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Abstract1 

In this paper, a novel fuzzy ant colony system 
(FACS) with a fuzzy mechanism and a fuzzy prob-
able mechanism is presented for parameter determi-
nations. Based on the fuzzy rules, the transition be-
havior of ants is simulated. The fuzzy probable 
mechanism is introduced with fuzzy probable rules to 
implement the diverse searching. The fuzzy probable 
rules are proposed to have the fuzziness in the ante-
cedent parts and the probability in the consequent 
parts. To indicate the effectiveness, the fuzzy ant 
colony system is applied to find the proper parame-
ters of the fuzzy sliding controllers for swinging and 
balancing the inverted pendulum and cart system. 
Also, the comparisons between the proposed fuzzy 
ant colony system and other ant colony optimization 
algorithms are provided in the simulations. 

Keywords: Ant Colony System, Optimization Problems, 
Fuzzy Control, Sliding Mode Control, Inverted Pendu-
lum and Cart System. 
 

1. Introduction 
 

In recent years, many different global optimization 
methods based on natural laws and behaviors, such as 
ant colony optimization algorithms, particle swarm op-
timization algorithms, genetic algorithms and neural 
network algorithms [1-5], have attracted lets of atten-
tions and have been applied to find the best solutions in 
various complex scientific and engineering systems. 

The ant colony optimization algorithm is a 
meta-heuristic optimization approach inspired by the 
foraging behavior of real ants. Based on the laying and 
detection of pheromone concentration, an indirect com-
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munication called stigmergy [6] is carried out by ants to 
find the shortest path from the nest to a food source. The 
ant system (AS) is proposed by Dorigo to find the opti-
mal solution of the Traveling Salesman Problem [7]. It is 
found in the applications of the AS algorithm that the AS 
algorithm is easy to cause the searching trapped in a lo-
cal solution [8]. To alleviate the difficulty in the AS al-
gorithm, the ant colony system (ACS) is presented in [8]. 
Also, the Max-Min Ant System (MMAS) is introduced 
in [9] to improve the performance of the AS algorithm. 

Since the fuzzy logic techniques [10-12],[21] consist 
of linguistic rules based on simple concepts and experi-
ences, fuzzy logic techniques might be a good alternative 
to describe and simulate the foraging behavior of ants 
[13]. The fuzzy ant is proposed by Rozin and Margliot to 
obtain the probability of choosing either left or right 
branch with a simple fuzzy mechanism [13]. With the 
probability acquired using the simple fuzzy mechanism, 
the stochastic and the averaged models for the ant colony 
are indicated to result in a more analytical and feasible 
description of the ant behavior [13]. The fuzzy ant-based 
clustering algorithm is designed in [14] to improve the 
data partition with the fuzzy C-means algorithm. 

In general, the parameter determination of fuzzy con-
trollers is not trivial and the trial and error techniques are 
quite time consuming. The ant colony optimization algo-
rithm has been well utilized to search the best control 
action from the candidate actions for each rule in the 
fuzzy-Q learning controller [15] and the fuzzy controller 
[16]. Also, the rule base of the fuzzy controller is re-
duced and optimized with the ant colony optimization 
algorithm in [17]. 

According to the above discussion, a novel fuzzy ant 
colony system (FACS) algorithm is proposed to have the 
spirit of the foraging behavior of ants for the parameter 
determination. Based on the traditional ACS algorithm, 
new fuzzy transition probability rules are designed to 
determine the transition path for ants. The fuzzy transi-
tion probability rules consist of the fuzzy mechanism 
and the fuzzy probable mechanism for different cases. 
The fuzzy probable mechanism is introduced with the 
fuzzy probable rules to implement the diverse searching. 
The fuzzy probable rules are proposed to have fuzziness 
in the antecedent parts and fuzziness with probability in 
the consequent parts. For example, a fuzzy probable rule 
would have the following form: 
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Since the experts might not be very sure about all the 
factors (in the antecedent parts) that would affect the 
results (in the consequent parts) then the results would 
be expected to have chance to be different than the re-
sults in the experts’ mind. However, the more fit to the 
antecedent part, the less chance would have for the un-
expected results. To describe this usual situation in the 
real life, the fuzzy probable rules seem to be reasonable, 
especially for the simulation of the behavior of ants. To 
indicate the effectiveness, the fuzzy ant colony system is 
applied to find the proper parameters of the fuzzy sliding 
controllers for swinging-up and balancing the inverted 
pendulum and cart system. Also, the comparisons be-
tween the proposed fuzzy ant colony system and other 
ant colony optimization algorithms are provided in the 
simulations. 

The paper is organized as follows. In Section , the Ⅱ
basic concepts of ACS algorithm is reviewed, respec-
tively. The design of the proposed FACS algorithm is 
presented in Section III. Section IV provides the algo-
rithm for the proper determination of the parameters of 
the fuzzy sliding mode controllers with FACS. In Sec-
tion V, the fuzzy hierarchical swing-up and sliding posi-
tion controller is introduced. Simulation results and 
comparisons are included in Section VI. SectionVII 
states the conclusion. 
 

2. Basic Concepts of ACS 
 

The inspiration of the Ant Colony System (ACS) is 
taken from the social behavior of ants [8][7]. The artifi-
cial ant based on the biological knowledge and tech-
niques is designed to help parameter determination in 
different engineering, control and computational area. 
By the experiments on observing the ants’ behavior, M. 
Dorigo found that the ant will secrete the pheromone 
while moving on the route. The ants could communicate 
indirectly with others via the pheromone. In this section, 
the basic ACS framework was reviewed. 
 
A. Transition Probability Rule 

Ants prefer to moving from one node through the 
short edges with a high amount of pheromone to another 
node. According to this observation, the main idea of the 
ACS is based on the ant transition probability rule to 
select the next node. Let 

ijd  being the Euclidean dis-

tance between city i and city j. 1 ijij d  is the visibil-

ity value of moving from city i to city j. As in ACS [8], 
the transition probability rule for the ant k  at the city i 
to select the city j as the next city is 
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where q is a random variable uniformly distributed in 
[0,1], 0q  is a predefined parameter ( 10 0  q ), and   

is a random variable selected with the roulette wheel se-
lection method according to the probability distribution 
given in Eq.2. k

iN  is a set of feasible cities to be visited 

by the ant k  at the city i (the set of feasible cities is 
updated for each ant after every movement). It can be 
seen that to select the city j as the next city with the tran-
sition probability rule is based on the amount of the 
pheromone concentration ij  and the visibility ij . The 

parameters   and   represent the relative impor-
tance of the pheromones concentration and the visibility 
value. 
 

B. Local Adaptive rule 
The main goal of the local adaption is to diversify the 

search by decreasing the pheromone concentration on 
the travelled edges. In the search process of ants, the 
pheromone concentration on the path from city i to city j 
is updated with the local adaptive rule, 

      011  lijlij tt           (3) 

where ]1,0(l  is the pheromone evaporation coeffi-

cient, and 0  is the initial value of pheromone concen-

tration. 
 

C. Global Adaptive Rule 
When all ants have completed their tours, ACS algo-

rithms allow the best ant (i.e., the ant with the shortest 
route) to update the pheromone. This adaptive rule is 
known as the global adaptive rule with 

      best
ijgijgij tt   11        (4) 

and best
ij  is: 

best
best
ij L

Q
                (5) 

where ]1,0(g  is the pheromone evaporation coeffi-

cient of global adaptive rule, best
ij  is pheromone in-

crement of the best ant in each iteration, Q is a constant 
relative to the pheromones level released by ants, and 

bestL  is described as the length of the best route(shortest 
route). 
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3. Fuzzy Ant Colony System Algorithm 
 

In this section, the design of the Fuzzy Ant Colony 
System (FACS) is described. As in the ACS, the phero-
mone is locally updated to increase the exploration ca-
pability of the FACS. Also, the pheromone is globally 
updated for FACS to emphasize the best paths for the 
next iteration. To design a fuzzy ant colony system, the 
new fuzzy transition probability rules are presented. Let 
the pheromone on the path between the city i and city j 
be denoted as ij  and the visibility on the path between 

the city i and city j, be ij . With the spirit of the transi-

tion probability rules for ACS, the fuzzy transition 
probability rules for FACS are proposed as 

0

0

,

,

fm

fpm

J q q
J

J q q

  
              (6) 

where fmJ  is the output of the fuzzy mechanism FM, 

fpmJ  is the output of the fuzzy probable mechanism 

FPM. q is a random variable uniformly distributed in 
[0,1], 0q  is a predefined parameter ( 10 0  q ). 
 

A. Fuzzy Mechanism (FM) 
In the fuzzy mechanism (FM), an incomplete fuzzy 

rule base with simple fuzzy rules is constructed. Since 
the ants are assumed to take the pheromone concentra-
tion and the visibility on the paths into account for the 
decision on the next city to visit, the fuzzy rule for the 
ant k at the city i would select the city j to be the next 
city to visit can be expressed as 

i 1 i 2: ,

.

j j j jRule j If is relative A and is relative A

then the next city s is j

 
 (7) 

where 1jA  and 2jA  ( nj 1 , ij  ,) are the fuzzy 

sets large and Large defined on the input universe of 
discourse U. The parameter n represents the number of 
cities in k

iN . k
iN  is a set of feasible cities that remain 

to be visited by the ant k at the city i (the set of feasible 
cities is updated for each ant after every movement). 
Also, from Rule j, it is easy to see that output fuzzy sets 
are fuzzy singletons. In the traditional transition prob-
ability rule (see Eq.1), the parameters 1  and 1  
represent the significance degrees of the pheromone and 
the visibility, respectively. The larger   (  ) is, the 
factor pheromone (visibility) is considered to be more 
significant. To consider the effectiveness of the parame-
ters   and   in the fuzzy transition probability rule, 
the membership functions of the fuzzy set 1jArelative  

and 2jArelative  can be defined as 
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Thus, the appropriate degree of each rule can be defined 
as 
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As in the traditional transition probability rule, when 

0qq  , ants will select a path on which the pheromone 

concentration and visibility is relatively large. That is, 
the ants will select the city j if    ilil

Nl
ijij k

i




max . 

Since the output fuzzy sets are fuzzy singletons, the next 
city selected with the maximum defuzzification would 
be *sj  , such that 
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(10) 
where k

iN  is a set of feasible cities to be visited by the 

ant k at the city i. It can be seen that if ijijAj
 )(

1
 

and ijijAj
 )(

2
, the ant with the fuzzy transition 

probability rule would select the same next city as the 
ant with the traditional transition probability rule when 

0qq  . 
 

B. Fuzzy Probable Mechanism (FPM) 
To implement the searching diversity of the traditional 

transition probability rule, a fuzzy probable mechanism 
is introduced in this subsection. In the traditional transi-
tion probability rule, the next city   for the ant k at city 
i is randomly selected with the roulette wheel selection 
approach according to the probability k

ijP  in Eq.2, 

when 0qq  . The purpose of random selection mecha-

nism is to diverse the searching behavior of the ants, and 
to enhance the possibility of finding the optimal solution. 
Unlike the process for 0qq  , the city j with 

   ilil
Nl

ijij k
i




max  is not necessary to be selected as 

the next city. The city j with    ilil
Nl

ijij k
i




max  just 

has the largest chance to be selected as the next city. 
With these observations, the fuzzy rule in Eq.7 can be 
revised as 

i 1 i 2: ,

.

j j j jRule j If is relative A and is relative A

then the next city s is probably j

 
(11) 

Since the rule in Eq.11 combines the fuzziness in the 
antecedent part and the fuzziness with probability in the 
consequent part, it is called a fuzzy probable rule. Then 
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the probable appropriate degree of a fuzzy probable rule 
can be obtained to be the product of the appropriate de-
gree from the antecedent part and the probability from 
the consequent part. Let the membership functions of the 
fuzzy set 1jArelative  and 2jArelative  be defined as 

in Eq.8. With the normalized appropriate degree 
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and the probability of selecting city j as the next city for 
the ant k at city i, k

ijP
~ , the probable appropriate degree 

of the fuzzy probable rule in Eq.11 is 
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To obtain k
ijP

~ , one random number 10  lr  is 

generated for each possible city l in k
iN . Then 
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The maximum defuzzification is applied again to have 
the next city *sj   with the fuzzy probable mechanism 

when 0qq  , and 
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can be considered to have largest chance to be selected 
as the next city. Therefore, the ant with the fuzzy prob-
able mechanism would have the capability of diverse 
searching as the ant with traditional transition probability 
rules when 0qq  . 
 

C. Local Update Rule 
As in the ACS, the main goal of the local update rule 

is to diversify the search by decreasing the pheromone 
concentration on the travelled edges, and the pheromone 

is locally updated to increase the exploration capability 
of the FACS. The local update rule in Eq.3 is also 
adopted for the FACS. 
 

D. Global Update Rule 
The best path is emphasized for the next iteration with 

the pheromone globally updated for FACS. The global 
update rule for FACS is defined to be the same as Eq.4. 

To indicate the effectiveness of the proposed fuzzy ant 
colony system algorithm (FACS), the FACS is applied to 
find the effective parameters for the fuzzy sliding con-
trollers to swing and balance the inverted pendulum and 
cart system in the next sections. 
 

4. Parameter Determination with the FACS 
 

With the FACS algorithm, a discrete solution space is 
considered because the path selections of an ant in each 
step are limited. The approach to generate nodes and 
paths in [18] are used to construct the search network for 
ants, and the diagram (as in [18]) of the sample nodes 
and paths is shown in Fig.1. Assume that the essential 
part of a fuzzy system is a knowledge base consisting of 
m fuzzy IF-THEN rules, and the output fuzzy sets are 
fuzzy singletons. Let the parameters of the consequent 
part of the fuzzy controller be rppp ,,, 21  . For each 

parameter lp , rl 1 , there are two digits in front of 

the decimal point and three digits behind the decimal 
point. The parameters lp , rl 1  are taken as the 

variables with five digits to be optimized by the FACS 
algorithm. 

As shown in Fig.1, XY plane is gridded to have 10*z 
nodes with lines, zLLL ,,, 21   perpendicular to X 
axis and the nodes on each line representing the number 

9,,2,1,0  . The number of line, 5*rz   is equal to 
the number of parameters times the number of digits for 
each parameter. Ants start from the origin point and 
move through line 1L  to line zL . In each step, ants 

only allow to choose one node on each line iL , and one 

circulation is completed when all ants move to the line 

zL . As indicated in Fig.1, the selected nodes on the 
thl ]1)1(5[   to the thl5  lines represent the five digits 

of the parameter lp . After a circulation, the moving 

path of kth ant can be represented by kPath = ),0( )0(jy , 

),1( )1(
k
jy , ),2( )2(

k
jy , … , ),( )(

k
ijyi , … , ),( )(

k
zjyz , 

where ),( )(
k

ijyi  represents the thij )(  node of the thi  

line selected by the ant k. The parameter k
ijy )(  indicates 

the value of the node ),( )(
k

ijyi . Note that when 0i , 
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the ant is at the origin ),0( )0(
k
jy  and 0)0( k

jy . 
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Fig.1. Diagram of a sample set of nodes and paths. 

With the kPath  gone through by the kth ant, the pa-
rameters k

r
kk ppp ,,, 21   are calculated as 
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(16) 
These parameters are taken for the consequent parts of 
the fuzzy controller. To evaluate the effectiveness of the 
fuzzy controller with the parameters obtained using the 
proposed FACS, the sum of the absolute error (AE) 

 eAE                (17) 

is used as the performance criterion. The parameter de-
termination process with the FACS is illustrated in Fig.2, 
and is summarized as follows. 
Step1: Initialize the parameters for FACS. 
Step2: Set the iteration number tI  to be one. 

Step3: Set the line index 0i . 
Step4: Set the ant index 1k . 
Step5: Calculate the visibility of the path between the 
node ),( )(

k
ijyi  on line iL  and the nodes on line 1iL . 

The formula for the visibility in [18] is adopted, 
*
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i y i Z
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where ),1( i  represents the th  node on line 1iL , 

90   is an integer, and the *
)1( ijy  is the value of 

the node with the best performance on line 1iL  in pre-

vious iterations. 
Step6: For the ant k at the node ),( )(

k
ijyi  on line iL , the 

next node on line 1iL  is determined with the fuzzy 

mechanism when 0qq  . However, when 0qq  , the 

next node is determined according to the proposed fuzzy 
probably mechanism to diversify the searching. 
Step7: The local information is updated. The local up-

date rule in Eq.3 can be revised as 
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k
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Step8: If the ant k has completed the travel from line iL  

to the line 1iL , and aNk  , then go back to Step5 with 

1 kk . Otherwise, go to next step. 
Step9: If all the ants have completed the travel to the line 

zL , then go to Step10, otherwise go back to step4 with 

1 ii . 
Step10: Calculate the parameters k

r
kk ppp ,,, 21  , for 

aNk 1 . 

Step11: Substitute the parameters k
r

kk ppp ,,, 21   
into the fuzzy controller, and evaluate the parameters 

k
r

kk ppp ,,, 21  , aNk 1  with the performance 

criterion in Eq.17. 
Step12: If the stop condition is satisfied, then stop the 
FACS. Otherwise, go to Step13. 
Step13: The pheromone is globally updated for FACS to 
emphasize the best path for the next iteration. Let 

(
***

,,, 21
k
r

kk ppp  ) represent the parameters with the 

best performance at the iteration tI . The pheromone on 
*kPath  is globally updated with the following rule, 

best
g

k
ijg

k
ij

k
ij yiyiyi    ),1()1()),1(),,((

***

)1()1()(
 

(19) 

where ,
t

best
best
I

Q

AE
   and best

It
AE  is the smallest sum 

of the absolute errors in the iteration tI . 

Step14: If the maximum iteration number is reached, 
stop the FACS. Otherwise go back to step3 for next it-
eration with 1 tt II . 

 
5. Fuzzy Hierarchical Swing Up and Sliding Po-

sition Controller for the Inverted Pendu-
lum-Cart System 

 
In order to have the FACS applied to find the proper 

parameters of the fuzzy hierarchical swing up and sliding 
position controller (FHSSC) in [12] for the inverted 
pendulum-cart system, the description for the design of 
the fuzzy hierarchical swing-up and sliding position 
controller is abbreviated in this section. The detail design 
of the fuzzy hierarchical swing up and sliding position 
controller for inverted pendulum and cart system is pro-
vided in our previous paper [12]. 

Let 1xx   and 31 xxx    be the cart position and 

the cart velocity, 2x  and 42 xx    be the pen-

dulum angle and the angle velocity. uF   is a control 
action of the system, cm  and pm  are masses of the 
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cart and the pendulum, respective, g is the gravity accel-
eration, L  is half distance between rotation axis of the 
pendulum, and 3xTT ccc   is the friction force between 

the cart and rail. 
 

oqq 

aNk 



1tI

maxtt II 1 tt II

 
Fig.2. Parameter optimization flow diagram of the FACS. 

 
The state equation of nonlinear inverted pendulum and 

cart system can be obtained as, 
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(20) 
and 2(4 ) /12( ), / 2( ),p c p c p p c pJ m m m L m m l m L m m      

pc mm

J
la


 2 ,  pc mml  , and 

pf  is a constant. 

The framework of the fuzzy hierarchical swing-up and 
sliding position controller for the inverted pendulum-cart 
control system with the FACS is presented in Fig.3. The 
fuzzy swing-up controller is designed for the swing-up 
control of a pendulum. Also, with the combination of 
sliding mode control and fuzzy control technologies, 
twin fuzzy sliding mode controllers are proposed to po-

sition the pendulum and cart separately. Moreover, in 
order to softly switch between the swing-up controller 
and twin fuzzy sliding mode controllers, a high level 
fuzzy switching controller is provided. 
 

Fig.3. FHSSC with the Fuzzy Ant Colony System. 
 
A. Fuzzy Switching Controller (FSC) 

For the higher level fuzzy switching controller (FSC), 
the error of the pendulum angle 2pe  is adopted as the 

input variable. The input and output membership func-
tions are shown in Fig.4, where FSUCs Fk 1

~
, and 

TFSPCs Fk 2
~

. With the fuzzy sets indicated in Fig.4 the 

complete fuzzy rule base is presented in Table I. 
 

1sk 2sk 1sk

1sq3sq4sq 2sq

2pe

FHSSCF

 
 

Fig.4. Membership Functions for the FSC. 
 

Table I. Fuzzy Rule Base of FSC. 
 

2pe  N ZO P 

FHSSCF Swing Position Swing

 

Based on the centroid defuzzification and 
sum-product fuzzy inference [19], the output of the 
fuzzy switching controller, FHSSCF , is defined as 

 
3

2
1
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2
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( )
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B. Fuzzy Swing-Up Controller (FSUC) 
It is found that to consider the control of the pendulum 

and cart separately would be easier for the design of a 
controller with the rule base mechanism. However, there 
is only one control action allowed for the inverted pen-
dulum-cart system. Therefore, the control action pF  for 

the pendulum subsystem and the control action cF
~  for 

the cart subsystem need to be combined into one control 
action F  for the inverted pendulum-cart system. The 
instinctive knowledge indicates that the control actions 
to move the cart and pendulum to the same direction 
have opposite sign. Since the main purpose for the posi-
tion control of the inverted pendulum-cart system is to 
balance the pendulum at the straight upward direction, 
the combination of pF  and cF

~  is defined as 

cp FFF
~ . In our approach for swinging up the pen-

dulum, only the control of moving the cart back and 
forth is considered. Thus, the output of fuzzy swing-up 
controller is defined as cFSUC FF

~  with 0pF . For 

the fuzzy swing-up controller, the error 

 Tccccc eeRXE 31 is taken as the input vector, 

where  Tc rrR 31  is a vector of reference command, 

and  Tc xxX 31  is a state vector with 1x  and 3x  

being cart position and cart velocity, respectively. It is 
easy to see that the output variable is the control action 

FSUCF  of FSUC. Without loss of generality, the refer-

ence command is devised as 0cR . The membership 

functions for the input fuzzy sets of the fuzzy swing-up 
controller are shown in Fig.5(a) and Fig.5(b). 
 

 
 

Fig.5. Membership functions for the FSUC. 
 

With the complete fuzzy rules are indicated in Table II, 
and the control action of the fuzzy swing-up controller 

can be obtained as 

 

12

1 1 3 3
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1 1 3 3
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M e M e
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  



 (22) 

 

Table II. Fuzzy rule base for FSUC. 
 

 
 

C. Pseudo-Decomposed Inverted Pendulum-Car System 
To simplify the position control of an inverted pendu-

lum-cart system, the inverted pendulum-cart system is 
pseudo-decomposed into a pendulum subsystem and a 
cart subsystem. Without loss for generality, the desired 
positions of pendulum and cart are assumed to be zero, 

0,0  dcdp XX . Then the errors between the current 

positions and the desired position of pendulum and cart 
are 
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    (23) 

With the change of the state variables and the inclusion 
of the control action, the state equations of the inverted 
pendulum-cart system become 

1 1 3
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2
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(24) 
The inverted pendulum-cart system with state equations 
in Eq.20 is now pseudo-decomposed into a pendulum 
subsystem and a cart subsystem with state equations, 
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where 
1 10

0
,

0p cp cc
A Af aTg

J JJ


   
        
    

      (26) 
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(28) 
It is straightforward to know that the uncertainties in 
Eq.28 satisfy the matching conditions [20] and 

ccpp  34 ,   can be assumed. Since the 

twin fuzzy sliding position controllers are devised to po-
sition the pendulum and cart for a small range of pendu-
lum angle, 4 30.4 0.4 , 0 and 0rad rad       are 

ensured. 
 

D. Design of the Twin-Fuzzy-Sliding-Position Control-
ler (TFSPC) 

In this subsection, the design of a 
twin-fuzzy-sliding-position controller (TFSPC) is pre-
sented. The twin-fuzzy-sliding-position controller in-
cludes two similar position controllers, one (p-FSPC) for 
the position control of the pendulum and another one 
(c-FSPC) for position control of the cart system. In order 
to have the sliding mode guaranteed, the hitting condi-
tion 0,0  SSS T  must be satisfied. Let the sliding 
functions for the pendulum and cart system be 
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where 1c , 2c , 3c , 4c  are positive constants. From the 

definitions of sliding functions in Eq. 29, it is obvious 
that pS  and cS  are one dimension variables. To sat-

isfy the hitting condition, two fuzzy sliding position 
controllers, p-FSPC and c-FSPC, are designed to have 
the outputs, FSPCpF  , FSPCcF  , 
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where peqF , ceqF  are the equivalent control actions 

and pfsF , cfsF  are the outputs of the fuzzy sliding 

mechanisms for the pendulum and cart systems, respec-
tively. 

Because the uncertain pendulum and cart systems sat-
isfy the matching conditions, the uncertain pendulum 
and cart systems are invariant on the sliding surface [20]. 
Therefore, the equivalent control actions for the uncer-
tain systems in the sliding mode are 
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(31) 
With the input and output spaces fuzzily partitioned into 
nine fuzzy sets, the complete fuzzy rules used in the 
fuzzy mechanisms of the twin-fuzzy-sliding-position 
controller are provided in Table III. 
 

Table III. Fuzzy rule base for (a) pendulum control (b) cart 
control. 

 

 
 

With the sum-product fuzzy inference and centroid de-
fuzzification, the control actions of the provided fuzzy 
mechanisms are 
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where 0pik , 0cik , 9~1 i . Substitute peqF , 

ceqF , pfsF , cfsF  into Eq. 30, the output of the fuzzy 

sliding position controllers, p-FSPC and c-FSPC, are 
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 (33) 

Then, the control action of the twin-fuzzy- slid-
ing-position controller 

TFSPC p FSPC c FSPCF F F    is ob-

tained, and the sliding modes of p-FSPC and c-FSPC are 
guaranteed as in [12]. 
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6. Simulation Results 
 

The main parameters of the inverted pendulum-cart 
system are provided as in [12]. Also, the main parame-
ters of the FACS are in Table IV. 
 

Table IV. The main parameters of the FACS algorithm. 
 

 
 

With the input parameters determined as in [12], the 
proposed FACS algorithm is used to find the proper 
output parameters sk , ck , pk  of the fuzzy swing up 

controller and the twin fuzzy sliding position controller, 
respectively. Note that as in section V.A. there is no ne-
cessity to find the proper output parameter for the fuzzy 
switching controller. Let the initial values of the output 
parameters, sk , ck , pk  be simply determined to be 

equally spaced as follows 
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(34) 
The proper values *

sk , *
ck , *

pk  for the output parame-

ters are obtained with the proposed FACS to be 
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(35) 
To indicate the effectiveness of the FACS, the simula-

tion results with the parameters found using the ACS and 
MMAS algorithms are provided for comparisons. With 
the same parameter values as in FACS, the values *

sk , 
*
ck , *

pk  for the output parameters obtained using ACS 

are in Eq.36. 
















]5994.53134.51571.34241.204241.21571.33134.55994.5[

]4188.68843.51644.44585.304585.31644.48843.54188.6[

]13161.10444.934.31282.21282.234.3444.9161.1013[

*

*

*

p

c

s

k

k

k

(36) 
Also, using the MMAS parameters in Table V, the *

sk , 
*
ck , *

pk  obtained with MMAS are as follows. 
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Table V. The main parameters of the MMAS algorithm. 
 

Parameter Na It max Q    

Value 10 50 5 1 2 0.02

 

Let the initial condition of the inverted pendulum-cart 
system be  000  . With the parameters of FHSSC 
obtained by using the FACS, ACS, and MMAS algo-
rithms, the simulation results for the swing-up and posi-
tion control of the inverted pendulum-cart system are 
provided in Fig.6 and Fig.7. From Fig.6 and Fig.7, it can 
be seen that the FHSSC with the proper parameters 
found by the FACS can swing-up and balance the in-
verted pendulum and cart quicker. That is, the FACS is 
effective for the parameter determination and the FHSSC 
with FACS has the better performance on the swing-up 
and balance of the inverted pendulum-cart system. 
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Fig.6. The displacements of the cart with the parameters of 

FHSSC obtained by using three different ant systems. 
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Fig.7. The angles of the pendulum with the parameters of 

FHSSC obtained by using three different ant systems. 
 

7. Conclusion 
 

In this paper, we propose a novel fuzzy ant colony 
system (FACS) algorithm to simulate the foraging be-
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havior of ants. Based on the traditional ACS algorithm, 
new fuzzy transition probability rules are presented to 
select the next city. The new fuzzy transition probability 
rules included the fuzzy mechanism and the fuzzy prob-
able mechanism. The proposed fuzzy probable rules 
reasonably diversify the searching process. To indicate 
the effectiveness of the fuzzy ant colony system, FACS 
is applied to find the proper parameters for the fuzzy 
controllers to swing up and balance the inverted pendu-
lum and cart system. Also, the comparisons between the 
proposed fuzzy ant colony system and other ant colony 
optimization algorithms are provided in the simulations. 
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