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( q∨ )∈∈, -fuzzy Lie subalgebra and ideals 
 

B. Davvaz and M. Mozafar 
 
 

Abstract1 generalization of Rosenfeld's fuzzy subgroup, and Bha-
kat and Das's fuzzy subgroup is given in [20]. 

Lie algebras are so-named in honor of Sophus Lie, 
a Norwegian mathematician who pioneered the study 
of these mathematical objects. Lie's discovery was 
tied to his investigation of continuous transformation 
groups and symmetries. The structure of the laws in 
physics is largely based on symmetries. The objects in 
Lie theory are fundamental, interesting and innovat-
ing in both mathematics and physics. It has many 
applications to the spectroscopy of molecules, atoms, 
nuclei and hadrons. 

Algebraic structures play a prominent role in mathe-
matics with wide ranging applications in many disci-
plines such as theoretical physics, computer sciences, 
control engineering, information sciences, coding theory, 
topological spaces and the like. This provides sufficient 
motivation to researchers to review various concepts and 
results from the realm of abstract algebra in the broader 
framework of fuzzy setting. 

Our aim in this paper is to introduce and study a new 
sort of fuzzy Lie subalgebra (ideal) of a Lie algebra 
called ( )q∨∈∈, -fuzzy Lie subalgebra (ideal). These 
fuzzy Lie subalgebras (ideals) are characterized by their 
level ideals. Finally, we give a generalization of 
( )q∨∈∈, -fuzzy Lie subalgebras (ideals). 

Our aim in this paper is to introduce and study a 
new sort of fuzzy Lie subalgebra (ideal) of a Lie al-
gebra called -fuzzy Lie subalgebra (ideal). 
These fuzzy Lie subalgebras (ideals) are character-
ized by their level ideals. Finally, we give a generali-
zation of -fuzzy Lie subalgebras (ideals). 
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Lie algebras are so-named in honor of Sophus Lie, a 
Norwegian mathematician who pioneered the study of 
these mathematical objects. Lie's discovery was tied to 
his investigation of continuous transformation groups 
and symmetries. The structure of the laws in physics is 
largely based on symmetries. The objects in Lie theory 
are fundamental, interesting and innovating in both 
mathematics and physics. It has many applications to the 
spectroscopy of molecules, atoms, nuclei and hadrons. 
One of the key concepts in the application of Lie alge-
braic methods in physics is that of spectrum generating 
algebras and their associated dynamic symmetries. 

 
1. Introduction 

 
The theory of fuzzy sets which was introduced by 

Zadeh [21] is applied to many mathematical branches. 
Rosenfeld [16] inspired the fuzzification of algebraic 
structures and introduced the notion of fuzzy subgroups. 
Das [5] characterized fuzzy subgroups by their level 
subgroups. In [14], Liu applied the concept of fuzzy sets 
to the theory of rings and introduced and examined the 
notion of a fuzzy ideal of a ring. A new type of fuzzy 
subgroup (viz, ( -fuzzy subgroup) was intro-
duced in an earlier paper of Bhakat and Das [2] by using 
the combined notions of "belongingness" and "quasico-
incidence" of fuzzy points and fuzzy sets. In fact, 

-fuzzy subgroup is an important and useful 
generalization of Rosenfeld's fuzzy subgroup. This con-
cept has been studied further in [1, 3, 4, 7, 22]. Also, a 

q∨∈∈,

( q∨∈∈,

In order to make this paper self-sufficient we recall 
some basic definitions and results. The definitions may 
be found in references [11]. 
Definition 2.1: A Lie algebra is a vector space L over a 
field F on which a product operation  is defined 
satisfying the following axioms: 

][ yx

(i)  is bilinear for all , ][ yx Lyx ∈,
(ii) [ ] 0=xx  for all Lx∈ , 
(iii) [ ][ ] [ ][ ] [ ][ ] 0=++ yxzxzyzyx   
for all Lzyx ∈,, . Corresponding Author: B. Davvaz is with the Department of Mathe-

matics, Yazd University Yazd, Iran. As a simple consequence of axioms (i), (ii) we have E-mail: davvaz@yazduni.ac.ir and davvaz@yahoo.com  
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Thus  and Lie multiplication is anti 
commutative. 

[ ] [ yxxy −= ]

]
Let L be a Lie algebra and M, N be subspaces of L. 

We define  to be the subspace of L spanned by 
all elements of the form  for , 

[ NM
][ yx Mx∈ Ny∈ . 

Since  it is clear that [ ] [ yxxy −= ] [ ] [ ]MNNM = . 
Thus multiplication of subspaces is commutative. 
Example 2.2: Euclidean space 3R  becomes a Lie alge-
bra with the Lie bracket given by the cross product of 
vectors. 
Example 2.3: Let V be a vector space over a field F such 
that . If V has basis  with Lie 
brackets as follows;  

8dim =V ( 821 ,,, eee " )

[ ] 521 eee = ,  ,  [ ] 631 eee = [ ] 741 eee = ,  
[ ] 851 eee −= ,  [ ,  ] 832 eee = [ ] 642 eee = ,  
[ ] 762 eee −= ,  [ ] ,  543 eee −= [ ] 753 eee −= ,  

[ ] 864 eee −= , and for all other ji ≤ ,  and 

, then V is a Lie algebra over F. 

[ ] 0=ji ee

[ ] [ ijji eeee −= ]
Definition 2.4: An ideal of L is a subspace M such that 

. Since [ ] MLM ⊆ [ ] [ ]MLLM =  there is no dis-
tinction in the theory of Lie algebras between left ideals 
and right ideals. Every ideals is two-sided. 
Definition 2.5: A linear transformation 21: LL →φ  ( , 

 Lie algebras over F) is called a homomorphism if 
1L

2L
[ ]( ) ( ) ([ yxyx )]φφφ =  for all . We say that 

two Lie algebras ,  over F are isomorphic if there 
exists a vector space isomorphism 

Lyx ∈,

1L 2L

21: LL →φ  satisfy-
ing [ ]( ) ( ) ([ yxyx )]φφφ =  for all x, y in L (and then φ 
is called an isomorphism of Lie algebras). 
 

3. A survey of fuzzy Lie algebra 
 

In our daily life , we usually want to seek opinions 
from professional persons with the best qualifications, 
for examples, the best medical doctors can provide the 
best diagnosis, the best pilots can provide the best navi-
gation suggestions for airplanes etc. It is therefore desir-
able to incorporate the knowledge of these experts into 
some automatic systems so that it would become helpful 
for other people to make appropriate decisions which are 
(almost) as good as the decisions made by the top ex-
perts. With this aim in mind, our task is to design a sys-
tem that would provide the best advice from the best ex-
perts in the field. However, one of the main hurdles of 

this incorporation is that the experts are usually unable to 
describe their knowledge by using precise and exact 
terms. For example, in order to describe the size of cer-
tain type of a tumor, a medical doctor would rarely use 
the exact numbers. Instead he would say something like 
"the size is between 1.4 and 1.6 cm". Also, an expert 
would usually use some words from a natural language, 
e.g., the size of the tumor is approximately 1.5 cm, with 
an error of about 0.1 cm. Thus, under such circumstances, 
the way to formalize the statements given by an expert is 
one of the main objectives of fuzzy logic. 

Let X be a non-empty set. A fuzzy subset μ of X is a 
function [ ]1,0: →Xμ . Let μ and λ be two fuzzy sub-
sets of X, we say that μ is contained in λ, if 
( ) ( )xx λμ ≤  for all Xx∈ . If { } Iii ∈μ  be a collection 

of fuzzy subsets of X, then we define the fuzzy subsets 
 and ∩  by: ∩

Ii
i

∈

μ
Ii

i
∈

μ

( ) ( ){ xx iIi
Ii

i μμ
∈

∈

∧=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛∩ } for all Xx∈  

and 

( ) ( ){ xx iIi
Ii

i μμ
∈

∈

∨=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛∪ }  for all Xx∈ . 

Let μ be any fuzzy subset of X. The set 
( ){ }txXxt ≥∈= μμ | , , is called a level sub-

set of μ. 
[ 1,0∈t ]

Rosenfeld [16] applied the concept of fuzzy sets to 
the theory of groups and defined the concept of fuzzy 
subgroups of a group. Since then many papers concern-
ing various fuzzy algebraic structures have appeared in 
the literature. Liu [14] introduced and studied the notions 
of fuzzy sub-rings and fuzzy ideals. In [9], Davvaz in-
troduced the concept of fuzzy ideal of a Lie algebra and 
investigated the structure and properties of fuzzy ideals 
of a Lie algebra and he studied further properties in [8, 
10], also see [12, 13, 18]. 
Definition 3.1 [9]: Let L be a Lie algebra and μ be a 
fuzzy subset of L. We say that μ is a fuzzy Lie subalge-
bra of L if for all Lyx ∈, , F∈α  
(1) ( ) ( ) ( )yxyx μμμ ∧≥+ , 
(2) ( ) ( )xx μαμ ≥ , 
(3) [ ]( ) ( ) ( )yxyx μμμ ∧≥ . 
μ is called a fuzzy ideal of L if the condition (3) is re-
placed by 
(4) [ ]( ) ( ) ( )yxyx μμμ ∨≥ . 

Let L be a Lie algebra and Iχ  be the characteristic 
function of a subset I of L. Then Iχ  is a fuzzy subal-
gebra (ideal) if and only if I is a subalgebra(ideal), re-
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(ia) μ∈rt yx ,  implies ( ) μqyx rt ∨∈+ ∧ , spectively. 
Example 3.2[19]: Consider Example 2.2, i.e., 3RL =  
and , where ×  is cross product, for all 

. Define  by 

[ ] yxyx ×=
Lyx ∈, [ ]1,0: 3 →Rμ

(ib) μ∈tx  implies ( ) μα qx t ∨∈ , 
(ii) μ∈rt yx ,  implies [ ]( ) μqyx rt ∨∈∧ . 

μ is called an ( )q∨∈∈, -fuzzy ideal of L if μ is an 
( )q∨∈∈, -fuzzy Lie subalgebra of L and   (iii)

μ∈rt yx ,  implies [ ]( ) μqyx rt ∨∈∧ . ( )( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

==≠

===

=

otherwise0

,0,0if
2
1

,0if1

,, zyx

zyx

zyxμ  
Theorem 4.2: Conditions (i)-(iii) in Definition 4.1 are 
equivalent to the following conditions respectively. 
(1a) ( ) ( ) ( ) 50.yxyx ∧∧≥+ μμμ  for all Lyx ∈, , then μ is a fuzzy Lie subalgebra of L. But μ is not a 

fuzzy Lie ideal of L, (1b) ( ) ( ) 5.0∧≥ xx μαμ  for all  and Lx∈ F∈α , 
( )( )[ ]( ) (( ) 01,1,01,1,10,0,1 =− )μ=μ  (2) [ ]( ) ( ) ( ) 50.yxyx ∧∧≥ μμμ  for all Lyx ∈, , 

and ( )( ) ( )( )
2
10

2
11,1,10,0,1 =∨=∨ μμ .  (3) [ ]( ) ( ) ( )( ) 50.yxyx ∧∨≥ μμμ  for all Lyx ∈, . 

Proof. (ia ⇒ 1a): Suppose that . We consider 
the following cases: 

Lyx ∈,
Now, we define  by [ 1,0: 3 →Rλ ]

)

( )( )
⎩
⎨
⎧ ===

=
otherwise0

0if1
,,

zyx
zyxλ  (a) ( ) ( ) 5.0<∧ yx μμ , 

(b) ( ) ( ) 5.0≥∧ yx μμ . 
then λ is a fuzzy Lie ideal of L. Case a: Assume that 

( ) ( ) ( ) 5.0∧∧<+ yxyx μμμ , Theorem 3.3 [9]:. Let L be a Lie algebra and μ be a fuzzy 
Lie subalgebra (ideal) of L. Then the level subset 
( φμ ≠t  is a Lie subalgebra (ideal) of L for all ( ]1,0∈t  

if and only if μ is a fuzzy Lie subalgebra (ideal) of L, 
respectively. 

which implies ( ) ( ) (yxyx )μμμ ∧<+ . Choose t such 
that ( ) ( ) (yxtyx )μμμ ∧<<+ . Then μ∈tt yx , , but 

( ) μqyx t ∨∈+ , which contradicts (ia). 
Definition 3.4 [19]: Let μ and λ be two fuzzy subsets of 
a Lie algebra. Then the product λμo  is defined by 

Case b: Assume that ( ) 5.0<+ yxμ . Then 

μ∈5.05.0 , yx , but ( ) μqyx ∨∈+ 5.0 , a contradiction. 
Hence (la) holds. ( ) ( ) ( )( )

⎩
⎨
⎧

≠

∧∨
= =

yzx

zy
xo yzx

if0

λμ
λμ  

(ib ⇒ 1b): Suppose that . We consider the fol-
lowing cases: 

Lx∈
 

(a) ( ) 5.0<xμ , 4. Fuzzy Lie subalgebra and ideals redefined 
 

For any fuzzy subset μ of L, the ( ){ }0| >∈ xLx μ  
is called the support of μ, and is denoted by supp μ. A 
fuzzy set μ, on L which takes the value ( ]1,0∈t  at 
some  and takes the value 0 for all Lx∈ Ly∈  ex-
pect x is called a fuzzy point and is denoted by , 
where the point x is called its support point and t is 
called its value. A fuzzy point  is said to belong to 
(resp. be quasi-coincident with) a fuzzy set μ, written as 

tx

tx

μ∈tx  resp. μqxt ) if ( ) tx ≥μ  (resp. ( ) 1>+ txμ ). 
If μ∈tx  or μqxt , then we write μqxt ∨∈ . The 

symbol q∨∈  means  does not hold. q∨∈

(b) ( ) 5.0≥xμ . 
Case a: Assume that ( ) 5.0<= txμ  and 
( ) ( )xrx μαμ <= . Choose s such that tsr <<  and 

1<+ sr . Then μ∈sx  but ( ) μα qx s ∨∈ , which con-

tradicts (ib). So ( ) ( ) ( ) 5.0∧=≥ xxx μμαμ . 
Case b: Let ( ) 5.0≥xμ . If ( ) ( ) 5.0∧< xx μαμ , 

then μ∈5.0x , but ( ) μα qx ∨∈5.0  which contradicts 

(ib). So ( ) ( ) 5.0∧≥ xx μαμ . 
(ii ⇒ 2): Suppose that . We consider the 

following cases: 
Lyx ∈,

(a) ( ) ( ) 5.0<∧ yx μμ , 
(b) ( ) ( ) 5.0≥∧ yx μμ . Definition 4.1: A fuzzy subset μ of a Lie algebra L is said 

to be an -fuzzy Lie subalgebra of L if for all 
,  and 
( q∨∈∈, )

( ]1,0, ∈rt Lyx ∈, F∈α , 
Case a: Assume that  
[ ]( ) ( ) ( ) 50.yxyx ∧∧< μμμ , 
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which implies [ ]( ) ( ) (yxyx If , then 5.0>∨ rt [ ]( ) 50.yx ≥μ  which implies 
[ ]( ) 1>∨+ rtyxμ . 

)μμμ ∧< . Choose t such 
that [ ]( ) ( ) ( )yxtyx μμμ ∧<< . Then μ∈tt yx , , but 

[ ]( ) μqyx t ∨∈ , which contradicts (ii).   If 5.0≤∨ rt , then [ ]( ) rtyx ∨≥μ . Therefore 
[ ]( ) μqyx rt ∨∈∨ .  Case b: Assume that [ ]( ) 50.yx <μ . Then 

μ∈5.05.0 , yx , but [ ]( ) μqyx . ∨∈50  a contradiction. 
Hence (2) holds. 

Corollary 4.3: Let μ be a fuzzy subset of a Lie subalge-
bra L. Then 
(a)μ is an ( )q∨∈∈, -fuzzy Lie subalgebra of L if and 
only if the conditions (1a), (1b) and (2) in Theorem 4.2 
hold. 

(iii ⇒ 3): Suppose that . We consider the 
following cases: 

Lyx ∈,

(a) ( ) ( ) 5.0<∨ yx μμ , (b)μ is an ( )q∨∈∈, -fuzzy ideal of L if and only if the 
conditions (1a), (1b) and (3) in Theorem 4.2 hold. (b) ( ) ( ) 5.0≥∨ yx μμ . 

A fuzzy Lie ideal (according to Definition 3.1) is an 
( )q∨∈∈, -fuzzy Lie ideal. Clearly, 
( ) ( ) ( ) ( ) 5.0∧∧≥∧ yxyx μμμμ , ( ) ( ) 5.0∧≥ xx μμ , 

Case a: Assume that  
[ ]( ) ( ) ( )( ) 50.yxyx ∧∨< μμμ , 

which implies [ ]( ) ( ) (yxyx )μμμ ∨< . Choose t such 
that [ ]( ) ( ) ( )yxtyx μμμ ∨<< . Then μ∈tt yx , , but 

[ ]( ) μqyx t ∨∈ , which contradicts (iii). 

( ) ( ) ( ) ( )( ) 5.0∧∨≥∨ yxyx μμμμ .  
  But the converse is not necessarily true. The converse 
is true when for every , Lx∈ ( ) 5.0≤xμ . If μ is an 
( )q∨∈∈, -fuzzy Lie subalgebra of a Lie algebra L, then 
it is easy to see that ( ) 5.00 ≥μ . 

Case b: Assume that [ ]( ) 50.yx <μ . Then 

μ∈5.05.0 , yx , but [ ]( ) μqyx . ∨∈50  a contradiction. 
Hence(3)holds. Example 4.4: Consider Example 2.3 and define fuzzy set 

μ of V for all Vx∈  by (1a ⇒ ia): Let μ∈rt yx , , then ( ) tx ≥μ  and 

( ) ry ≥μ . Now, we have 

( )
⎪
⎩

⎪
⎨

⎧
=
=

=
.

,ex.
,e,x

x
otherwise0

70
01

7

8

μ  ( ) ( ) ( ) 5.05.0 ∧∧≥∧∧≥+ rtyxyx μμμ . 
If , then 5.0>∧ rt ( ) 5.0≥+ yxμ  which implies 
( ) 1>∧++ rtyxμ . then μ is an ( )q∨∈∈, -fuzzy ideal of V, and also is an 

ordinary fuzzy ideal. If , then 5.0≤∧ rt ( ) rtyx ∧≥+μ . Therefore 
( ) μqyx rt ∨∈+ ∧ . Example 4.5: Let V be a vector space over a field F such 

that 5dim =V . If V has basis  with 
Lie brackets as follows;  

( )54321 ,,,, eeeee(1b ⇒ ib): Let μ∈tx . Then ( ) tx ≥μ . Now, we 

have ( ) ( ) 5.05.0 ∧≥∧≥ txx μαμ , which implies 
( ) tx ≥αμ  or ( ) 5.0≥xαμ  according as 5.0≤t  or 

. Therefore, 5.0>t ( ) μα qx t ∨∈ . 

[ ] 321 eee = , [ ] 531 eee = , [ ] 541 eee = , 

[ ] 051 =ee , [ ] 532 eee = , [ ] 042 =ee ,  
[ ] 052 =ee , [ ] 043 =ee , [ ] 053 =ee , [ ] 054 =ee  and 

[ ] 0=ii ee  and [ ] [ ijji eeee −=
(2 ⇒ ii): Let μ∈rt yx , , then ( ) tx ≥μ  and 

( ) ry ≥μ . Now, we have ], then V is a Lie alge-

bra over F. We define fuzzy set μ of V for all Vx∈  by [ ]( ) ( ) ( ) 5050 .rt.yxyx ∧∧≥∧∧≥ μμμ . 

( )
⎪
⎩

⎪
⎨

⎧

=
=
=

=
.e,e,ex

e,ex.
,x.

x

421

53

1
70

060
μ  

If , then 5.0>∧ rt [ ]( ) 50.yx ≥μ  which implies 
[ ]( ) 1>∧+ rtyxμ . 

If , then 5.0≤∧ rt [ ]( ) rtyx ∧≥μ . Therefore 
[ ]( ) μqyx rt ∨∈∧ . then μ is an ( )q∨∈∈, -fuzzy ideal of V, but not an ordi-

nary fuzzy ideal. (3 ⇒ iii): Let μ∈rt yx , , then ( ) tx ≥μ  and 

( ) ry ≥μ . Now, we have 
Theorem 4.6: A non-empty subset I of L is a Lie subal-
gebra (ideal) of L if and only if Iχ  is an 
( )q∨∈∈, -fuzzy Lie subalgebra (ideal) of L. [ ]( ) ( ) ( )( ) ( ) 5050 .rt.yxyx ∧∨≥∧∨≥ μμμ . 
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Proof. Assume that I is an ideal of L. Then Iχ  is a 
fuzzy ideal in the sense of Definition 3.1 and so it is an 

-fuzzy ideal. ( q∨∈∈, )
Conversely, assume that Iχ  is an -fuzzy 

Lie subalgebra of L. Then for every , we have  
( q∨∈∈, )

Iyx ∈,
( ) ( ) ( ) 5.05.0 =∧∧≥+ yxyx III χχχ , 

( ) ( ) 5.05.0 =∧≥ xx II χαχ , 
[ ]( ) ( ) ( ) 5.05.0 =∧∧≥ yxyx III χχχ . 

So , Iyx ∈+ xα , . Therefore I is a Lie 
subalgebra of L. Assume that 

[ ] Iyx ∈

Iχ  is an 
-fuzzy Lie ideal of L. Then for every ( q∨∈∈, ) Ix∈ , 

, we have Ly∈
[ ]( ) ( ) ( )( ) 5.05.0yxyx III =∧χ∨χ≥χ  

So . Therefore I is a Lie ideal of L.  [ ] Iyx ∈
Now, we characterize -fuzzy ideals by their 

level ideals. 
( q∨∈∈, )

)Theorem 4.7: Let μ be an -fuzzy ideal of a Lie 
algebra L. Then for all , 

( q∨∈∈,
5.00 ≤< t tμ  is a non-empty 

set or an ideal of L. Conversely, if μ is a fuzzy subset of 
L such that ( )φμ ≠t  is an ideal of L for all 5.00 ≤< t , 

then μ is an -fuzzy ideal of L. ( q∨∈∈, )
)Proof. Let μ be an -fuzzy ideal of L and 

. Let 
( q∨∈∈,

5.00 ≤< t tyx μ∈, . Then ( ) tx ≥μ  and 

( ) ty ≥μ . Now, we have  
( ) ( ) ( ) ttyxyx =∧≥∧∧≥+ 5.05.0μμμ , 
( ) ( ) ttxx =∧=∧≥ 5.05.0μαμ , 

and so tyx μ∈+  and tx μα ∈ . Now, for every 

tx μ∈  and  we have  Ly∈
[ ]( ) ( ) ( )( )

( ) t.t.x
.yxyx

=∧≥∧≥
∧∨≥

5050
50

μ
μμμ

 

which implies [ ] tyx μ∈ . Therefore, tμ  is a Lie ideal 
of L. 

Conversely, let μ be a fuzzy subset of L such that 
( )φμ ≠t  be an ideal of L for all . For every 

, we can write 
5.00 ≤< t

Layx ∈,,
( ) ( ) ( ) ( )( ) okyxyx =∧∨≥∨ 5.0μμμμ  

then 
okx μ∈  or 

oky μ∈ . Let
okx μ∈ , so [ ]

okyx μ∈ . 

Therefore, [ ]( ) ( ) ( )( ) 50.yxyx ∧∨≥ μμμ . Hence, μ 
is an -fuzzy ideal of L.  ( q∨∈∈, )

Naturally, a corresponding result should be consid-

ered when ( )φμ ≠t  is an ideal (or Lie subalgebra) of L 

for all ( ]1,5.0 . 
Theorem 4.8: Let μ be a fuzzy subset of a Lie algebra L. 
Then ( )φμ ≠t  is a Lie subalgebra of L for all 

( ]1,5.0∈t  if and only if  
(1a) ( ) ( ) (yxyx )μμμ ∧≥∨+ 5.0  for all Lyx ∈, , 
(1b) ( ) ( )xx μαμ ≥∨ 5.0  for all  and Lx∈ F∈α , 
(2) [ ]( ) ( ) (yx.yx )μμμ ∧≥∨ 50  for all Lyx ∈, . 
Moreover, ( )φμ ≠t  is an ideal of L for all ( ]1,5.0∈t  
if and only if μ satisfies the conditions (1a), (1b) and 
satisfies the following condition: 
(3) [ ]( ) ( ) (yx.yx )μμμ ∨≥∨ 50  for all Lyx ∈, . 
Proof. Suppose that ( )φμ ≠t  is a Lie subalgebra of Lie 
algebra L. 
(1a): Suppose that for some , Lyx ∈,

( ) ( ) ( tyx.yx =∧<∨ )+ μμμ 50 , 
then ( ]1,5.0∈t , ( ) tyx <+μ , tx μ∈  and ty μ∈ . 
Since tyx μ∈,  and tμ  is a Lie subalgebra, so 

tyx μ∈+  or ( ) tyx ≥+μ , which is a contradiction 

with ( ) tyx <+μ . Hence (1a) holds. 
(1b): Suppose that for some Lx∈ , 
( ) ( ) txx =<∨ μαμ 5.0 , then , ( ]1,5.0∈t ( ) tx <αμ  

and tx μ∈ . Since tx μ∈ , we get tx μα ∈  or 

( ) tx ≥αμ , which is a contradiction. Hence (lb) holds. 
(2): Suppose that for that some , Lyx ∈,

[ ]( ) ( ) ( ) tyx.yx =∧<∨ μμμ 50 then ( ]1,5.0∈t , 
[ ]( ) tyx <μ , tx μ∈ , ty μ∈ . Since tyx μ∈,  and 

tμ  is a Lie subalgebra, so [ ] tyx μ∈  or 

[ ]( ) tyx ≥μ , which is a contradiction with 
[ ]( ) tyx <μ . Hence (2) holds. 

(3): If there exists Lx∈  such that 
[ ]( ) ( ) ( tyx.yx ) =∨≤∨ μμμ 50  

then ( ]1,5.0∈t  and [ ]( ) tyx <μ  and tx μ∈  or 

ty μ∈ . Let tx μ∈ . Since tμ  is an ideal, so 

[ ] tyx μ∈  or [ ]( ) tyx ≥μ , which is a contradiction 

with [ ]( ) tyx <μ . Hence (3) holds. 
Now, suppose that conditions (1a), (1b), (2), (3) hold. 

We show that tμ  is an ideal of L. Assume that 

( ]1,5.0∈t , tyx μ∈, . Then  
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( ) ( ) ( )
( ) ,

5050
tyx

.yxyxt.
≥+⇒

∨+≤∧≤<
μ

μμμ
 [ ]( ) ( ) ( )

[ ]( ) tyx
ttyxyx

≥⇒
=∧≥∧∧≥∨

μ
ββμμαμ

 

( ) ( )
( ) ,

5050
tx

.xxt.
≥⇒

∨≤≤<
αμ

αμμ
 and so tyx μ∈+ , tx μγ ∈  and [ ] tyx μ∈ . Therefore 

tμ  is a Lie subalgebra of L. Also, for every tx μ∈ , we 
have ( ) ( ) [ ]( )

[ ]( ) ,
5050

tyx
.yxyxt.

≥⇒
∨≤∧≤<

μ
μμμ

 [ ]( ) ( ) ( )( ) βμμαμ ∧∨≥∨ yxyx  
and so tyx μ∈+ , tx μα ∈  and [ ] tyx μ∈ . There-
fore, tμ  is a Lie subalgebra of L. Let tx μ∈  then we 
have 

( ) [ ]( ) tyxttx ≥⇒=∧≥∧≥ μββμ  
which implies [ ] tyx μ∈ . Therefore tμ  is an ideal of 
L. 

( ) ( ) [ ]( )
[ ]( ) .tyx

.yxyxt.
≥⇒

∨≤∨≤<
μ

μμμ 5050
 

Conversely, let μ be a fuzzy subset of L such that 
( )φμ ≠t  be a subalgebra (ideal) of L for all βα ≤< t . 

We show that μ is a Lie subalgebra (ideal) with thresh-
olds of L or Hence [ ] tyx μ∈ . Therefore tμ  is a Lie ideal of L.  

Definition 4.9: Let [ 1,0, ∈ ]βα  and βα < . Let μ be a 
fuzzy subset of a Lie algebra L. Then μ is called a fuzzy 
Lie subalgebra with thresholds of L, if for all Lyx ∈,  
and F∈γ , 

(1a) ( ) ( ) ( ) βμμαμ ∧∧≥∨+ yxyx , 
(1b) ( ) ( ) βμαγμ ∧≥∨ xx , 
(2) [ ]( ) ( ) ( ) βμμαμ ∧∧≥∨ yxyx . 
(3) [ ]( ) ( ) ( )( ) βμμαμ ∧∨≥∨ yxyx  for all 

Lyx ∈γ,, . 
(1a) ( ) ( ) ( ) βμμαμ ∧∧≥∨+ yxyx , 
(1b) ( ) ( ) βμαγμ ∧≥∨ xx , 

(1a): Suppose that for some Lyx ∈, , 
( ) ( ) ( ) tyxyx =∧∧<∨+ βμμαμ , then ( ]β,at∈ , 
( ) tyx <+μ , tx μ∈  and ty μ∈ · Since tyx μ∈,  

and tμ  is a Lie subalgebra, so tyx μ∈+  or 

( ) tyx ≥+μ , which is a contradiction with 
( ) tyx <+μ . Hence (1a) holds. 

(2) [ ]( ) ( ) ( ) βμμαμ ∧∧≥∨ yxyx . 
Moreover, μ is a fuzzy ideal with thresholds of L, if μ 
satisfies the conditions (1a), (1b) and satisfies the fol-
lowing condition: 
(3) [ ]( ) ( ) ( )( ) βμμαμ ∧∨≥∨ yxyx  for all 

Lyx ∈γ,, . 
If μ is a fuzzy Lie subalgebra (ideal) with thresholds 

of L, then we can conclude that μ is an ordinary fuzzy 
Lie subalgebra (ideal) when 0=α , 1=β ; and μ is an 

-fuzzy Lie subalgebra (ideal) when ( q∨∈∈,

(1b): Suppose that for some Lx∈ , 
( ) ( ) txx =∧<∨ βμαγμ , then ( ]β,at∈ , ( ) tx <αμ  

and tx μ∈ . Since tx μ∈ , we get tx μα ∈  or 

( ) tx ≥αμ , which is a contradiction. Hence (lb) holds. 
) 0=α , 

5.0=β . 
(2): Suppose that for some , Lyx ∈,Now, we characterize fuzzy Lie subalgebra (ideal) 

with thresholds by their level Lie subalgebras (ideals). [ ]( ) ( ) ( ) tyxyx =∧∧<∨ βμμαμ , 
Theorem 4.10: A fuzzy subset μ of a Lie algebra L is a 
fuzzy Lie subalgebra (ideal) with thresholds of L if and 
only if (

then ( ]β,at∈ , [ ]( ) tyx <μ  and tx μ∈  and 

ty μ∈ . Since tyx μ∈,  and tμ  is a Lie subalgebra, 

so [ ] tyx μ∈  or [ ]( ) tyx ≥μ , which is a contradic-

tion with [ ]( ) tyx <μ . Hence (2) holds. 

)φμ ≠t  is a Lie subalgebra (ideal) of L for all 

( ]β,at∈ . 
Proof. Let μ is a Lie subalgebra with thresholds of L. Let 

tyx μ∈, , then ( ) tx ≥μ  and ( ) ty ≥μ . Now, we have Therefore μ is a Lie subalgebra with thresholds of L. 
( ) ( ) ( )

( ) ,tyx
ttyxyx

≥+⇒
=∧≥∧∧≥∨+

μ
ββμμαμ

 
(3): If there exists  such that Lx∈

[ ]( ) ( ) ( )( ) tyxyx =β∧μ∨μ<α∨μ  then ( ]β,at∈  
and [ ]( ) tyx <μ  and tx μ∈  or ty μ∈ . Let tx μ∈ . 

Since tμ  is an ideal, so [ ] tyx μ∈  or [ ]( ) tyx ≥μ , 

which is a contradiction with [ ]( ) tyx <μ . Hence (3) 
holds.  

( ) ( )
( ) ,tx

ttxx
≥⇒

=∧≥∧≥∨
γμ

ββμαγμ
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Therefore μ is a Lie ideal with thresholds of L.  
 

5. Conclusions 
 

Lie algebras is one of the basic notions of mathemat-
ics. Being non-associative algebras, they are connected 
with many branches of mathematics. In the last several 
years, the relationship between mathematics and funda-
mental physics has reached the most significant stage at 
which developments in one science yield important re-
sults for the other, fuzzy group, fuzzy ring, fuzzy module, 
fuzzy vector space and fuzzy algebra can be given. The 
concepts fuzzy Lie algebras and fuzzy Lie ideals were 
already introduced by B. Davvaz, Y.B. Jun, K.H. Kim, 
E.B. Roh, C.-G. Kim, D.-S. Lee and S. El B. Yehia using 
fuzzy sets. In this paper, we have given the concept 

-fuzzy Lie subalgebra (ideal) on Lie algebra 
using fuzzy points. Afterwards, we have also established 
correlations between these concepts and fuzzy Lie alge-
bras(fuzzy Lie ideal). Our future work on this topic will 
focus on studying of adjoint representation of 

-fuzzy Lie subalgebra (ideal) and the Killing 
form in the -fuzzy case. 

( q∨∈∈, )

)
)

( q∨∈∈,
( q∨∈∈,
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