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Abstract1 

In this paper, a novel state error feedback sliding 
controller is proposed. In the controller, an optimal 
feedback gain is required and in this study it is 
assumed to be unknown. Usually, a rudimentary 
feedback gain is used. Besides, in order to 
approximate the state error feedback sliding 
controller with the optimal feedback gain, an 
adaptive fuzzy system is employed. Thus, the 
proposed control scheme consists of an adaptive 
fuzzy system and a state error feedback sliding 
controller with a rudimentary feedback gain. In the 
system framework, the rudimentary state error 
feedback sliding controller can be viewed as the 
approximate error estimator of the adaptive fuzzy 
system. Therefore, such an estimated error can be fed 
back to the learning of the fuzzy system through a 
modified adaptive law. With such an approximate 
error feedback, it is clearly evident from our 
simulation that the learning speed of the proposed 
learning scheme is faster than that of the original 
scheme. Also, with the proposed controller, the system 
stability not only is guaranteed, but also becomes 
more stable.  

time. Generally, the conventional sliding controller 
design has a large and inelastic control component to 
guarantee the system stability. It is often obtained based 
on the upper bounds of the system uncertainties. Since 
the robust controller can only use such bounds to ensure 
the stability if no other information is used, chattering 
phenomena seems unavoidable [18-20]. Please note that 
the integral sliding surface [29] or other sliding surfaces 
[30-31] are not considered in this study.  

An idea of resolving the above problem is to 
incorporate certain learning capability into the system to 
provide information for the robust controller. In the 
sliding control design for uncertain systems, adaptive 
approximation techniques are usually employed as 
learning mechanisms. In this kind of approaches, 
numerical [27-28, 32-34] or intelligent [12-17] 
approximation systems are used to estimate unknown 
parameters in the control law [12-17, 26-28] or to adjust 
the boundary layer to eliminate chattering phenomena 
[21-26]. In this study, an adaptive fuzzy approximation 
system is considered. Adaptive fuzzy systems are 
adaptive systems with the incorporation of linguistic 
fuzzy information in a form of fuzzy IF-THEN rules 
[5-6][8-9] and are usually employed to estimate some 
elements in the so-call equivalent controller. Basically, 
these design approaches are similar to that of indirect 
adaptive fuzzy control systems [6][10-11]. In this paper, 
a novel idea for adaptive fuzzy sliding control systems is 
proposed. By referring to [14], it can be found that the 
stable (sliding) condition, which is the negative 
Lyapunov energy derivative, is the key idea of the 
system stability. Thus, it is possible to consider the 
traditional stable process of approaching the sliding 
surface only in the design process. Of course, this design 
direction may violate the basis of the variable structure 
system design [7]. But, it may exist interesting and 
useful design methodologies under such a deign 
philosophy.  

Keywords: adaptive sliding control, adaptive fuzzy 
control, feedback control. 
 

1. Introduction 
 

Various uncertainties exist in practical control 
applications, such as parameters variations, external 
disturbances, coupling, and system model errors. Among 
those uncertainties, coupling and external disturbances 
are usually difficult to model or estimate. If these 
considered uncertainties are bounded, the sliding control 
technique is a powerful scheme of these control 
problems with uncertainties [1-4]. When an appropriate 
sliding controller is employed, the state trajectory can 
approach to the sliding surface and stays on it in a finite 

As mentioned, the design idea is to use the condition 
of the negative Lyapunov energy derivative. First, as 
traditional approaches, the feedback linearization is 
utilized to define a state-error-feedback sliding controller 
which is also used to define the condition of the negative 
Lyapunov energy derivative. Since the optimal feedback 
gain is uncertain, an adaptive fuzzy system is employed 
to approximate the control action of the optimal state- 
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error-feedback sliding controller. Then, a new adaptive 
law containing an approximate error feedback scheme is 
proposed in this paper and its stability is also proved via 
Lyapunov stable theorems. It is easy to see that the main 
difference of this approach is the use of an approximate 
error estimator for the fuzzy system. From our 
simulation, it is evident that the proposed approach 
indeed has excellent control performance.  
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By using (6), (5) can be rewritten as 
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Define the Lyapunov function as 2
2
1 sV = . The time 

derivative of V is 
sgusgussV −== * .             (8) 

Since ∞<< g0  is limited and known, a sliding 
controller is defined as  

This paper is organized as follows. After this 
introduction section, the ideas of state-error-feedback 
sliding controller and fuzzy system are introduced in 
section II. In section III, the proposed approximate error 
feedback adaptive law is presented. In section IV, the 
simulations with the use of an inverted pendulum system 
are illustrated to verify the correctness of our approach. 
Finally, conclusive remarks are given in section V. 
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where  is an optimal control gain. Referring to 
(2), (9) can be said to be a optimal state-error-feedback 
sliding controller. Substituting (9) into (8), we get  
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 Since  is bounded, (10) indicates that a suitable large 

 can ensure . This stability notion is similar to 
that in [14]. 
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gC 0<V2. State-error-feedback sliding controller and 

fuzzy system 
 In the adaptive fuzzy control system design, a fuzzy 

system ( ) will be used to approximate the controller 
(9). The fuzzy system is constructed by a set of fuzzy 
IF-THEN rules as 
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,   (11) where  is a unknown bounded continuous 

function,  is a known bounded positive-definite 
continuous function,  is the control input of the 
system, and  is the system output. Define the 
state vector as . 
Assume that all states are measurable. The reference 
trajectory is . The tracking 
error is  and whose vector form is 
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where  and  are the input and output 
of the fuzzy system, respectively,  and 

 are the corresponding fuzzy sets, l is the rule index, 
and M is the number of rules. In this study, for easy 
computation,  is a fuzzy singleton. The overall 
output of the fuzzy systems with the center-average 
defuzzification and product inference can be obtained as  
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The sliding surface considered is defined as [1] 

0     ,)()( 1 >+= − λλ e
dt
ds ne ,        (2) 

where λ  is a sliding constant. Then, the time derivative 
of  is  s where )(⋅l

jA
μ  is the fuzzy membership function of . 

It should be noted that (12) is a universal function 
approximator [8][9]. (12) can also be rewritten as  
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and  is the fuzzy degree vector. 
The elements of  are 
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The task of u is to drive the states to the sliding 
surface and to stay on it in a finite time [1]-[4]. The 
feedback linearization method is usually used to define 
the reference controller ( ) of u as *u
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As mentioned earlier, (13) is employed to approximate 
the controller in (9) directly. In order to cope with the 
approximate error of the limited fuzzy system 
constructed from the limited rules, usually a additional 
robust controller ( ) is utilized to ensure . In 

this paper, we further proposed to employ another 
compensative controller ( ) to directly cope with errors 
so as to improve the learning performance. Therefore, 
the proposed controller is 

ru *lim uu
t

=
∞→

cu

ss sgωθ α= ,               (24) 
which is also obtained in various adaptive fuzzy control 
approaches. In this paper, we will further propose a 
modified adaptive law to improve the learning 
performance of the fuzzy adaptive control. The idea is to 
consider the approximate error compensation directly. In 
this study, we propose to add a simple approximate error 
feedback into the adaptive law (24). In other words, the 
prototype of the novel adaptive law is  

sss sg θωθ ~ βα += ,              (25) 
rcs

T
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where 0>β  is a constant. With (25), (23) becomes  The designs of the adaptive law of , , and  are 
provided in next section.  
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. It is known that 
cu gC

∞∈−−= Luu s
T

scu ωθ**ε ∞∈Ls
T
s θθ ~~  

based on the universal approximator theorem for fuzzy 
systems [8][9]. Besides, 0~~ )( <− s

T
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robust controller ( ) can be designed as  ru

3. Approximate Error Feedback Adaptive Law 
 

Define the optimal fuzzy approximator as follows.  
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where  is the optimal parameter vector defined as  *
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where  and  are constant sets of the suitable 

bounds of  and x, respectively. Substituting (15) into 
(7), we obtain 
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(27) into (26), we have where cuuu −= *~  is the control error. Because  is a 
compensative controller designed for compensating the 
difference between  and ,  can be selected as  

cu
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The sliding condition  is satisfied. It means when 
the trajectory crosses a closed ball around the origin, it 
can never come out again [1]. Thus, the control 
performance is expectable [14]. Suppose 

0<sV
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In other words, the asymptotical stable is ensured [1]. 

sCu gc = ,                (19) 
where  is a selected gain constant. In our 
study, the design targets are defined as follow.  
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Another problem is how to obtain sθ

~  in (25). In the 
ideal case as (20), we know  Now, rewrite (18) as  
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Therefore, the adaptive law is  
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For comparison, consider the normal adaptive law as 

(24). The time derivative of the Lyapunov function is where 0>α  is an assignable parameter. Substituting 
(21) into the time derivative of (22), we have 0))(max(2 <−−== uuss gssgVV εε .   (33) 

s
T
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It can be found that  still holds. Nevertheless, it 
is easy to see that . Thus, the convergent 
speed of the state error by using (32) is better than that 

0<sV
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T
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The adaptive law for the fuzzy system is obtained as  
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of using (24). This effect is illustrated in the simulation 
shown in the next section.  

In order to avoid the chattering phenomenon, similar 
to that in [1] and [18-19], the following boundary layer 
( ) is added into (27). bL

⎪
⎩

⎪
⎨

⎧

Φ
Φ<−
Φ>

=
else ,   /

 if ,      1
 if ,         1

s
s
s

Lb ,           (34) 

where  is a boundary layer constant. The robust 
controller (27) is rewritten as  

0≥Φ

)sgn(sLku brr = .            (35) 
Other elimination methods for chattering can be found in 
[21-26].  

Summarily, the proposed approach is 
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4. Simulations 

 
In our study, the inverted pendulum car system is used 

to illustrate the advantages of (36) and is described as 
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where  is the angle of the pole, (rad/sec.) is 
the angular velocity of the pole. The system parameters: 

 is the acceleration due to gravity ( ),  is 
the mass of the car ,  is the mass of the pole 

, and L=1(m) is the length of the pole. The 
function g of (37) is a continuous positive function [6]. 
The fuzzy system is built using 25 fuzzy rules. The used 
fuzzy sets and membership functions are shown in Fig. 1, 
and the initial fuzzy singleton vector is 

)(1 radx 2x

rg 2/8.9 sm cm
)0.1( kg tm

)1.0( kg

0)0( =sθ . The 
following parameters are used; 50=α , , 10=Φ 1=rk , 

100=β , 20=λ , and . The initial states are 
 and .  is the 

tracking target and the simulation time is 50 seconds.  

20=gC
.)(deg15)0(1 =x 0)0(2 =x )sin(tym =

The MATLAB function “ode45” is used to emulate 
the system dynamics with the fixed time step size 0.01 
(sec.). Figs. 2-4 are the tracking control performance. 
From these results, it is evident that the convergence of 
the initial tracking error is fast and the final tracking 
error is very small. Figs. 5-7 show the total control 
action. The chatting phenomenon does not exist in the 
initial or the final stages. Fig. 8 is the compensative 
control action or the estimation of the approximate error 
to the adaptive fuzzy controller. It can be found that the 
approximate error is small. It implies that (32) is 
effective. Fig. 9 is the control action of the adaptive 
fuzzy controller (13). After about 15 seconds, the control 
action is stable. Fig. 10 is the control action of the robust 
controller (35). Please note that a small rk  is acceptable. 
It implies *ˆ uuu cs ≅+ shows the learning 
results ( sθ ) of the fuzzy system. After about 15 seconds 
the learning is convergent and the parameter drifting 
problem is not noticeable. Figs. 12-15 are the simulation 
results while (24) is used in (36) (i.e., (32) is not used). 
From Fig. 14, it can be found that the needed convergent 
time is above 40 seconds. On the other hand, the 
convergent time of using the approximate error feedback 
adaptive law (32) is about 15 seconds. It is easy to see 
that the convergent speed of using (24) is slower than 
that of using (32).  

. Fig. 11 

 

 
Fig. 1. The used membership functions and fuzzy sets. 
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Fig. 2. The tracking control performance of (36). 
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Fig. 3. The initial stage of Fig. 2. 
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Fig. 4. The final stage of Fig. 2. 
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Fig. 5. The total control action (u). 
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Fig. 6. The initial stage of Fig. 5. 
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Fig. 7. The final stage of Fig. 5. 
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Fig. 8. The compensative control action or the approximate 

error estimated from (19). 
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Fig. 9. The action of the adaptive fuzzy controller (13). 
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Fig. 10. The robust control action of (35). 
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Fig. 11. The learned results ( ) of the fuzzy system. sθ
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Fig. 12. The compensative control action while the normal 

adaptive law (24) is used in (36). 
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Fig. 13. The robust control action from (35) while the normal 

adaptive law (24) is used in (36). 
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Fig. 14. The control action of the fuzzy system (13) while the 

normal adaptive law (24) is used in (36). 
 



 International Journal of Fuzzy Systems, Vol. 11, No. 1, March 2009 42  

0 10 20 30 40 50
-20

-15

-10

-5

0

5

10

15

20

time (sec.)

Le
ar

ni
ng

 re
su

lts

 
Fig. 15. The learned results ( ) of the fuzzy system while the 

normal adaptive law (24) is used in (36). 
sθ

 
5. Discussions 

 
In this paper, a novel state error feedback sliding 

controller is proposed. Since the control gain required in 
the optimal state error feedback sliding controller is 
unknown, thus, in our study, an adaptive fuzzy system 
( ) together with a state error feedback compensative 
controller ( ) is employed to approximate the controller. 
It can be found that  is also an approximate error 
estimator. In the proposed adaptive law as (32), the 
approximate error of the fuzzy system can immediately 
be considered in the learning process and as a result, the 
learning speed becomes fast as shown in our simulation. 
As a matter of fact, by using (32), a more negative value 
of the Lyapunov energy derivative is obtained. It can be 
easily verified that the system stability of the proposed 
approach not only is guaranteed, but also becomes more 
stable.  

sû

cu

cu
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