optimization, fuzzy control, 
pendulum-cart system, dynamic function, stability. 
 

1. Introduction 
 

Particle swarm optimization (PSO) algorithm is a 
population-based evolutionary computation method, in-
spired to mathematically simulate the social behavior of 
bird flocking and fish schooling. Similar to genetic algo-
rithm (GA), PSO is also initiated with a population of 
candidates that are randomly moved in a multidimen-
sional search space [1-2]. However, GA saves only the 
better generations, thus it may easily lead to local optima 
rather than the global optimum, and the operating on 
dynamic data sets is difficult [3-4]. 

Recently, PSO has been successfully applied to many 
fields of interest. In [1], robot systems are optimally 
voice-controlled by a PSO algorithm. In [3], [5-7], PSO 
algorithms are applied to the optimal design of power 
distribution, buck-boost transformer, and voltage regula-
tion controller. The rule-based delay proportion adjust-
ment for proportional differentiated services is optimized 
with an extensional PSO algorithm [8]. In [9-10], 
                                                 
Corresponding Author: C.-W. Tao is with the Department of Electri-
cal Engineering, National Ilan University, Ilan Taiwan 
E-mail: cwtao@niu.edu.tw 
Manuscript received May 2008; revised July 2008; accepted Dec. 
2008. 

PSO-optimized algorithms can be applied to train the 
parameters of some neural networks. PSO algorithm can 
also be utilized for the image reconstruction problem in 
digital image processing [11-12]. 

Although the applications with PSO algorithms have 
been found in many research areas, PSO optimization for 
real-time adjustment has not been fully discussed yet. It 
is motivated to propose a real-time PSO algorithm so 
that the enhanced searching ability can be affordable for 
dynamic environments. To successfully perform the PSO 
in a dynamically varying environment, two mechanisms 
are required. First, it is required to provide a detecting 
ability while the change of environment occurs. Once the 
searching space is varied, PSO must be adaptively tuned 
to meet the new dynamical characteristics. Second, the 
ability to re-start a new search is desired, especially in a 
varying space [3], [13-14]. In the literature, the re-start 
mechanism is to have all of the parameters and particle 
positions initiated again and to re-start the PSO algo-
rithm. This re-start mechanism is not allowed with some 
of the on-line real time application such as the system 
control. When the parameters of the controller (particle 
positions) suddenly initiated with random values, the 
performance of the control system will be degraded, 
moreover, the system maybe become even unstable. 

It is known that the pendulum-cart system is highly 
sensitive to the disturbance. With the characteristics of 
fuzzy techniques to reduce the influence of the distur-
bances, fuzzy controllers would be considered for stabi-
lizing the pendulum-cart system. However, the parame-
ters in the fuzzy mechanism are difficult to be deter-
mined. Several learning techniques have been applied to 
learn the parameters in the fuzzy techniques. Among 
these learning techniques, PSO is better than GA for the 
on-line tuning. Thus, in this paper, a hybrid fuzzy con-
troller is presented for the swing-up and balance of the 
pendulum-cart system with the RT-PSO for the parame-
ter optimization under the external disturbance. The fea-
sibility of the RT-PSO scheme is evaluated using some 
dynamic functions. 

To indicate the effectiveness of the designed fuzzy 
controller with the RT-PSO algorithm, the stability of 
the hybrid fuzzy controlled pendulum-cart system is 
discussed in this paper. With the nonlinear pendu-
lum-cart system equally expressed as a T-S fuzzy model 
in all the fuzzy regions, the parallel distribution singleton 
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control (PDSC) is utilized and the stability is guaranteed 
according to the Lyapunov’s Theorem [15]-[19]. 

This paper is organized as follows. Section 2 
presents the real-time PSO algorithm. The model of 
pendulum-cart system and the proposed approach 
are described in Section 3. The stability of the con-
trol system is addressed in Section 4. In Section 5, 
simulation results compared to the results using the 
fuzzy control without on-line parameter tuning are 
provided. The concluding remarks are given in Sec-
tion 6. 
 

2. Real-Time PSO Algorithm 
 
A. Conventional PSOs 

In the PSO algorithms, each particle can be viewed as 
a distinct individual. To achieve a better fitness, every 
particle updates its positions according to the history ve-
locity and memory of its own. The velocity of each parti-
cle is updated based on its current best solution and the 
current global best solution in swarm. PSO is inherited 
with random parameters that provide the ability to avoid 
local optimal solution with less concern of staring posi-
tion. Let the search space be a j-dimensional space. The 
j-th dimensional position, velocity, personal best solution 
and global best solution for the i-th particle are denoted 
as j

iP , j
iV , j

iPbest   and jGbest , respectively. The 
adaptive particle swarm optimization (APSO) algorithm 
can be modeled as two iterative equations [11]: 
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where t is the iteration index, w is the inertia weight of 
the particle velocity, 1r  and 2r  are the uniformly dis-
tributed random variables in the range of [0,1], 1c  and 

2c  are the acceleration coefficients to move the particle 
toward the best solution. As indicated in [3], the veloci-
ties of particles are limited to be in a range of 

] , [ maxmax VV− , where maxV  is selected to damp the trajec-
tory oscillation and to have the optimal solution. For 
simplicity, )(tP j

i  and )(tV j
i  are simply denoted as 

)(tPi  and )(tVi  in the rest of this paper. 
In general, if a small value of w is adopted, the parti-

cle will converge to the optimal solution within a small 
number of iterations. Otherwise, the search range of par-
ticles will be increased with a larger value of w. When 
the acceleration coefficients 21 cc > , each particle in-
tends to move toward the personal best solution. On the 
contrary, the particles in one group would move toward 
the global best solution instead. When particles are with 

the same personal best solution and global best solution, 
the random variables 1r  and 2r  are utilized to 
strengthen the search diversity. It is noticed that both the 
simple PSO and APSO are typically utilized off-line for 
stochastic optimization of concern. For complex systems 
with significant dynamic characteristics, off-line tuning 
methods seem to be not adequate. 
 
B. Real-Time PSO (RT-PSO) 

Under the circumstance of variations existed in system 
dynamics, if the updated optimal fitness value is less 
than the previous one, conventional PSOs may mislead 
to an incorrect searching area. In this paper, a so-called 
sentry particle (Ps) is added to monitor the change of 
environment. The basic idea to detect the variations of 
system dynamics is explained in the following. In the 
t-iteration, the Pbest and associated fitness value of a 
randomly chosen particle are assigned to the sentry par-
ticle, denoted as PbestPs =  and )(PbestfF = . In the 
next iteration, the fitness value of Ps is calculated again 
according to the current environment, denoted as )(~ Psf . 
Note that when the variations of system dynamics are 
possible, f~  might not be equal to f. If FPsf ≠)( , it 
can be considered that the environment change happens. 
Once the variations of system dynamics are detected, the 
re-start mechanism is performed. Unlike the re-start 
mechanism in the literature to have all of the parameters 
and particle positions initiated again and to re-start the 
PSO algorithm, the proposed re-start mechanism only 
deletes the personal best value of each particle and 
adopts the following equation to update the velocity of 
each particle,  

jj
i VrandtV max)1( ⋅⋅=+ κ            (3) 

where κ  is some constant, rand is a random number in 
[-1, 1] and jVmax  is the velocity limit. 

Furthermore, if the updated velocity is small enough, 
i.e. ε≤|| j

iV , it means that a certain optimum is ap-
proached. To avoid being trapped in the local optima, the 
re-start mechanism needs to start working again such 
that the searching capability should be enhanced. In or-
der to effectively implement the proposed RT-PSO algo-
rithm, some assumptions are required. Considering the 
real-time implementation, a reasonable space size for the 
parameter searching is required. In addition, the dynamic 
system with the RT-PSO algorithm is required to have 
smooth characteristics. Otherwise, the computation cost 
will be too high to be affordable. The scenario of the 
RT-PSO algorithm is summarized as the Fig. 1. 
C. RT-PSO for Dynamic Objective Functions 

A dynamic objective function is defined as follows 
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The associated distribution of fitness values is shown 

in Fig. 2. Obviously, the optima are varied due to differ-
ent setting conditions. In Fig. 3, it can be seen that in the 
first 2500 iterations, both APSO and RT-PSO give the 
similar convergence tendencies of fitness values. How-
ever, upon the environmental change, the APSO opti-
mized fitness value jumps high and keeps the value af-
terward. It means that the APSO fails to search for the 
new optimal solution due to the change of environment. 
On the other hand, the RT-PSO can effectively decrease 
the fitness value and converge to the optimal solution. 
 

START 
Step 1 (initialization) 

Initialize the population 
Randomly select the Ps from particles in the initialized 
population 
Let )(PbestfF =   

Step 2 
For i = 1 to number of particles )( iPf  

Evaluate the fitness  
Update iPbest  and Gbest  
For j = 1 to dimension 

Update each particle’s velocity according to (1) 
If ε≤|| j

iV  
Re-start the velocity according to (3) 

If jj
i VV max|| >  

jj
i

j
i VVV max)sgn( ⋅=  

Update each particle’s position according to (2) 
Increase j 

Increase i  
Step 3 

If FPsf ≠)( { 
Clear the memory for all particles 
Re-start velocities for all particles according to  
(3)} 

Step 4 
Randomly select one Pbest from all Pbests to be the Sen-
try particle Ps  
Let )(; PbestfFPbestPs ==  

Step 5 
If stop criterion is reached then STOP  
else Goto Step 2 

 
Fig. 1. Pseudo code of RT-PSO. 

 
 

Fig. 2. Cross-section view of the dynamic function:  
t < 2500 (left), t≥2500 (right). 

 
Fig. 3. Fitness values of dynamic objective functions via dif-

ferent PSO algorithms: APSO (top), RT-PSO (bottom). 
 
3. RT-PSO Optimized Fuzzy Control of Pendu-

lum-Cart System 
 
A. System Model of Pendulum-Cart System 

The pendulum-cart system has been a well known 
system to verify control strategies in literature. In this 
paper, a hybrid fuzzy controller is designed to make the 
pendulum swing up and balance at the upright position. 
The state vector Txxxxx ][ 4321=  is defined with 

1x , 2x , 3x , and 4x  being the position of the cart, the 
angle of the pendulum, the velocity of the cart, and the 
angular velocity of the pendulum, respectively. The state 
equations of pendulum-cart system are described as fol-
lows [15]: 
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where U is the control command, Tc is the friction force, 
l is the distance between the rotation axis and the center 
of the pendulum mass, g is the gravity acceleration con-
stant, fp is the friction constant of the pendulum, J is the 
inertia of the pendulum, and Td is the disturbance.  



Y.-H. Chang et al.: Robust and Stable Hybrid Fuzzy Control of a Pendulum-Cart System with Particle Swarm Optimization 51 

+

+

−

− [ ]31 xx

[ ]42 xx
][ *

3
*
1 xx

][ *
4

*
2 xx

2x

[ ]31 ee

[ ]42 ee −

+

1uS 2uS 3uS 1uP 2uP 1uC 2uC

1uP 2uP

1uC 2uC

1uS 2uS 3uS

 

Fig. 4. The structure of the pendulum-cart control system with RT-PSO. 

Moreover )/(2
pc mmJla ++=  and )( pc mml +⋅=μ  with 

mc and mp being the mass of the cart and the pendulum. 
It is noted that the mass of the pendulum is not uni-
formly distributed and the friction between the cart and 
the track is nonlinear and approximated by the following 
piecewise linear and quadratic equations [15]: 
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where Fs and Fc represent the static and the dynamic 
friction, Xc is the starting cart velocity for the linear zone, 
Yc is the friction value at the velocity Xc, and VDZ is the 
dead zone of the cart velocity. 
 
B. RT-PSO Fuzzy Swing-Up and Balance Controllers  

The schematic diagram of the pendulum-cart control 
system with RT-PSO is shown in Fig. 4, where ∗

kx  is 
the command of kx  and kkk xxe −= ∗  is the error of 
state variable, k=1,…,4. To simplify the control of the 
pendulum-cart system, the pendulum-cart system is de-
coupled into the pendulum and the cart subsystems. Two 
fuzzy control strategies are utilized to swing up the pen-
dulum and to balance the pendulum and the cart at the 
designated position. The diagram for the pendulum states 
is shown in Fig. 5. 

02 =x

π=2x

04 >x 04 <x

π−=2x

2/2 π=x 2/2 π−=x

 
Fig. 5. The illustration diagram of the pendulum state. 

Let 02 =x  be defined as the vertical upright position 
for the pendulum. The balance controller will not be 
executed unless the pendulum is in the balance zone, 

10/|| 2 π≤x . The control strategy is to take the fuzzy 
swing-up controller to upswing the pendulum into the 
balance zone and then to utilize the fuzzy balance con-
troller to complete the balance control of the pendulum 
and the cart. The proposed RT-PSO optimized control 
scheme contains a fuzzy swing-up controller (FSC), a 
fuzzy pendulum-balance controller (FPBC), a fuzzy cart 
balance controller (FCBC), and the RT-PSO tuning 
mechanism. 
1) Fuzzy Swing-up Controller (FSC) 

The fuzzy swing-up controller aims to accumulate 
enough system energy to allow the pendulum to 
swing-up into the balance zone. Also, it is required to 
suppress the position change of cart. With these control 
goals considered, 2

*
22 xxe −=  and )sgn( 13 ee ⋅  are de-

signed as the inputs of the fuzzy swing-up controller, 
where sgn is a standard sign function. 

It can be seen that if the output of the fuzzy swing-up 
controller makes the cart move to the right, the pendu-
lum swings counterclockwise when 2/|| 2 π<x  or clock-
wise when 2/|| 2 π≥x . To suppress the position error of 
the cart, the fuzzy swing-up controller drives the cart to 
the right (left) when the cart is on the left hand side 
(right hand side) with the negative (positive) velocity. 
Based on the mentioned control strategies above, the 
membership functions (MFs) of the fuzzy swing-up con-
troller is constructed as in Fig. 6, where Is1 and Is2 are 
antecedent variables, and Os is the consequent variable. 
2) Fuzzy Balance Controllers (FPBC and FCBC) 

Approaching into the balance zone, the controller 
switches from the swing-up control to the balance con-
trol. The goal of the balance control is to stabilize the 
pendulum at the position 2 0x = and to keep the position 
of cart at 1 0x = as well. The pendulum angle and the 
angular velocity are used as inputs of FPBC for the pen-
dulum subsystem. The FPBC is designed to balance the 
pendulum to its upright position. Similarly, the cart posi-
tion and the cart velocity are designed as the input vari-
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ables of the fuzzy controller FCBC. In Figs. 6 and 7, the 
input and output membership functions of FPBC and 
FCBC are indicated, where ][ PwPqP III =  and 

][ CvCxC III =  represent the input vectors of FPBC and 
FCBC, respectively. The PO  and CO  are denoted as 
the output vectors of FPBC and FCBC, respectively. For 
the entire pendulum-cart system, the integrated output is 
considered as CPB OOO −= . 
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(b) 
Fig. 6. The MFs of swing-up strategy: (a) input membership 

functions, (b) output membership functions. 
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Fig. 7. The MFs of balance strategy: (a) input membership 

function, (b) output membership function. 
 

According to the aforementioned discussion, the bal-
ance controller is applied when the pendulum is in the 
balance zone. Otherwise, the swing-up control strategy is 

adopted to accumulate system energy. Namely, the con-
trol scenario is switched between the balance and 
swing-up control strategies according to the pendulum 
angle, i.e. 

⎩
⎨
⎧

≤
>

=
10/ ,
10/ ,

2

2

π
π

xifO
xifO

U
B

S             (7) 

where U is the output of the controller for the pendu-
lum-cart system. 
 

4. Stability of the Fuzzy Control 
 

Takagi-Sugeno (T-S) fuzzy model is described by 
fuzzy IF-THEN rules, which represent local linear in-
put-output relations of the nonlinear system. It notes that 
the nonlinear system is approximated by a set of linear 
subsystems. Let r be the number of fuzzy rules. The 
format of the i-th rule is as following: 
 Model Rule i :  
 IF 1x  is 1iM  and … and nx  is inM  
 THEN uBxAx ii +=& , ri ,...,2,1=  (8) 
where iqM  with the corresponding membership func-
tion ( )iq qM x is a fuzzy set in the rule i, nq ,...,2,1= . 

nRx∈  is the state vector, mRu∈  is the control input 
vector, iA  and iB  are constant coefficient matrices, 
and nn

i RA ×∈ , mn
i RB ×∈ . Based on the standard fuzzy 

inference principle, the sum-product inference and the 
centroid defuzzification, the state equation of the system 
with T-S fuzzy model is described by 
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where ∏ =
=

n

k kiki xMx
1

)()(ω  is the weight of the i-th 
rule, )( kik xM  is the grade of membership of kx  in 

ikM , ∑=
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i iii xxxh
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)(/)()( ωω , [ ]10)( ∈xhi , and 

1)(
1

=∑ =

r

i i xh . 
Based on the parallel distributed compensation (PDC) 

technique [16], the T-S fuzzy controller can be repre-
sented as 
Control Rule i : 

IF 1x  is 1iM  and ix  is inM  
THEN xFu i−= , ri ,...,2,1=         (10) 

where iF  is the local feedback gain of the fuzzy con-
troller. The global control action would be 

xFxhu i

r

i
i∑

=

−=
1

)( , ri ,...,2,1= .        (11) 

Substituting (11) into (9), the state equation of a 
closed-loop fuzzy control system with the T-S fuzzy 
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model and the PDC controller becomes 

{ }xFBAxhxhx jiij
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j
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= =

)()(
1 1
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Theorem 1[16]: The nonlinear system approximated by a 
T-S fuzzy model with the PDC in (12) is globally as-
ymptotically stable if there exists a common symmetric 
and positive definite matrix P such that 

0<+ ii
T
ii PGPG ,              (13) 

0<+ ij
T
ij PGPG ,              (14) 
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iiiii FBAG −= ,              (15) 
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To have a T-S fuzzy model with the PDC be globally 
stable, the feedback gain Fi needs to be determined to 
satisfy the conditions in (13)-(16). 
Theorem 2: Compared to the Theorem 1 above, if the 
new feedback gain, iF ′ , ii FF α=′ , 10 <≤α , is selected, 
and there exists a common symmetric and positive defi-
nite matrix P such that 

0<+ ii
T
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0<+ ij
T
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2

i j j i
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B F B F
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+
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then the control system is globally asymptotically stable.  
Proof: From Theorem 1, the closed-loop nonlinear sys-
tem is stable with the derived feedback gain Fi.. For the 
new feedback gains iF ′ , ii FF α=′ , iiG′  and ijG′ , can be 
obtained as 

iiiii FBAG α−=′              (21) 
{ } { }

2
ijjjii

ij

FBAFBA
G

αα −+−
=′ .      (22) 

From (21), it gives that 
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By the stability conditions in Theorem 2,  
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can be derived. Similarly, from (22) we can find that 
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Again if the conditions (19)-(20) in Theorem 2 are satis-
fied, 

0<′+′ ij
T

ij GPPG              (24) 
According to Theorem 1, if equation (23) and (24) are 

satisfied, the T-S fuzzy model with the PDC using the 
new feedback gain, iF ′ , is globally asymptotically sta-
ble. ♦ 

The Theorem 2 can be extend to the Mamdani type 
fuzzy controller. Let Mamdani type fuzzy output Fu  be 
proportioned to the PDC controller output TSu ,  

FxFx
Fx
kFxkuku TSF α−=−=−== )sgn()sgn(   (25) 

where Fxk /=α , k is the output gain of the Mamdani 
type fuzzy controller. From the Theorem 2, we can know 
that the Mamdani type fuzzy controller is stable if k sat-
isfies follow condition 

( )Fxk min0 <≤              (26) 
with x in the corresponding fuzzy region. 

For example, let the fuzzy rules with the input mem-
bership functions ( )( 11 xM , )( 22 xM ) of a 2-dimension 
fuzzy controller be showed as Fig.8. The singleton out-
put membership function )(outM  is shown in Fig.9. It 
can be seen that each of the input variables has five 
fuzzy sets, negative big (NB), negative small (NS), zero 
(Z), positive small (PS), and positive big (PB). The fuzzy 
IF-THEN rules are expressed as 

Rj : IF 1x  is 1jM  and 2x  is 2jM , 
THEN Fu  is jG ,            (27) 

where ix , 2,1=i , are state variables, 1jM , 2jM , and 

jG , 25...,2,1=j , are the corresponding fuzzy sets, Fu  is 
the control action. Although the Mamdami fuzzy rules 
are in general for the design of fuzzy controllers, that is, 
the nonlinear system function ),( uxfx =& is not ex-
pressed in the Mamdami fuzzy rules, it implicitly indi-
cate that the nonlinear system function is the same for all 
the fuzzy regions. Thus, it might be reasonable to have 
the Mamdami fuzzy control system with rules as 
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Rj : IF 1x  is 1jM  and 2x  is 2jM ,  
THEN ),( uxfx =&  with Fuu =  being jG , 

where the nonlinear system function ),( uxfx =&  is the 
same for all the rules. With the nonlinear system being 
equivalently represented as a T-S modeled system in 
each fuzzy region described in the corresponding fuzzy 
rule, the Mamdani type fuzzy control system can be con-
sidered as a T-S fuzzy control system with 

Rj : IF x1 is Mj1 and x2 is Mj2,   
THEN if 1x  is 1iM  and 2x  is 2iM  

then uBxAx ii +=& , ri ,...,2,1=  with Fuu =  
being jG . 

Note that the T-S models in all the regions are the same 
and exactly equal to the original nonlinear system. If 
there exists a diagonal line (as indicated in Fig. 8) on the 
input space which is defined as  

0: 2211 =+ xcxcL , 
then the feedback gain F can be determined as  

][ 21 ccF = . 
It is known that parameters 1c  and 2c  can be adjusted 
to have an effective feedback gain. From the Fig. 8, it 
can be seen that the singleton value jk  (see Fig. 9) of 

jG  is 
)sgn(Fxk jj β−=  

for x in the corresponding fuzzy region. Thus, with the 
jk  proper designed to satisfy ( )Fxj min0 <≤ β , j=1,..5, 

the Mamdani type fuzzy control system can be globally 
stable according to Theorem 2.   
Corollary 1: Based on the Theorem 2, the pendulum-cart 
system with FPBC and FCBC would be globally as-
ymptotically stable if the singleton value jk  of jG , 
j=1,..5, is designed as 

)sgn(Fxk jj β−=  
where ( )Fxj min0 <≤ β  with x in the corresponding 
fuzzy region and if there exists a common symmetric 
and positive definite matrix P such that 

0<+ ii
T
ii PGPG ,              (17) 

0<+ ij
T
ij PGPG ,              (18) 

0<+ ii
T

ii PHPH ,             (19) 
0<+ ij

T
ij PHPH ,             (20) 

with iiii FBH = , 
2

ijji
ij

FBFB
H

+
= , 

then the control system is globally asymptotically stable.  
Proof: As in the explanation paragraphs above the Cor-
ollary 1. ♦ 
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Fig. 8. The Mamdani type fuzzy rule table. 
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Fig. 9 The output membership function. 

 
5. Simulation Results 

 
For the pendulum-cart system, it can be decoupled to 

be two subsystems, pendulum subsystem and cart sub-
system. The T-S model of cart subsystem can be illus-
trated as 

Rule 1: 
 IF 3x  is 1M , THEN 
  uBxAx cccc 11 +=&  

Rule 2: 
 IF 3x  is 2M , THEN 
  uBxAx cccc 22 +=& . 
The membership functions )( 31 xM  and )( 32 xM can be 
denoted as 

21

1
31 )(

cc

cc

ff
ffxM

−
−

= , 

21

2
32 )(

cc

cc

ff
ffxM

−
−

=  

where  
( ) ( )

2
2

4222
2
4

sin
sincossin

xlJ
xfxgxlxxTa

f pc
c ⋅⋅+

⋅−⋅⋅⋅+⋅−−
=

μ
μμ

311 xaf cc = , 
322 xaf cc =  
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with 1ca  and 2ca  are the coefficients which will 
appear in the system matrices 1cA and 2cA  of the 
T-S model for the cart subsystem. Likewise, for the 
pendulum subsystem, the T-S model can be illustrated as 

Rule 1: 
 IF 2x  is 1N , THEN 
  uBxAx pppp 11 +=&  

Rule 2: 
 IF 2x  is 2N , THEN 
  uBxAx pppp 22 +=&  
The membership functions of the pendulum subsystem, 

),( 421 xxN  and ),( 422 xxN  are  

21

1
421 ),(

pp

ppp

ff
ff

xxN
−
−

= , 

21

2
422 ),(

pp

ppp

ff
ff

xxN
−
−

=  

where 
( )

2
2

422
2
42

sin
sinsincos

xlJ
xfxgxxTTxl

f pdc
pp μ

μμ
+

⋅−+⋅⋅−−−
=  

211 xaf pp = , 

222 xaf pp = . 
The 1pa  and 2pa  are the parameters in the system 
matrices 1pA and 2pA  of the T-S model for the 
pendulum subsystem. The matrices of the T-S modeled 
cart and pendulum subsystems can be obtained as 

⎥
⎦

⎤
⎢
⎣

⎡
=

50
10

1cA       ⎥
⎦

⎤
⎢
⎣

⎡
=

87.0
0

1cB  

⎥
⎦

⎤
⎢
⎣

⎡
=

30
10

2cA       
⎥
⎦

⎤
⎢
⎣

⎡
=

87.0
0

2cB  

⎥
⎦

⎤
⎢
⎣

⎡
=

050
10

1pA       
⎥
⎦

⎤
⎢
⎣

⎡
=

65.3
0

1pB  

⎥
⎦

⎤
⎢
⎣

⎡
=

010
10

2pA       
⎥
⎦

⎤
⎢
⎣

⎡
=

56.3
0

2pB  

Using the MATLAB LMI toolbox and (17)-(20), the 
feedback gains and the associated positive definite ma-
trix for each subsystem can be found as follows 

[ ]1.46.158 −−=pF      [ ]95.1490.2=cF  

⎥
⎦

⎤
⎢
⎣

⎡
=

37.086.3
86.305.148

pP      ⎥
⎦

⎤
⎢
⎣

⎡
=

25.2447.6
47.669.2

cP  

Note that as the Mamdani type fuzzy controller de-
scribed in the Section 4, the feedback gains for the T-S 
pendulum subsystems are required to be the same. Like-
wise, the feedback gains for the T-S cart subsystems are 
also required to be the same. Based on Theorem 2, it can 
be shown that the T-S fuzzy modeled pendulum-cart 
system is asymptotically stable with the Mamdani type 
fuzzy controller. 

In order to make the system be robust to the distur-

bance, the RT-PSO is proposed to real-time adjust the 
parameters of the mentioned fuzzy controllers. The pa-
rameters of RT-PSO are given in Table 1. It is noted that 
the restrictions about the particle velocity and the al-
lowable variation of the initial random range are consid-
ered to prevent system instability. 
 

Table 1. The parameters of RT-PSO. 

Parameters Value 

Number of particles (n) 5 

Inertia weight (w) 0.8 

Coefficient ( 1c , 2c ) 2, 2 
Velocity limit ( maxV ) 0.2*(Tuned Parameters) 

Initially range of random search [-0.1, 0.1]*(Tuned Parameters)

 
The settings of pendulum-car system are listed in Ta-

ble 2. For simplicity, input and output membership func-
tions are assumed to be symmetric. In this paper, from 
Fig. 4, the proposed RT-PSO is utilized to adjust the pa-
rameters of the output membership functions, i.e. 1uS , 

2uS , 3uS in Fig.6(b) for the swing-up controller, 1uP , 
2uP  for the pendulum balance controller, and 1uC , 2uC  

for the cart position controller in Fig.7(b). According to 
the control goal of upswing and balance to have the 
guaranteed stability of the system, two fitness functions 
are respectively defined as follows 

|)))
2
1

)cos((|exp(1(

2
2

2

glmJx

eglmFitness

p

pupswing

−+

−−=−

      (28) 

|))|exp(1(|))|exp(1(                      
|))|exp(1(|))|exp(1(

31

42

ee
eeFitnessbalance

−+⋅−−+
−+⋅−−=

     (29) 

subject to the stability conditions in Corollary 1. 
It is noted that the tasks of swing-up and balance can 

be achieved with the minimization of designated fitness 
functions. By observation, minimizing the value of the 
fitness function (28) means that the system energy is in-
creased, i.e. the system energy can be accumulated. Also, 
if pendulum and cart are stabilized at the designated 
equilibrium positions, the fitness value of (29) is identi-
cally to zero. 
 

Table 2. System parameters of pendulum-cart system. 

Parameter Value Unit Parameter Value Unit

pf  21x10-66 sKgm /2  DZV  0.08 m/s

g 9.81 sm /2  pm  0.095 Kg

sF  3.2 N cm  1.12 Kg

cF  2.3 sKg /  l 0.01407 m 

cX  2.5 m/s J 0.003863 2Kgm

cY  2.5 N . 
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The initial states of the pendulum-cart system are set 
to be [ ]000 π=x  and the disturbance is added at 
10 sec. Fig. 10(a) indicates the responses of the pendu-
lum-cart system with hybrid fuzzy controllers without 
PSO. The responses of the pendulum-cart system using 
the RT-PSO optimized fuzzy controllers are shown in 
Fig. 10(b). It can be seen that, from Fig.10(a), before 10 
sec, the pendulum is swung up and balanced upright as 
desired and the cart is also at the required position. 
However, after the disturbance added at 10 sec, the hy-
brid fuzzy controllers without PSO can never be afford-
able for dynamic changes and fails to bring the pendu-
lum back to the balance zone due to extra accumulated 
energy. However, in Fig. 10(b), the hybrid fuzzy con-
trollers with RT-PSO performs well, and the desired 
goals, 01 =x  and 02 =x , are preserved subject to 
added disturbance. 

 

(a) 

 

(b) 

Fig. 10. Controlled responses of the pendulum-cart system. (a) 
conventional fuzzy control, (b) RT-PSO fuzzy control. 

 
Fig. 11(b) presents the RT-PSO tuning responses of 

the parameters Su1, Su2, and Su3 of the output membership 
functions in the FSC. It can be observed that the updat-

ing process is stopped while the system is in the balance 
zone. Similarly, the tuning responses of the parameters 
Pu1 and Pu2 of the output membership functions for the 
FPBC, are shown in Fig. 11(a). For the parameter tuning 
of the FCBC, the values of Cu1 and Cu2 are also indicated 
in Fig. 11(a), respectively. It can be seen that the pa-
rameter adjustment becomes significant for FPBC and 
FCBC while the disturbance is added. From simulation 
results, the satisfactory responses as expected are 
achieved to have the pendulum and cart stabilized at 
their equilibrium points, 01 =x , 02 =x . 

 
(a) 

 
(b) 

Fig. 11. Parameters tuning via RT-PSO. (a) parameters of 
FPBC and FCBC, (b) parameters of FSC. 

 
6. Conclusion 

 
This paper presents a hybrid fuzzy controller with a 

real-time PSO algorithm for a pendulum-cart system. 
The proposed RT-PSO has the desired capability to 
monitor the dynamical environments and re-start the 
random searching subject to the environmental varia-
tions. The feasibility of the RT-PSO algorithm is also 
evaluated by a dynamic test function. For the hybrid 
fuzzy control of a pendulum-cart system, the proposed 
RT-PSO is applied to optimize the parameter settings of 
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the output membership functions. LMI stability condi-
tions are derived to ensure the closed-loop stability of 
the fuzzy control system. Simulation results illustrate 
that the RT-PSO optimized fuzzy controller can provide 
better control performance subject to disturbance. 
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