44 International Journal of Fuzzy Systems, Vol. 11, No. 1, March 2009

On Lacunary Almost Statistical Convergence of Generalized Difference
Sequences of Fuzzy Numbers

N. Subramanian and Ayhan Esi

Abstract

The purpose of this paper is to introduce the
concepts of lacunary almost statistical convergence
and strongly almost convergence of generalized
difference sequences of fuzzy numbers. We obtain
some results related to these concepts. It is also
shown that lacunary almost A", - statistical
convergence and strongly almost A™,- convergence
are equivalent for A™- bounded sequences of fuzzy
numbers.
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1. Introduction

The concepts of fuzzy sets and fuzzy set operations
were first introduced by Zadeh [25] and subsequently
several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy
topological spaces, similarity relations and fuzzy
orderings, fuzzy measures of fuzzy events and fuzzy
mathematical programming. Matloka [15] introduced
bounded and convergent sequences of fuzzy numbers
and studied their properties. Matloka [15] also has
shown that every convergent sequence of fuzzy numbers
is bounded. Later on sequences of fuzzy numbers have
been discussed by Nanda [19], Nuray [20], Kwon [6],
Savas [21], Wu and Wang [4], Bilgin [3], Basarir and
Mursaleen [2,16], Aytar [1], Fang and Huang [15], Esi
[31] and many others.

The notion of statistical convergence was introduced
by Fast [9] and Schoenberg [22] independently. Over the
years and under different names statistical convergence
has been discussed in the theory of Fourier analysis,
ergodic theory and number theory. Later on it was
further investigated from the sequence space point of
view and linked with summability theory by Fridy [13],
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Salat [12] , Tripathy [14] , Connor [10] and many others.
In recent years, generalizations of statistical convergence
have appeared in the study of strong integral
summability and the structure of ideals of bounded
continuous functions on locally compact spaces.
Statistical convergence and its generalizations are also
connected with subsets of the Stone- C ech
compactification of the natural numbers. Moreover,
statistical convergence is closely related to the concept
of convergence in probability.

2. Definitions and Preliminaries

The definitions of statistical convergence and strong
p-Cesaro convergence of a sequence of real numbers
were introduced in the literature independently of one
another. A different line of development was witnessed
since their first appearance. However the two definitions
can be simply related to one another in general and are
equivalent for bounded sequences. The idea of statistical
convergence depends on the density of subsets of the set
N of natural numbers. The density of a subset E of

N is defined by
5(E):%zn:;(E(k)—>O asn — oo,
k=1

provided the limit exists where 4_ is the characteristic

function of E. It is clear that any finite subset of N
has zero natural density and 5(EC):1_5(E), A

sequence (x,) is said to be statistically convergent L to
if for every ¢>0, 5({keNZ|Xk—L|25}>:O_ In this
case we write S—limx =L.Let C(R")={AcR":A
compact and convex}. The space C(R”) has a linear

structure induced by the operations
A+B={a+b:acA,beB}
and
AA={la:ae A}
for ABeC(R")and 2eR. The

between A and B of C (R”) is defined as

Hausdorff  distance

§w(A,B)=max{sup inf [a—b|, sup inf
acA DeB beB

acA

a—b||}.
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It is well known that (C(R”) S )is a complete metric

1 Yoo

space.

A fuzzy number is a function X from R" to [0, 1]
which is normal, fuzzy convex, upper-semi-continuous
and the closure of {xeR":X(x)>0}is compact. These

properties imply that for each O<a<1 ,
the o —level set [X]* ={xeR": X (x)>} Is a nonempty
compact  convex  subset  of R" , with
SUPPOrtX° = {xR": X (x)>0}. Let L(R") denote the
set of all fuzzy numbers. The linear structure of L(R”)
induces the addition X+Y and the scalar multiplication

AX,AeR, in terms of  a- level  sets,
X +Y["=|X]["+|v|", and |Ax|"=2a|x|" for each
0<a <1.Define, for each 1<q<w, saidto

1 . S

dq(x,Y){jaw(xa,Y“) daj

0

and
d, =sup 3, (X“,Y),

0<a<l

where § is the Hausdorff metric.  Clearly

d,(X,Y)=limd, (X,y) with d <d , if g<r [4].

q—x

Throughout the paper, d will denote d, with
1<g<oo.
The famous space ¢ of all almost convergent

sequences was introduced by Lorentz [14] and several
authors such Duran [6], King [11] have studied almost
convergent sequences. Maddox [17, 18] has defined X
to be strongly almost convergent to number L if

n . .
Ezmm - |_| —0asn— o, uniformly in. m.
N

The idea of difference sequences of real numbers was
first introduced by Kizmaz [9] and this concept was
generalized by Et. and Basarir [7].

Let W be the set of all sequences of fuzzy numbers.
The operator A" :w — w is defined by

(A°X), =X, (AX) =A%, =X, =Xy, (k=0,1 ...),

A" =AoA™, (m>2)
Now we will extend the notions of strongly lacunary
almost convergence and lacunary almost statistical
convergence of sequences of real numbers to the idea of
sequences of fuzzy numbers using the generalized
difference operator A" and the sequence k =(k, ). By a

0=(k);r=012 ...,
k, =0, We mean an increasing sequence of non negative
integers  with  h =(k, -k_)—>w as r—ow The
denote by

lacunary  sequence where

intervals determined by ¢ will

1, =(k . k] and g =K.

kr—l
Definitionl: Let ¢=(k,) be a lacunary sequence. A

sequence X =(X,) be a sequence of fuzzy numbers is
to be lacunary almost A" - statistically convergent to
fuzzy number X if forevery &0,

hi‘{k el s d(A"X,., X0>25}‘ —0asr— o,

uniformly in i. In this case we write X, — xo(g(Am{)))
or §(A",)-limX, = X,. The set of all lacunary almost
A", - statiscally convergent sequences of fuzzy numbers
is denoted by §(Am9). In the special case @=2" for all
reN, we shall write §(Am) instead of §(Am) and we

said that X is lacunary almost A" - statistically
convergent to the fuzzy number x, .

Definition2: Let ¢=(k, ) be a lacunary sequence. A
sequence X =(X,) be a sequence of fuzzy numbers
and p=(p,) be a sequence of strictly positive real
numbers. Then the sequence X =(X,) is said to be
lacunary strongly A", - convergent if there is a fuzzy
number X, such that

hiZ[d (A™X,; ,Xo)]pk —0asr— o,

r kel,

uniformly in i. In this case we write
Xkexo([Mg,p,Amg}), We shall use [Mg,p,Ang to

denote the set of all lacunary strongly almost A", -

convergent sequence of fuzzy numbers. In the special
case ¢=(2') for all reN and p =1 for all

keN, we shall write [Ac,p,Am] and [Ac,AmH},

[M,pan,]
X e[M,, p,A"] then we say that X is strongly

respectively, instead  of

lacunary almost A™- Cesaro summable.
Definition3: Let ¢=(k,) be a lacunary sequence. A

sequence X =(X,) be a sequence of fuzzy numbers is
said to be A™- bounded if th set {(Amxk);keN} of
fuzzy numbers is bounded. By ¢, (A™) we shall denote

the set of all A™- bounded sequences of fuzzy numbers.

3. Main Results

In this section we give some inclusion relations
between strongly lacunary almost (Amg)- convergence
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and lacunary almost (A"‘g)- statistical convergence and
show that they are equivalent for (A"‘)- bounded

sequences of fuzzy numbers. We also study the inclusion
§(A™) = §(A™, ) under certain restrictions on 6 = (k, ). The

proof of the following results is easy, so omitted.
Theorem1: If (Xx,), (Yk)eg(Amg) and ceR then

(s(A", )-lime X, =c §(A",)-limX,
(is(am,)-lim(X, +Y,)= §(a",)-limX,
+§(A", )~ limY,
Theorem2: Let g=(k ) be a lacunary sequence and
(pc) be bounded sequence of positive real number then
() X, = X, ([Mg, p,Amf,]) implies X, — X, (§(Amg)),
(i)x er,(am) and X, — X,(8(a",)) imply
X, = X, ([M,, p.a", ),
D5(a%, )1 (47)=[ M, p.a%, ] (7),
where O<h=inf p <p <supp =H and /¢ is

the set of all bounded sequence of fuzzy numbers.
Proof :

(i) Let £>0 and xk_)xo( [Mg,p,Amg} ) Then we

can write
—g[w i Xo) ||
zhi > [d(A"Xen %) "

k+i?

zhir‘{keh:d(Ax X,) >£}‘ min [&"&" ],

uniformly in i. where 0<h= inf p <p < sup

p,=H <oo.
(i1) Suppose that X £, (A")and X, — X, (§(a",)) , since

X et ,thereisaconstant T >0 such that
d(A"X,,;, X,)<T . Given >0, we have
_rl;[ ( K+i® )]pk
1 m Pk
& ; [d(A xk”,xo)]

d(A™ Xy, X )22

[d(amX, %, )"

1
>
hr kel,
d(A™Xyi. X0 )<z

smax(Th,T“)hin lood (A" X0 X ) 2 }‘+max(gh,g”).
Hence X,e[M,,p,A", ]

(iii) Follows from (i) and (ii). This completes the proof.
Theorem3: Let ¢=(k ) be a lacunary sequence. If a

X=(X,) Is
the

sequence almost A™ - statistically

convergent  to and

lim jnf ke
O\r

convergentto X,

Proof: Given ¢>0 we have

‘{k<r d(A™X,.;, X,) >g}‘3‘{kelr:d(A X, Xo) 2 }‘

fuzzy  number X,

j>0’ then it is almost A" - statistically

k+i?

Therefore
%‘{k <r:d(A"X,,, X,)2 ‘9}‘

2%‘{keIr:d(AmXM,XO)ZgH
z% . hi‘{kelr:d(AkaH,X )2

Taking limit as r — o and using limjnf (£j>0 . Wwe get X
M\r

is A", — statistically convergent to X,. This completes the

proof.

Theorem4: Let 0<p <q  and (%j be bounded.
k

Then [Mg,q,Amg]c |:Mg! D,A’“g}

Proof:
Let X e[M,qa",] Write w,=[d(A"X,,,X, )]
and , —Pc so that 0<pu<p <1 for each k. We

define theqkSequences (uk,i) and (vk,i) as follows: Let
u,=w, and v, =0 if w,>1,and let u,=0 and
Vi =W, if w,<1. Then it is clear that for all
keN, we have w,, =u, +v,,,w, "

Now it follows that u M <u <w,

— uk,i#k 4 Vk,i#k .
and Vk i#k S Vk i#'
Therefore

Zwk a =h_2(uk,iuk +Vk,iﬂk)

r kel, r kel,
_ZWKI kal
r kel,

r kel,

Since p<1,foreach m we have
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gy, o (L, V(1)
-] (3

r kel, r

e T T

l H
‘[h‘réw’i]

By Hdlder’s inequality and thus

IN

1 1 1 !
h_zwk,i/k Sh_zwk,i +[h_zvk,iJ

r kel, r kel, r kel,

Hence X e [Mg, p,Ama] . This completes the proof.
Theorem 5: [Me*AmeL :gw(Am) , Where

[M,,A", ] ={x =(Xk):hirl§[d(Aka+i,0)]<oo}.

Proof: Let X E[MQ,Amg] . Then there exists a constant

k, >0 such that

1 rimy =11 ny =
Eol[A XM,O]sh—Zd[A X, 0] <k,

for all i and so we have X er_ (Am), Conversely, let

r kel,

X eéw(Am)_ Then there exists a constant k, >0 such that

k+i'6)S

d(Aij,O)skz for all j, and so hizd(Amx

r kel,

k :
h—221S k, for all k and i. Thus X e[M,,A",] .
r kel, ”

This completes the proof.
4. Conclusions

We introduce and examine the concepts of lacunary
almost statistical convergence and strongly almost
convergence of generalized difference sequences of
fuzzy numbers. We give a brief information about fuzzy
numbers, the operator A", the sequence #=(k,),
statistical convergence and using the generalized
difference operator A" and the sequence ¢ =(k,). We
define the concepts of lacunary almost statistical
convergence and strongly lacunary almost convergence
of sequences of fuzzy numbers. We establish some
relations between strongly lacunary almost A", -
convergence and lacunary almost A", - statistical
convergence.
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