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Fuzzy Decomposition Method by Mapping Analysis

Huan-Wen Tzeng

Abstract

The max-min composition of fuzzy relation equa-
tion takes the extreme value as the solution; such a
characteristic induces the solution of decomposition
to be a possible region. The solution region has just

one maximum and probably more than one minimum.

The maximum solution has the ‘possibility’ charac-
teristic, and the minimum has the ‘necessity’ trait.
For the needs of greater efficiency and more effec-
tiveness in regard to performance, this paper pro-
poses a new analytical method for the use of decom-
position. The algorithm of logical mapping analysis is
used for the new method. Mapping status, such as
Unique Mapping, Overlapped Mapping, Redundant
mapping, and Together Mapping, is introduced to
construct the algorithm of logical mapping analysis.
Then, by the principle of just one single freedom for
every maximum and minimum solution, the status of
overlapped and redundant mappings will be elimi-
nated and the together mapping status will be sepa-
rated as an individual presentation. This proposed
method not only discovers all of the real solutions,
but is also easily programmed for computer analysis.

Keywords: Decomposition, fuzzy relation equation,
mapping analysis, freedom of solution.

1. Introduction

In the case of fuzzy relation equation composition,
XoR=B ©)
where X, R,and B are fuzzy matrices, and “o” is
the max-min composition. When matrices X and R
are given and matrix B is to be determined, the prob-

lem is slight, the solution exists and it is unique [1].
In (1), when the matrix X is to be determined, the

problem of decomposition becomes significant. And the
solution of decomposition will be a region; the solution’s
region is shown as Figure 1 [1,2].
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The single and absolute character of maximum solu-
tion means it has the width-first possibility characteristic
[3]. The solution involves every possible element to
achieve the solution vector X .

The minimum solution may not be singular [1]. It also
means that the minimum solution has the depth-first ne-
cessity characteristic [3]. It only takes the necessary
element to consist solution X . Also, it needs to elimi-

nate every redundant element.

Maximum
olution

nimum
o solutions
Figure 1. The solution region of decomposition.

Fuzzy decomposition has been an interesting study
topic for many years. Table one shows the results of this
paper in comparison with some traditional methods used
for deriving the maximum and minimum solutions;
however, most of them (method A-E) have the same
characteristic of large computing quantity and complex-
ity in regard to programming for computer analysis
[1,2,4-6]. Two of them could not solve the correct solu-
tion in some examples. Since most traditional methods
are very complex to program, it is hard to attest to their
performance with all of the examples in this paper. So,
the mark “U” is used to represent the uncertainty of their
performance status.

Method F is proposed in this paper, with the intention
of finding a new algorithm for solving the fuzzy relation
equations with greater efficiency and more effectiveness.

Table 1. The Comparison with Traditional Methods.

Methodl A| B| C| D | E| F
Solving Effect [41 [ [11] 21| [51][6]
Solved the maximum Yes | Yes | Yes | Yes | Yes | Yes
Solved the minimum U | U | No|No|No|Yes
Less computing quantity No | No | No | No | Yes | Yes
Simplicity of programming No | No | No | No | Yes | Yes

© 2010 TFSA
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This paper explains the method of solution in the fol-
lowing sections. First of all, the key concept of a new
definition for decomposition is explained. Then the re-
gion of solution will explain the occasion of intersection
operation. In addition, mapping analysis will explain the
principle of decomposition. After that, the critical matrix
will explain how to regulate according to the status of
unique, overlapped, redundant, and together mappings,
as well as the whole procedure of decomposition. In ad-
dition, more examples are illustrated in the next section.
The last section includes the conclusion and some appli-
cation cases.

2. Solution Region of Decomposition

A. New Definition of Decomposition Solution

The key concept of this method is a new decomposi-
tion definition regulated according to the third rule of
Tsukamoto’s method [7].

For solving the vector X;; of fuzzy relation equa-

tion: X,; oI =by,, three rules of Tsukamoto’s method

are,
LIf ry >b,, then max(x;)=b,and min(X;)=Db,.

2.1f ry =b,, then max(x;)=1.0and min(x;)=Db,.
3.1If ry <b,, then the equation is unsolved.

This paper regulates the third rule as the new defini-
tion [8],
3.If ry <b,,then max(x;)=1.0and min(x;)=0.0.

This also signifies regulating the unsolved condition
into the uncertain region of the bounded zone between
1.0 and 0.0. After the third rule is regulated, the decom-
position procedures of fuzzy relation equation become
easy to program for computer analysis.

Some papers have defined the solution of unsolved
equation as an empty set (@) [1,2,5]; however, this will
induce the complexity of programming and increase the
quantity of computing.

B. Intersection for Decomposition Solution

As in the discussion on Figure 1, the decomposition
solution is a region bounded by one maximum and
probably more than one minimum [1]. The three rules of
the new solution method point out clearly that the edges
of solution region are determined by elements of B, 1.0,
and 0.0 [8].

Example A:

If XeR=B, X=[X;], R=[0.8 0.5 03 0.6]
and B=[0.6 0.5 0.3 0.6], then the possible maxi-
mum solution of X, is 0.6, 1.0, 1.0, or 1.0. The possi-
ble minimum solution of X,, is 0.6, 0.5, 0.3, or 0.6.
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The possible region of solution is shown as Figure 2 [9].

min(Xu]) () maX(an)
max(X,,%)

min(Xuj) Oue—()
max(X,,®)

min(X,;® (

max(X,,*)

min(Xn*‘) C

0.0 0.3 0.50.6 1.0

Figure 2. Solution Region of Example A.

Example A shows element X,, was determined by
the pairs of (R,,B,), (R,,B,). (R;,B;), and
(R,4,B,,) . So, the solution of X,, will be the intersec-
tion of these four individual solutions of X,, to X?.
The maximum solution of X,, will be the smallest of

all possible maximum solutions; the minimum solution
of X,, is the biggest of all minimum solutions [8-9]:

MaxX,, :min(max(Xlll) max(X;) max(X;) max(Xf‘l))
MinX,, = max(min(X,,) min(X.) min(X;,) min(X;}))
The maximum solution of example A is 0.6 and the
minimum solution of example A is 0.6. The above ex-
planation shows the procedure is slightly while the input
vector X just has a single element.

Example B:

If XeR=B, X=[X,], R=[0.7 02 03 0.5]
and B=[0.7 0.6 03 0.6], the possible region of
solution is shown in Figure 3.

min(X,,H!  max(X,,%)

min(X;, )

Figure 3. Solution Region of Example B.

The maximum solution of example B is 1.0 and the
minimum is 0.7. There are two elements (0.6 of column
2 & 4) of output vector B are couldn’t satisfied the
solution. This means that the input vector X wouldn’t
be just a single element as in example B.
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3. Mapping Analysis of Solution

When vector X has more than one element, the

analysis will be much more complex. In Section 3, this
paper explains the logical mapping analysis principle for
such a complicated situation. Logical mapping linkage
shows the operation procedure of the composition and
decomposition of the fuzzy relation equation. A compo-
sition of fuzzy relation equation list is shown below:

X ZI:XM Xi le} (2)
Ri Ry, - Ry
R= Ry Ry Ry 3)
le Rj2 Rjk
B Z[Bu B, Blk] “)
X oR=B 5)
B, =max[min(X,,R,),....min(X,;,R; )] (6)

Equation (6) shown that B,, is determined by all
elements of X,; and same column elements of R;, . It

also points out that the extreme value of X,; and Ry

will determine the solution B, .

A. Mapping Diagram of Composition

The purpose of the mapping diagram is to show every
related element that deals with the same solution [9]. A
mapping diagram will concentrate every related linkage
together. The mapping diagram of (6) is shown in Figure
4,

Xy s
B
Ry
P 5
B
Ra
B
X1z , 11
Bu
Ry
Xi4 4
Bu
R

Figure 4. Mapping diagram of composition.

B. Mapping Diagram of Decomposition

Like the mapping diagram of composition, the linkage
of every related element concerning decomposition will
be shown in a similar diagram [9]. The mapping dia-

grams of maximum and minimum decomposition of
X,, are shown in Figures 5 and 6.

Bll > X1
11
Ry Partial
maximum
B,, > X 2
11
R12 Partial
maximum X11
Bl3
> X3 Take the
11 smallest

R13 Partial

maximum
Bl4

4
Xll

Partial
maximum

Maximum
Decomposition

Figure 5. Mapping diagram of maximum decomposition.
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13 X3 Take the
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= 4
. x11
14 Partial
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Figure 6. Mapping diagram of minimum decomposition.

As discussed in Section 2, the decomposition solution
of X, will be the intersection of X/ oR, =B,
X121 °R, =B, X131 °R; =By, and X141 °R, =B,. The
maximum solution of X,; will be the smallest one of

the four above equations, and the minimum solution will
be the greatest one of them.

Figure 7 shows the whole mapping linkage from
composition to decomposition. As seen, only B affects

the decomposition solution of X . It also confirms that
the solution value of vector X will be just each ele-
ment’s value of B and the uncertainty value of 1.0 and

0.0. Such a situation was discussed in Section 1, where a
new decomposition solution definition was proposed.
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X
1 > B 1 B,
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Figure 7. Mapping diagram from composition to decomposi-
tion.

oo -

4. Regulate the Possible Critical Matrix m for
Deriving Minimum Solution

This section explains the advanced logical mapping
analysis of complex situations. Some mapping statuses,
such as unique, overlapped, together, and redundant are
explained here.

In order to gather every possible value of X together

for solution mapping analysis, this paper proposes two
critical matrixes: M and m. Critical matrix M consists of
every partial maximum value of X . Critical matrix m
[8]. Fig-
ures 8 and 9 show the intersection to M and m for solv-
ing the solutions.

consists of every partial minimum value of X

max(X 111 )
max(X;})
max(X}))

max(X;)

max(X 112 )
max(X 122 )
max(X},)

max(X}})

max(X.,)
max(Xé)
max(X}})
max(X})

]

minimum intersection

N

MaxX:[X“ Xy X X14]

max(X.,)
max(X;)
max(X},)

max(X})

Fig. 8. Take the smallest one as the maximum solution.

min(X 111 )
min(X 121 )
min(X;))

min(X 141 )

min(X 112 )
min(X 122 )
min(X},)

min(sz)

min(X 113 )
min(X 123 )
min(X ﬁz )
min(X é )

[]

maximum intersection

NV

MinX =[X,, X,

min(X 114)
min(X},)
min(X;,)

min(X;})

X13 Xl4]

Fig. 9. Take the biggest one as the minimum solution.

The maximum solution is making an intersection to
every column of critical matrix M. In this operation,
critical matrix M needs no regulation because of maxi-
mum solution’s width first and most possibility charac-
teristic [3].

Before takes the intersection operation to critical ma-
trix m. The critical matrix m should be regulated by
some procedure [8-10] because of its depth first and least
necessity characteristic. Before regulation, critical matrix
m is not credible, just a possible critical matrix.

A. Regulate the Bigger Elements in Possible Matrix
Sometimes in the mapping diagram, there are some

possible minimum values of m bigger than the maxi-

mum solution’s value of the same column (figure 10).

| | | ma}(X 1)
Xt b min0d,) G
1 [
Xy? rr{in(xllz)d) mEiX(le)
| 1

|
X,,3 miéxlf) I max(le))
|

| |
Xpq4 | I mdx(X,,%)

0.5 0.7 0.8

min(X ;%)

0.0 1.0

Figure 10. Region of possible minimum.

In Figure 10, the maximum solution of X,, is 0.7,

but the possible minimum of X/, is 0.8. It is a contra-
dictory status. So, the bigger possible minimum element
should be regulated first. This situation may happen
when vector X has more than one element.

This regulatory procedure is used to eliminate the
contradictory element of matrix m by setting the value as
0.0. It also means that the element lost the freedom (op-
portunity) to determine the final solution of X, . The

regulated region of possible minimum is shown in figure
11 (dotted line),
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Figure 11. Regulated region of possible minimum.

Below is a decomposition example of fuzzy relation.
Example C: XoR=B,given R and B

2.7 10
R=10 4 5 .1 (7)
23 40
B=[2 3 4 .] ®)
X=[X; X, Xg] )
1.0 1.0 1.0
03 03 1.0
M = (10)
1.0 04 1.0
1.0 1.0 1.0

In (10), the smallest one of every column is taken;
then the maximum solution is derived as:

MaxX =[0.3 0.3 1.0] (11)
02 0.0 0.2
03 03 03

m= (12)
0.0 04 0.4
0.0 0.1 0.0

According to the principle of regulate bigger possible
minimum, critical matrix m has an element at row 3 and
column 2, which is bigger than the column 2 value of
MaxX . So, the value 0.4 should be eliminated as 0.0, as
shown in (13),

0.2 0.0
03 03
m=

0.0 00 04]|B,

0.0 0.1 0.0|B,

Xll X12 x13

0278,
0.3 (B,

(13)

B. Find out the Redundant Mapping

This subsection explains the redundant possible ele-
ment of M. The mapping diagram of (13) is shown in
figure 12. In this figure, some elements’ value is 0.0; it
means they lost the opportunity to determine the final

solution [8-10]. In (13), when the value of lek is 0.0, it

is because of the uncertainty value 0.0 (when 1, <b,)

and lost freedom in the above procedure.

Figure 12. Mapping diagram of (13).

The mapping diagram can be shown as a compact dia-
gram. It is called a linkage diagram [8,9].

X, B, 0.2
X, B, 0.3
X, B, 0.4

B, 0.1

Figure 13. Compact linkage diagram of (13).

In Figures 12 and 13, two elements of B can be ex-
actly figured out; they are all just determined by a single
element of X . They are Xi < B}, and X, <>B}.

These statuses are called “Unique Mapping” status.
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Element B, is determined by X7, X and X}

11 »
together. In this paper, the above statuses are referred to
as “Together Mapping”. If together mappings are with-
out “Overlapped Mapping”, they are reasonable. And
they could be retained for determining the final solution.
In Figure 12, element X,, has more opportunity to

determine B, and B,,. In the same situation, element
X,, could determine B,, and B,. And element X,

could determine B,,, B, and B,. These multiple

mapping statuses are called “Overlapped Mapping”. Be-
cause a single element of X could not determine dif-

ference elements with difference values of B, some

“Redundant mapping” should be eliminated. The elimi-
nation will be executed according to the analysis of
unique mapping and overlapped mapping.

C. Redundant Elimination by Unique Mapping Analysis

Since the unique mapping will monopolize the oppor-
tunity to determine solution, every overlapped mapping
with unique mapping is redundant mapping. They should
all be eliminated. In the compact diagram of Figure 13,
there are two unique mappings. According to the princi-
ple of making the intersection operation to critical matrix
m, the biggest unique mapping takes the elimination ba-
sis above all others.

The first step of this elimination is to determine the
unique mapping status, then to figure out whether there
is more than one unique mapping status. If there is, then
we take the biggest one and proceed to the next step.

The next step is to find out whether any mapping
linkage is overlapped with this unique mapping. If so,
then we make the intersection to them. It means taking
the biggest value as the representation value of unique
mapping. Then the redundant overlapped mappings are
eliminated.

After that, one more procedure has to be done; finding
out whether any eliminated mapping was having the

linkage of together mapping status with another mapping.

If so, then we eliminate the residual linked together
mappings because the redundant linked together map-
pings lost their opportunity to determine the solution.

In (13), unique mappings are X; <> B, of value 0.4
and Xi <> B,, of value 0.1. We start from the bigger
mapping one X/, <> B,;, and make the intersection to
the of X} < B, ,
X[, <> B,,. After that, the mappings of X, <> B, and

mappings XL <>B, , and
X/, «>B,, are eliminated. Some residual linked to-
gether mappings such as X/, «<>B,,, X} «>B,, and

X}, <> B,, are eliminated either. The elimination dia-

gram is shown as Figure 14. After the repeated proce-
dure of elimination, the unique mapping status will no
longer remain.

11 =es oot L Bu 0.2
0.3

0.4

0.1

Figure 14. Eliminated linkage diagram (13).

D. Redundant Elimination by Overlapped Mapping
Analysis

The next procedure is the elimination of overlapped
mapping. The first step is to find any overlapped map-
ping pair in matrix m. If there is, then make the intersec-
tion to the biggest overlapped pairs first. Then the re-
dundant overlapped mapping is eliminated in the same
column. The element that has biggest value will remain
[8-10].

The next step is to find out whether any eliminated
mapping has linked together mapping with another map-
ping. If so, then we eliminate the redundant linked to-
gether mappings. Each eliminated mapping also means
that it has lost its opportunity to determine the solution.

Figure 15 is a critical matrix m of (14) with three
overlapped mapping statuses. The biggest overlapped
mapping pair is column one of m.

02 02 0.0 0.0
0.4 0.0 04 0.0
m= (14)
0.6 0.6 0.6 0.0
0.7 0.7 0.7 0.7
Xy B, 0.2
X12 BlZ 04
X3 B, 0.6
X4 B, 0.7

Figure 15. Compact linkage diagram of (14).

In (14), there are three overlapped mapping pairs. The
first overlapped mapping pairis X/, <> B,,, X <>B,,,

3 4 . i
X, < B,;, X, <> B,. The second pair is X,, <> B,,,
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X}, <> B, X/, <> B,.And the third pairis X}, <> B,,
X}, <> B, X<>B,. So, take the biggest pair and
make an intersection to these mappings of X|, <> B,
X} <> B,, X < B, X} < B,. Then the mappings
of X/,<>B,,, X/ «<>B,, X <> B, areecliminated.
After that, all redundant mappings will be eliminated

in the next procedure; the mappings of X/, <> B,
Xl32 < Bl3 4 x142 < Bl4 4 X123 < BIZ 4 X133 < Bl3 >
X% «>B,, and X}, <>B,, are eliminated. The elimi-

nation diagram is shown in Figure 16.

X\ B, 0.2
X,* B, 0.4
X,y B, 0.6
X, B, 0.7

Figure 16. Eliminated linkage diagram of (14).

After the repeated procedure of elimination, the over-
lapped mapping status will no longer exist. The only
probable residual status is together mapping.

As the possible critical matrix m was regulated by the
above procedure, elements of m are no longer possible
minimum value. They are all credible elements of m to
determine the final minimum solution of X . So, matrix

m is a credible critical matrix from now on.

E. Separate All Residual Together Mapping

The first step is to find all of the residual linked to-
gether mapping pairs in m. The second step is to sepa-
rate them into single elements represented at the final
solution at the same time [8-10]. So, if there are two
pairs of linked together mapping, one has three elements
and the other has two elements. Then the number of final
solutions will be six (2x3=06). In (15), it has one re-
sidual linked together mapping pair. They are elements
of row 5, having the same value of 0.35. Three linkages
of X, <> B, X< B,, and X, <> B, are the re-
sidual linked together mappings. The linkage diagram is
shown as Figure 17. Figure 18 is the separated diagram
of (15).

(0.0 00 00 0.0 0.0]
00 0.0 00 054 0.0
m=/05 00 00 00 00 (15)
0.0 00 00 0.0 0.0
00 035 035 00 035
X B, 0.0
X, B,, 0.54
X3 B, 0.5
Xia B,, 0.0
X5 B, 0.35

Figure 17. Together mapping linkage diagram of (15).

By B X B,

By, By X2 . B,

By, B Xis . . B

B

14 B X

14 14 By,

\ B X

15 15

B

15 15

Figure 18. Separated residual together mappings of (15).
5. Solving Procedure of Relation Equation

A. Solving the Maximum Solution

In the paper, there are two steps for solving the maxi-
mum solution, and six steps for the minimum solution.
The critical matrix M and m are the key components for
the decomposition operation. Below are the two proce-
dures for solving the maximum solution.

I.  Generate the Critical Matrix M
Example D [1]: Fuzzy relation of X cR=B, given
the matrix R and vector B as below,

0.1 04 05 0.1

0.9 0.7 02 0.0
R= (16)
~ 108 1.0 0.5 0.0

0.1 03 0.6 0.0
B=[08 0.7 0.5 0.0] (17)
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1.0
1.0
1.0
0.0

0.8
1.0
1.0
1.0

1.0
0.7
1.0
1.0

1.0
1.0
0.5
1.0

M = (18)

Il. Make Intersection to Critical Matrix M
Max(X,,) = min(max(X ,),...,max(X {,)) (19)
According (18), Max(X,,)=0.0, Max(X,)=0.8,
Max(X,;)=0.7, and Max(X,,)=0.5. The maximum
decomposition solution of example D is,
Max(X) = [0.0 0.8 0.7 0.5] (20)
B. Solving the Minimum Solution
I.  Generate the Possible Critical Matrix m
According to the new definition of the decomposition
method in Section 1, a critical matrix m is generated as
(21). Before facing further regulation, elements’ values
of matrix m are still at the situation of possible.
0.0 0.8 0.8 0.0

0.0 07 0.7 0.0
m= 21)
05 0.0 05 0.5

0.0 0.0 0.0 0.0

1. Regulate the Bigger Value in Possible Matrix m
Some elements of m are regulated by the value of 0.0;
it means that when the element’s value of m is bigger
than the same column element’s value of Max(X), its
value is set as 0.0. Matrix (22) is the regulated m of (21),
0.0 0.8 0.0 0.0

o 00 0.7 0.7 0.0
B 00 05 05

0.0
0.0 00 0.0 0.0

(22)

I11. Redundant Elimination by Unique Mapping Analysis
o Determine the unique mapping status: In the
matrix of (22), there is only one unique mapping,
so the next step is not needed; then go to the

third step of this procedure.

o Determine biggest unique mapping status: If
there is more than one unique mapping status in
matrix M, then we find the biggest and treat it
first.

o Eliminate the redundant overlapped mapping
in the same column: The elimination takes the
biggest value as the new value of unique map-
ping. Then set all the other elements as the value
0.0. In matrix (22), the redundant overlapped
mapping element is 0.7 (row 2, column 2). The

regulated matrix is shown as (23).
00 08 0.0 0.0

o 00 0.0 0.7 0.0
B 0.0 05 0.5

0.0
0.0 0.0 0.0 0.0

« Eliminate the redundant linked together map-
ping in the related row: The elimination sets all
of the other elements as the value 0.0; that was
the linked together mapping relation with the
eliminated value in the above procedure. In ma-
trix (23), the redundant linked together mapping
element 0.7 (row 2, column 3) needs to be
eliminated. The regulated matrix is shown as
(24).

(23)

0.0

0.0
m=

0.0

0.0

0.8
0.0
0.0
0.0

0.0
0.0
0.5
0.0

0.0
0.0
0.5
0.0

(24)

IV. Redundant Elimination by Overlapped Mapping
Analysis

o Determine the Overlapped Mapping Status: In

another matrix case of (25), there are four over-

lapped mapping pairs.
04 00 04 04 04
09 00 09 0.0 09
m= (25)
03 03 03 03 03
0.5 00 05 05 05

o Determine the biggest Overlapped Mapping
Pairs: In the matrix of (25), the biggest over-
lapped mapping pairs are columns 1, 3 and 5.

« Eliminate the redundant overlapped mapping
in the same column: The elimination makes the
intersection operation to every biggest over-
lapped mapping pair. Then the biggest value will
remain in the column. The other elements will be
eliminated. The eliminated matrix of (25) is

shown in (26).
0.0 0.0 00 04 0.0
09 0.0 09 0.0 09
m= (26)
0.0 03 00 03 0.0
0.0 0.0 00 0.5 0.0

« Eliminate the redundant together mapping in
the related row: The elimination sets all of the
other elements as the value 0.0; that was the
linked together mapping relation with eliminated
value in the above procedure. In matrix (26), the
redundant linked together mapping elements are
in row one, three, and four. The regulated matrix
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is shown as (27).

0.0 0.0 0.0 0.0 0.0
09 0.0 09 00 0.9

m= 27)
0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 00 0.0

V. Separate All Residual Together Mapping

o Determine the residual together mapping pairs:

In the original case of (24), critical matrix m has
a residual linked together mapping pair in row 3.
So, it needs to proceed to the next step; other-
wise jump to the last step.

o Separate the linked together mapping pairs:
This step is to separate every linked together
mapping pair into single elements represented in
the final solution at one time. Critical matrix m
of (24) will be separated as (28). The element
number of this linked together mapping pair is
two. Then the number of matrix m will be two.

00 08 0.0 0.0 0.0 08 0.0 0.0

M 0.0 0.0 0.0 0.0 or 0.0 0.0 0.0 0.0 (28)
0.0 0.0 05 0.0 0.0 0.0 0.0 05
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

V1. Make an Intersection to Every Critical Matrix m

After the above steps have regulated the critical matrix.

Then the final solution of decomposition could be fig-
ured out by the intersection to every column of critical
matrix m. The matrixes of (28) will figure out two
minimum solutions, as (29) and (30).

MinX, =[0.0 0.8 0.5 0.0]
MinX, =[0.0 0.8 0.0 0.5]

(29)
(30)

VII. Flow Chart of Solving Minimum Solution

Finally, the flow chart of the whole procedure of the
decomposition for minimum solution can be illustrated
as in Figure 19.

As in Figure 19, these steps all consist of logical map-
ping analyzing techniques. So, the computing quantity is
low, and the algorithm is simple to program for computer
usage.

6. lllustrative Examples

Here are some addition examples to illustrate the new
method.

No
Overlapped
Mapping Stati

Yes

START

Generate Critical Find the biggest
Matrix m Pair

VY |

Regulate the Redundant Elimination
Bigger Element - Overlapped Mapy’a{

No
tnique Mappiny Redundant Elimination
Status

Together Mappin
Yes

Find the biggest Residua
one <TJogether Mappn

Redundant Elimination Separate the
- Overlapped Mapplﬂ( together mappm

Vi U

Redundant Elimination
- Together Mappin

]

Makes Intersection
to Matrix m

|

Figure 19. Flow chart for solving minimum solution.

¢ Example I [5]: Fuzzy relation X o
0.2 0.7 0.1
R=[0.0 04 05 0.1
0.2 03 04 0.0

B=[02 05 03 0.1]
1.0 1.0 1.0]
05 1.0 1.0

M =
1.0 0.3 03
1.0 1.0]

1.0
MaxX =[0.5 0.3 0.3]
02 0.0 0.2]
0.5 0.0 0.0

m=
03 03
0.1 0.0

0.0
0.0
No element of (35) is bigger than (34), and there are
two unique mappings in (35). After elimination by
unique mapping analysis,
0.0

0.5
m=

=B, given

€2))

(32)

(33)

(34)

(35)

0.0
0.0
0.0 03 0.0
0.0 0.0 0.0

There was no element of linked together mapping in
(36); make an intersection to it, and the minimum solu-

0.0

0.0
(36)
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tion came out as (37).

MinX =[0.5 0.3 0.0]
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(37

¢ Example Il [11]: Fuzzy relation X cR=B, given

[0.6 0.6 0.6]
R=|0.6 0.6 0.6 (38)
106 0.6 0.6
B=[0.5 0.5 0.5] (39)
[0.5 0.5 0.5]
M=[05 05 0.5 (40)
105 05 0.5]
MaxX =[0.5 0.5 0.5] (41)
(0.5 0.5 0.5
m=0.5 0.5 0.5 (42)
105 05 0.5

There was no element of (42) bigger than (41), but m

0.30
0.30
0.00
0.00

0.00
0.30
0.30
0.00

0.00
0.30
0.30
0.10

0.00
0.00
0.30
0.10

0.30
0.30
0.00
0.00

(49)

There were three elements of (49) bigger than (48).
Then (49) is regulated as (50),

0.30
0.30

0.00
0.00

0.00
0.30
0.30
0.00

0.00
0.0
0.0

0.10

0.00
0.00
0.00
0.10

0.30
0.30
0.00
0.00

(50)

There was one unique mapping in (50). After, the
bigger one was taken and eliminated by unique mapping

analysis,
0.30
0.00
0.00
0.00

0.00
0.00
0.30
0.00

has three overlapped mapping pairs. Also (42) has three
biggest overlapped mapping pairs. So, take these biggest
pairs to make intersections, as shown in (43). After the
intersection operation there was no need for elimination
due to the redundant status.

0.5 05 0.5

m=(0.0 0.0 0.0
0.0 0.0 0.0

There was one linked together mapping pair in (43);
then they were separated and intersections to them were
made. The minimum solution came out as (44).

MinX, =[0.5 0.0 0.0]
MinX, =[0.0 0.5 0.0]
MinX; =[0.0 0.0 0.5]

(43)

(44)

¢ Example I11: Fuzzy relation X cR=B, given

0.00
0.00
0.00
0.10

0.00
0.00
0.00
0.10

0.30
0.00
0.00
0.00

(1)

There were two linked together mapping pairs in (51);
they were then separated and intersections to them were
made. The minimum solution came out as (52).

0.3
0.3
0.3
0.3

MinX, =[0.3
MinX, =[0.0
MinX; =[0.3
MinX, =[0.0

0.1 0.0
0.1 0.0
0.0 0.1
0.0 0.1

0.0]
0.3]
0.0]
0.3]

(52)

¢ Example 1V [4]: Fuzzy relation X cR=B, given

[0.35
0.17
0.00

0.39
0.35
0.30

0.22
0.39
0.43

0.04
0.09
0.26

(45)

0

0.09

B =

1043

0.3

0.22
0.35

1.0

0.30
0.22

0.30 0.30 0.30 0.10]
1.0

1.0

0.39

0.00

0.3]

(46)

03 03
1.0 03
1.0 1.0

MaxX =[0.30 0.30

1.0 1.0 03
03 1.0 1.0

0.1 0.1 1.0]
0.10 0.10 0.30]

(47)

(48)

(05 02 08 0.1]
08 02 0.8 0.1
09 0.1 04 0.1
R= (53)
=~ 103 095 0.1 0.1
0.85 0.1 0.1 0.1
|04 08 0.1 0.0]
B=[0.85 0.6 0.5 0.1] (54)
1.0 1.0 0.85 1.0 1.0 1.0]
1.0 1.0 1.0 06 1.0 0.6
M = (55)
05 05 1.0 1.0 1.0 1.0
10 1.0 1.0 1.0 1.0 1.0
MaxX =[0.5 0.5 0.85 0.6 1.0 0.6] (56)
0.0 0.0 085 0.0 0.85 0.0]
00 00 0.0 06 0.0 06
= (57)
05 05 00 00 0.0 0.0
0.1 0.1 01 01 0.1 0.0]

There were no elements of (57) bigger than those in
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(56), and no unique mapping pair, but there were four Matrix m has no unique mapping status, but m has
overlapped mapping pairs. So, we took the biggest pairs four overlapped mapping pairs. Also (65) has three big-
of column 3 and 5, and made intersections to these pairs. gest overlapped mapping pairs, so we took these biggest
After that, the redundant elements were eliminated. The pairs to make the intersection operation, and eliminated

eliminated matrix is shown as (58),

the redundant elements. The eliminated matrix is shown

0.0 0.0 0.85 0.0 0.85 0.0 as (66),
ne|00 00 00 06 00 06 o 0.0 00 00 00 00
0.5 0.5 00 00 00 0.0 _[09 0.0 09 00 095 (66)
0.0 00 00 00 00 0.0 0.0 00 0.0 00 0.0
There were three linked together mapping pairs in; (58) 00 0.0 0.0 00 00
they were then separated and intersections made to them. There was one linked together mapping pair in (66);

The minimum solution came out as (59).

Minxlz[o.s 0.0 085 0.6 0.0 o.()] minimum solution came out as (68).

MinX, =[0.0 0.5 0.85 0.6 0.0 0.0]
MinX,=[0.5 0.0 0.85 0.0 0.0 0.6]
MinX, =[0.0 0.5 0.85 0.0 0.0 0.6]

: (59)
MinX, =[0.5 0.0 0.0 0.0 085 0.6]
MinX, =[0.0 0.5 0.0 0.0 0.85 0.6] 10 09
MinX, =[0.5 0.0 0.0 0.6 0.85 0.0] 04 0.7
MinX,=[0.0 0.5 0.0 0.6 0.85 0.0] |06 08
. . 105 04
¢ Example V: Fuzzy relation X eR =B, given 09 08
(0.4 0.9 03 0.5] B
0.8 09
04 0.5 05 0.5 5_100 08
R=[04 09 03 0.5 (60) B=[0. e
04 04 03 05 0.9
04 09 03 05 08
B=[04 09 03 0.5] (61) 07
_ M=|0.5
1.0 1.0 1.0 1.0 1.0 L0
1.0 1.0 1.0 1.0 1.0 '
M = (62) 1.0
1.0 03 1.0 1.0 1.0 Lo

1.0 1.0 1.0 1.0 1.0

MaxX =[1.0 0.3 1.0 1.0 1.0] (63) 0.9
04 04 04 04 04 ’
09 0.0 09 00 09 08

m= 64 )
03 03 03 03 03 (64) 07

m={ 0.
105 05 05 05 0.5] 8451

There were two elements of (64) bigger than those in '
(63). Then (64) was regulated as (65), 0.3
[04 00 04 04 04] 0.0

09 0.0 09 0.0 09

0.8
0.7
0.7
0.7
0.6
0.6

0.7 0.5

1.0
1.0
1.0
1.0
1.0
1.0
1.0

0.0
0.0
0.7
0.0
0.4
0.0
0.2

0.6
0.4
0.5
0.4
0.3
0.5

1.0
1.0
1.0
1.0
1.0
1.0
1.0

MaxX =[0.5 1.0 1.0

0.0
0.8
0.7
0.5
0.0
0.3
0.2

0.4
0.4
0.3
0.3
0.1
0.1

they were separated and intersections made to them. The

MinX, =[0.9 0.0 0.0 0.0 0.0]
MinX, =[0.0 0.0 0.9 0.0 0.0] (67)
MinX, =[0.0 0.0 0.0 0.0 0.9]

¢ Example VI [6]: Fuzzy relation X oR =B, given

03 0.1
02 0.2
03 02
02 0.1
0.3 02
03 0.1

(68)

0.4 03 02] (69

1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
0.0
0.0
0.7
0.0
0.0
0.0
0.0

105 00 05 05 05

1.0 1.0]
1.0 08
1.0 1.0
1.0 1.0 (70)
1.0 1.0
1.0 1.0
1.0 1.0
1.0 0.8] (71)
0.9 0.0]
0.8 0.8
0.0 0.0
0.0 0.5 (72)
0.0 0.0
03 03
0.2 0.0

There were three elements of (72) bigger than those in



[0.0
0.0
0.0
0.5
0.4
0.3

0.0

0.0
0.0
0.7
0.0
0.4
0.0
0.2

0.0
0.8
0.7
0.5
0.0
0.3
0.2

0.0
0.0
0.7
0.0
0.0
0.0
0.0

0.9
0.8
0.0
0.0
0.0
0.3
0.2

0.0]
0.8
0.0
0.5
0.0
0.3

0.0
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(73)

There was one unique mapping in (73). After taking
the bigger one and eliminated by unique mapping analy-
sis, (74) is shown as,

[0.0
0.0
0.0
0.5
0.4
0.0

0.0

0.0
0.0
0.7
0.0
0.4
0.0
0.0

0.0
0.0
0.7
0.5
0.0
0.0
0.0

0.0
0.0
0.7
0.0
0.0
0.0
0.0

0.9
0.0
0.0
0.0
0.0
0.0
0.0

0.0]
0.0
0.0
0.5
0.0
0.0
0.0

(74)

1.0
1.0
1.0
1.0

1.0

1.0
1.0
1.0
1.0
1.0

1.0
1.0
1.0
1.0
1.0

1.0
0.9
1.0
1.0
1.0

1.0]
1.0
1.0
1.0
1.0

MaxX =[1.0 1.0 1.0 0.9 1.0]

[0.5
0.0
1.0
0.8

10.7

0.5
0.9
1.0
0.8
0.0

0.0
0.9
1.0
0.0
0.7

0.5
0.9
0.0
0.0
0.0

0.0]
0.0
1.0
0.8
0.7]

(79)

(80)

(81)

There were no elements of (81) bigger than those in
(80), and no unique mapping status, but there were five
overlapped mapping pairs. So, the biggest pair in column
2 is taken to make intersections and eliminated the re-
dundant elements of (81). The eliminated matrix is
shown as (82),

There are three pairs of overlapped mapping in (74).
After taking the biggest one and eliminating them by
overlapped mapping analysis,

0.0
0.0
0.0
0.0
0.4
0.0

0.0

0.0
0.0
0.0
0.0
0.4
0.0
0.0

0.0
0.0
0.7
0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.9
0.0
0.0
0.0
0.0
0.0
0.0

0.0]
0.0
0.0
0.5
0.0
0.0
0.0

(75)

[0.0
0.0
0.0
0.0

0.7

0.0
0.0
1.0
0.0
0.0

0.0
0.0
0.0
0.0
0.7

0.0
0.0
0.0
0.0
0.0

0.0]
0.0
0.0
0.0
0.7]

(82)

There was one linked together mapping pair in (75),
then separated them and made intersections to them. The
minimum solution came out as (76).

MinX, =[0.4 0.0 0.7 0.0 0.9 0.0]

. (76)
MinX, =[0.0 04 0.7 0.0 0.9 0.0]

¢ Example VII: Fuzzy relation X cR=B, given

There was one linked together mapping pair in (82);
then they were separated and intersections made to them.
The minimum solution came out as (83).

MinX =[0.7 1.0 0.0 0.0
MinX =[0.0 1.0 0.7 0.0
MinX =[0.0 1.0 0.0 0.0

0.0]
0.0]
0.7]

(83)

¢ Example VIII: Fuzzy relation X cR =B, given
[0.5 04 1.0 03 0.3]

0.2
0.7
1.0

(>v)
Il

0.3
0.6
0.6

0.3
0.3
0.1

1.0
0.0
0.2

0.6
0.5
0.1

(84)

02 0.1
B=[0.9 054 0.5
1.0 1.0 1.0

09 08 0.7]
0.4 0.35]

09 1.0 ]

(85)

1.0

1.0 0.54

0.54

1.0

(05 08 1.0 08 0.7]
05 09 1.0 08 02
R=| 04 09 10 06 07 (77)
0.5 095 0.7 03 0.6
045 06 10 08 0.7
B=[0.5 09 1.0 08 0.7] (78)

05 1.0 1.0
1.0 04 1.0 10 04

1.0 035 035 1.0 0.35]
MaxX =[0.5 0.35 0.35 0.54 0.35]

1.0 05 (86)

(87)
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(00 00 00 09 0.0]
00 00 054 054 0.0
m=/05 00 00 00 05 (88)
00 04 00 00 04
100 035 035 0.0 0.35]

There were four elements of (88) bigger than those in
(87). The eliminated matrix is shown as (89),

(00 00 00 0.0 0.0]
00 0.0 00 054 00
m=/05 00 00 00 0.0 (39)
00 00 00 00 00
100 035 035 0.0 0.35]

Although in (89) there are two unique mappings, they
need no redundant elimination. There was one linked
together mapping pair in (89); then they were separated
into individual representations. The minimum solution
came out as (90).

MinX, =[0.5 035 0.0 0.54 0.0]
MinX, =[0.5 0.0 035 0.54 0.0]
MinX, =[0.5 0.0 0.0 0.54 0.35]

(90)

¢ Example IX [2]: Fuzzy relation X cR=B, given

3391 3682 .6702 .8195]
4757 3823 9954 .6934
R=|.4403 .6001 .6981 .3742 1)
5857 4295 4027 .0096
| 4329 1488 .8493 .7798 |
B=[.5456 .5244 8987 .7544]| (92)
(1.0 1.0 1.0 5456 1.0 |
M = 1.0 1.0 5244 10 1.0 93)
1.0 8987 1.0 10 1.0
7544 1.0 1.0 1.0 7544
MaxX =[.7544 8987 .5244 .5456 .7544] (94)
[0 0 0 5456 0
o 0 0 5244 0 0 95
0 8987 0 0 0
|.7544 0 0 0 .7544]

0

[0.5
0.5
0.0
10.0

0.7
0.6
0.4
0.2
0.5
1.0
0.5
1.0
1.0
0.5
0.0
0.5
0.4
0.0

0.0
0.4
0.5
0.0
0.4
1.0
1.0
0.4
0.0
0.0
0.0
0.0
0.4
0.0

0.0]
0.0
0.6
0.8 |
0.0]
1.0]
1.0

1.0

0.0 |
0.0]
0.0]
0.0

0.0

0.0 |
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97

(98)

(99)

(100)

(101)

There was one element of (101) bigger than (100)

those in (100). The eliminated matrix is s

[0.5
0.5
0.0
10.0

0.0
0.5
0.4
0.0

0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0

hown as (102),

(102)

There was one unique mapping status in (102). After

elimination by unique mapping analysis,
0.0]

[0.5
0.0
0.0
10.0

0.0
0.0
0.4
0.0

0.0
0.0
0.0
0.0

0.0
0.0

0.0

(103)

There was no linked together mapping pair in (103)
and the intersection was made; the minimum solution
comes out as (104).

MinX:[O.S 04 0.0 0.0] (104)

The above examples are including many cases of de-
composition that proposed in the other papers. They
could summarize in a compact table as below.

Table 2. The Summarization of Illustrate Examples.

There was no element of (95) bigger than those in (94),
no unique mapping status, and no overlapped mapping
pairs. But (95) has one linked together mapping pair;
they were then separated them and intersections made to
them. The minimum solution came out as (96).

MinX, =[.7544 8987 .5244 .5456 0]

. (96)
MinX, =[0 .8987 .5244 .5456 .7544]

¢ Example X [12]: Fuzzy relation X cR=B, given

umber Overlap. Mapping
\ Bigger | Unique |Mapping| Biggest | Together|Minimum
Example| Element |Mapping| Pair Pair |Mapping| Solution
1 - 2 - - - 1
2 - - 3 3 3x1 3
3 3 1 - 2x2 4
4 - - 4 2 2Xx2%2 8
5 2 - 4 3 3x1 3
6 3 1 3 1 2x1 2
7 2 - 5 1 3x1 3
8 4 2 - 3x1 3
9 - - 2x1 2
10 1 2 - 1
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7. Conclusions

By the algorithm of logical mapping analysis, the new
method proposed by this paper will find the solution of
fuzzy relation equations, not only the unique maximum
solution but also the real, and every minimum solution.
The performance of the new method, compared to the
series examples in papers employing traditional methods,
has been clearly confirmed.

The major operation of the new method is intersecting,
so it will just need small computing quantity, and is easy
to program for web analysis, even for mobile phone
analyzing usage. Besides, as in the example of fuzzy re-
lation equation, the new method could be used for solv-
ing the input vector, as well as the relation matrix.

Because of the necessity character of minimum solu-
tion, this method could be used for solving the approxi-
mated optimization of nonlinear problems. Such situa-
tion happens frequently in social science field studies.

Appendix

A. Application for Web-page Analysis

This study accomplished a web page for decomposi-
tion analysis at the Electric Laboratory of National Tai-
wan Normal University. The web page provides some
enhanced functions such as the setting of row, column,
item names, picture upload for analysis, Delphi interac-
tion analysis, etc. Besides, this study invited 31 skill
profession teachers of industrial vocational high schools
to assess the weighting analysis on website. The de-
composition web page is shown in Figure 20 [13].

e —

SED WHED BT EEREL TRD RS

Qr¥- Q- [ E ¢ POue ranex & 3-5 @ - A
FAED) | ) g 8140 120,79 64/ frmmmpttemmy il e PR e Teofromy hmd - ﬂl;i
SRR,
BREIEEE
[atinint e
i i 4w AT (23
el
g
&3
fEn
R
[ W
S
P Hia Bk e
WA Lot
AR Lomnl 2
RLRR =) L AR
SRR BRI R LR e
ST Fiquemappng IR - il
e vestappedifi T il2AE
£ iR

B P IR - W

B R

Figure 20. Web page for fuzzy decomposition.

B. Application for Cell Phone Analysis
This study also accomplished a program (mobile 6)
for cell phone analysis usage. It attested to the fact that
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the proposed method has the desired performance abili-
ties: small computing quantity and simple to program for
computer usage. Here is an example of fuzzy decompo-
sition using mobile phone, as shown in Figure 21.

C. Application for Skill Assessment Factor Analysis

An expert teacher in regard to the assessment of a new
skill, can always determine a suitable total score without
consideration of every sub-item. Besides, while per-
forming the skill assessment in school, there was always
the formal weighting arrangement of every sub-item. Is
the arrangement suitable? The new method proposed in
this paper could be used as the technique for analyzing
the arrangement of weighting [10].

Fuzzy Decomposition |+

Figure 21. Fuzzy decomposition using mobile phone.

This method could probe the weighting arrangement
of expert’s cognizance. And the method could also be
used for self-analysis by inexperienced teachers, or even
to evaluate whether a teacher is an expert or a beginner.

D. Application for Credit Evaluation Factor Analysis

In social science research, nonlinear relation equation
is an ongoing requirement. For example, the method of
Analytic Hierarchy Process (AHP) is always used for
determining the management factors, such as the 3F of
financial factor, economic factor, and management factor.
While examining the weighting of each factor, nonlinear
equations are frequently employed. The new method
could used to determine the possible region of every
evaluation factor.

E. Programming Sample
The following lists some programming samples of the
major computing procedure using MTHLAB language.
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R=[0.1 04 0.5 0.1
09 0.7 02 0.0
08 1.0 05 0.0
0.1 03 06 0.0 1;
B=[0.8 0.7 0.5 00 ;
R=R'; B=B'; c=size(R);
% create critical matrix M & m
for j=1: c(2);
for i=1: c(1);
IfR()>B(0);  M(ij)=B(i); m(ij)-B(i); end;
if R(i,j))==B(i); M(i,j)=1; m(i,j)=B(i); end;
ifR(1,j)<B(i); M(i,j)=1; m(i,j)=0; end;

end;
MaxV(j)=min(M(:,j)); %  Maxv solved
end;
% make matrix FD & only for assist solving unique status
for j=1: c(2);
for i=1: c(1);

if m(i,j)>MaxV(j); m(i,j)=0; end;
if m(1,j)>0; FD(i,j)=1; else FD(i,j)=0; end;
end;
end;
for i=1: c(1);
for j=1: c(2);
if FD(i,j)==1 & sum(FD(i,:)==1; only(j)=m(i,); end;
end;
end;
% detect & regulate critical matrix m by “Unique Status”
MinV=MaxV-MaxV;,
for p=1: c(2);
for i=1: c(1);
for j=1: c(2);
if m(i,j)==max(only) & FD(i,j)==1 &
sum(FD(i,: ))==1;
MinV(j)=max(m(:,j));
for a=1: c(1);
if a~=i & m(a,j)>0
for d=1 : ¢(2); m(a,d)=0; FD(a,d)=0; end;
end;
end;
FD(i,j)=0;
only(j)=0;
end;
end;
end;
end;
% Designed by Huan-Wen Tzeng %
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