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Abstract1

Channel equalization is a major method for re-
ducing distortion and interference effects on a com-
munication channel. In this paper, channel equaliza-
tion using soft computing methods is attempted. To 
be more specific, Dynamic Fuzzy Neural Networks 
(DFNN) which combines fuzzy rules and neural net-
works is adopted. The DFNN is functionally equiva-
lent to a Takagi-Sugeno-Kang (TSK) fuzzy system 
possessing the learning ability of a Radial Basis 
Function (RBF) neural network. The hidden neurons 
(rules) of the DFNN can be added and pruned dy-
namically during the training process based on the 
significance of each neuron to achieve a compact to-
pology structure. Simulation studies demonstrate 
that the performance of the DFNN-based equalizer is 
superior to some other existing equalizers in terms of 
Bit Error Rate (BER).  

Keywords: Fuzzy logic, Neural networks, DFNN, 
Channel equalization, Minimal Resource Allocation 
Network (MRAN). 
 

1. Introduction 
 

It is well known that in high speed digital communi-
cation systems, the communication channel will invaria-
bly distort the transmitted signals in both amplitude and 
phase thereby causing distortion in the received signals. 
Figure 1 shows a standard base-band discrete model of a 
communication system, where the channel input signal,  

 

 
Figure 1. Discrete model of a communication system. 
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is passed through a channel which is of linear or nonlin-
ear dynamics. 

The channel output  is given by nx
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where  is the channel order. As depicted in Figure 1, 
the channel noise-free output  is corrupted by addi-
tive zero-mean Gaussian noise  to produce the 
equalizer input signal . After equalization, the equal-
izer’s output signal  is compared with the delayed 
channel input signal  and the error between these 
two signals,  is used to adjust the parameters associ-
ated with the equalizer. The purpose of the equalizer is 
to reconstruct the transmitted signal   based on the 
received signal sequence  
where 
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τ is the equalizer’s decision delay and  is the 
input dimension of the equalizer. 

m

Adaptive channel equalization is a major issue in 
digital communications. Many adaptive filters can be 
used to improve performance of digital communication 
systems [1] [2]. Use of adaptive equalizers in digital 
communication system can significantly improve the 
performance of the overall system. A novel scheme with 
the adaptive filtering and the pre-conditioned conjugate 
gradient algorithm for channel equalization was pro-
posed in [3]. The authors of [4] proposed a channel 
equalizer based on Adaptive Filtering with Averaging 
(AFA). The main advantages of AFA are that it has high 
convergence rate comparable to that of the recursive 
least squares equalizer and has low computational com-
plexity. Blind equalization is a particularly useful type of 
equalization when training sequences are undesirable. 
Blind equalization schemes such as the Tricepstrum 
Equalization Algorithm (TEA) [5] and the maximum 
likelihood joint data and channel estimation algorithm 
[6] have been developed for linear channel. Blind equal-
izers used for nonlinear channels were developed in [7] 
and [8]. 

By virtue of the excellent mapping and classification 
ability of neural networks [9], many types of neural 
networks have been applied for equalization problems, 
such as Multi-Layer Perceptions (MLP), Radial Basis 
Function Neural Networks (RBFNN) and Recurrent 
Neural Networks (RNN) [10]-[16]. The authors of [10] 
developed an adaptive equalizer using MLP to overcome 
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channel nonlinearities and additive noise correlation. 
They also investigated a RBFNN equalizer to reconstruct 
binary signals in a dispersive channel and showed that 
the RBFNN nonlinear equalizer can realize optimal 
equalization and were beneficial in practical implemen-
tations [11] [12]. RNN equalizer has gained great atten-
tion because of its feedback property and was developed 
by Kechriotis et al. [13] and Parisi et al. [16], respec-
tively. Kechriotis et al. proposed an adaptive RNN 
equalizer for linear and nonlinear channels [13]. Another 
fast adaptive RNN digital equalizer was presented by 
Parisi et al. [16], which was superior to Kechriotis’ RNN 
equalizer in terms of Bit Error Rate (BER) and the speed 
of convergence. Kumar et al. [14] presented a RBF 
equalizer using Minimal Resource Allocation Network 
(MRAN) and evaluated performance of the proposed 
equalizer in different channels for 2-PAM and 4-QAM 
signals. The equalizer using the Function Link Artificial 
Neural Networks (FLANN) was developed by Weng et 
al. [17] and Yen et al. [18]. The performance of the 
FLANN equalizer was compared with that of an MLP 
equalizer and linear least-mean-square-based equalizer 
in several channels for QAM signals. The nonlinear 
channel equalizers based on self-constructing fuzzy neu-
ral network (SCFNN) was designed and developed by 
Weng et al. [19]. It has been demonstrated that the 
SCFNN-based digital channel equalizer possesses the 
ability to recover the channel distortion effectively. An-
other self-constructing recurrent fuzzy neural network 
(SCRFNN)-based digital channel equalizer was pro-
posed in [20]. Growing and pruning RBF (GAP-RBF) 
network which is similar to the MRAN algorithm was 
applied to solve channel equalization problem in [15]. 
The GAP-RBF is able to determine an appropriate num-
ber of hidden neurons automatically. Using the growing 
and pruning criteria, the number of hidden-layer neurons 
is dynamically adjusted to achieve a compact network 
structure. 

In the past few years, fuzzy logic has gained great at-
tention in various industrial applications because of its 
ability to approximate any continuous function on a 
compact set to any accuracy. It is well known that fuzzy 
logic incorporates simple IF-Then rules to model and 
control an engineering system and it typically requires 
expert experiences in the design. However, any designer 
will encounter great difficulty in conventional fuzzy 
system design when the system is too complicated to 
extract an appropriate number of fuzzy rules. Recently, 
Dynamic Fuzzy Neural Networks (DFNN) which com-
bines fuzzy logic and neural networks was proposed by 
Wu and Er [21]. By leveraging on the reasoning ability 
of fuzzy logic and the learning ability of neural networks, 
the DFNN has been applied to solve a lot of interesting 
engineering problems. The key idea of the DFNN is that 

the system starts with no hidden units and it dynamically 
adds and deletes neurons according to their significance 
to system performance. A parsimonious structure is 
achieved by virtue of the self-adaptive learning algo-
rithm. Many interesting applications of the DFNN have 
been accomplished since it was proposed [22]-[24]. 
However, it is not clear whether the DFNN is suitable 
for handling channel equalization problems and if so, 
how its performance will be compared with some 
state-of-the-art methods. In this paper, the DFNN is ap-
plied to the channel equalization problem and its per-
formance is evaluated in several channel models. Simu-
lation results show that the DFNN equalizer is a useful 
and efficient method for linear and nonlinear channel 
equalization 

This paper is organized as follows. Section 2 reviews 
the DFNN architecture. Section 3 presents the DFNN 
learning algorithm. Section 4 compares the performance 
of the DFNN equalizer with the Bayesian, MRAN, RNN 
and other equalizers. Section 5 discusses the simulation 
results. Section 6 concludes the paper.  
 

2. Architecture of Dynamic Fuzzy Neural 
Networks 

 
Figure 2 depicts the architecture of DFNN. The archi-

tecture of the DFNN is made up of five layers: 
Layer 1: Input layer. Each node represents an input lin-
guistic variable.  
Layer 2: Each node represents a membership function 
(MF) which is in the form of a Gaussian function: 
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where ijμ is the  membership function of , is 
the center of the  Gaussian membership function of 
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Layer 3: Each node represents a possible IF-part of a 
fuzzy rule. If the T-norm operator is chosen as multipli-
cation to calculate each rule’s firing strength, the output 
of the  rule  is given by: thj jR
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Layer 4: In this layer, the outputs from the previous layer 
are normalized to the interval [0, 1], i.e. 
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Figure 2. Architecture of DFNN. 
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Layer 5: Each node in this layer represents an output 
variable which is the weighted sum of the incoming sig-
nals, i.e. 
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where  is the value of an output variable and  is 
the connection weight of each rule. 

y jw

For the TSK model: 
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where  is the number of input variables. m
 

3. Learning Algorithm of DFNN 
 
A. Criteria of Growing Neurons 

The learning algorithm flowchart of DFNN is depicted 
in Figure 3. Two criteria of growing neurons are defined. 
‧ System Error: For each observation  where  
is the input vector and  is the desired output, calculate 
the overall DFNN output  on the existing structure 
according to (5) 

),( ii tP iP

it

iy

Define 
 iii yte −=  (7) 
as system error. 
‧  Accommodation Boundary For each observa-
tion , calculate the distance  between the 
observation  and the center  of existing RBF 
units.  

),( ii tP )( jdi
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where  is the number of existing RBF units. u
Find  
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where  is chosen a priori according to the desired 
accuracy of the DFNN and  is the effective radius of 
the accommodation boundary, an RBF unit should be 
considered. We choose 

ek

dk
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where  is the predefined maximum error,  is 
the desired accuracy of the DFNN output,

maxe mine
β  is a  con-

vergence constant (typically, 95.0~9.0=β ),  is the 
largest length of the input space,  is the smallest 
length of interest and 

maxd

mind
γ  is a decay constant (in general, 

we choose 998.0~94.0=γ ). 
After a new neuron has grown, we allocate the new 

RBF unit with centre,  and width, iC iσ  as follows: 
  (14) ii PC =
 mindki ×=σ  (15) 
where  is an overlap factor that determines the over-
lap of  responses of RBF units. In general, we choose 

k

2.1~05.1=k . 
 
B. Weight Adjustment 

At any time, the  observation enters the DFNN 
and all these  data are “memorized” by the DFNN in 
the input data matrix  and the output data matrix 

 respectively, based upon which the weights are 
determined. The input data matrix is given by 
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and the output data matrix is given by  
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where  is the number of input variables. m
If  RBF units are generated according to the 

aforementioned criteria of growing neurons for these  
observations, the output of normalized nodes can be ob-
tained according to (4) 
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Figure 3. Learning algorithm of DFNN. 

 
can be derived as follows: 
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Rewriting (19) in a more compact form, we have 
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Our objective is the following: Given and 
 related by 

num ×+Ψ )1(
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find an optimal coefficient vector such that the error 
energy 

*W
EE T ~~ is minimized. This problem can be solved 

by the linear least squares (LLS) method by approxi-
mating 
  (25) Ψ×= *WOUT

The optimal is in the form of *W
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where +Ψ  is the pseudo-inverse of  Ψ
  (27) TT ΨΨΨ=Ψ −+ 1)(
 
C. Criteria of Pruning Neurons 

In order to realize a compact network structure, inac-
tive hidden neurons should be detected and removed 
during the learning progress. 

The error reduction ratio method presented in [21] is 
used to calculate the error reduction ratio ma-
trix . If um

u RERR ×+∈= )1(
21 ),,,( δδδ L
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where  is a predefined threshold,  is the row 
number of matrix , the  RBF unit should be 
deleted. 

errk 1+m
ERR ith

 
4. Simulation Results 

 
The performance of the DFNN equalizer for 2-PAM 

signals is evaluated for three different channel models 
used in [13] and [16]. In Example 1 and Example 2, the 
simulation environment is set the same as that of [16] in 
order to have a fair comparison of the results. A total of 
106 testing data are used to calculate the BER after the 
equalizer is trained at different signal-to-noise ratio 
(SNR). 

Example 1: In this example, the third-order 
non-minmum-phase channel model is used to evaluate 
the performance of the DFNN equalizer. The channel 
transfer function used in [13] and [16] is given by 
  (29) 21 3482.08704.03482.0)( −− ++= zzzH

The input dimension of the DFNN equalizer is set to 
1=m  and the equalizer decision delay is 1=τ . The 

DFNN network parameters are set as: 4max =d , 
3.0min =d , 1max =e , , , 02.0min =e 002.0=errk 1.1=k , 

9.0=β , 97.0=γ . 
The activation functions are chosen to be Gaussian 

functions for the MRAN, GAP-RBF and RBFNN equal-
izers and hyperbolic tangent function is used for the 
RNN equalizer. The RNN equalizer of [13] uses three 
units in the simulation study. The DFNN equalizer is 
trained with 300 samples at different SNR and Figure 4 
is the DFNN equalizer output at 10dB SNR. Seven fuzzy 
rules have been generated by the DFNN equalizer at the 
end of the training process shown in Figure 5. The dis-
tribution of neurons is shown in Table 1 and the mem-
bership functions of the input variable are shown in Fig-
ure 6. Figure 7 shows plots of BER versus SNR for the 
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Figure 4. Equalizer output (Example 1). 

 

 
Figure 5. Generation of fuzzy rules (Example 1). 

 

 
Figure 6. Membership functions of input variable (Example 1). 
 

Bayesian, the MRAN, the RNN, the DFNN, the 
GAP-RBF and the RBFNN equalizers. As shown in 
Figure 7, the Bayesian equalizer (star line) attains the 
best BER performance. It can be seen clearly that the 
DFNN equalizer (circle line) always produces superior 
performance than the MRAN equalizer (dot line), the  

 
Figure 7. Error probabilities *: Bayesian. •: MRAN. +: RNN 

�o: DFNN. GAP-RBF. ♦: RBFNN equalizers (Example1). 
 
RNN equalizer (plus line) and the RBFNN equalizer    
(diamond line). It should be highlighted that for the large 
SNR, the GAP-RBF performs better than the DFNN, 
while for small SNR, the DFNN performs better than the  
GAP-RBF. 

The fuzzy rules generated by the DFNN are: 
Rule 1: If x  is , then . )7.0,9.0(A xt 8.07.1 −−=
Rule 2: If x  is , then . )8.0,5.1(A xt 6.01.0 +=
Rule 3: If x  is , then . )2.0,1.0(A xt 55.0 +=
Rule 4: If x  is , then . )2.0,1.1(A 3.1=t
Rule 5: If x  is , then . )2.0,7.0(A xt 5.09.0 +=
Rule 6: If x  is )1.0,3.0(−A , then xt 7.05.0 +−= . 
Rule 7: If x  is )4.0,6.1(−A , then xt 9.08.2 −−= . 

Example 2: In this case, a more complicated channel 
model is used to evaluate the performance of the DFNN 
equalizer. The nonlinear channel transfer function used 
in [13] and [16] is given by 
  (30) 21 3482.08704.03482.0)( −− ++= zzzH

  (31) nnnn vxxx ++= 2ˆ2.0ˆ
where  is the linear noise-free channel output and 

is the zero mean Gaussian white noise. The input di-
mension of the DFNN equalizer is set to 

nx̂

nv
1=m  and the 

equalizer decision delay is 1=τ . The DFNN network 
parameters are set as: , , 4max =d 3.0min =d 1max =e , 

02.0min =e , 002.0=errk , , 1.1=k 9.0=β , 97.0=γ . 
The DFNN equalizer is trained at different SNR with 

500 training samples. Figure 8 and Figure 9 show the 
generation of fuzzy rules and membership functions of 
the input variable respectively. 

The fuzzy rules generated by the DFNN are: 
Rule 1: If x  is )7.0,7.0(−A , then xt 2.09.0 +−= . 
Rule 2: If x  is , then  )0.1,1.2(A xt 7.19.4 −=
Rule 3: If x  is , then . )1.0,2.0(A xt 5.76.2 −=
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Figure 8. Generation of fuzzy rules (Example 2). 

 

 
Figure 9. Membership functions of input variable (Example 2). 

 

 
Figure 10. Error probabilities. *: Bayesian. •: MRAN. +: RNN 

�o: DFNN.  GAP-RBF. ♦: RBFNN equalizers. (Example2). 

 
Rule 4: If x  is , then . )6.0,2.1(A xt 3.27.2 −=
Rule 5: If x  is , then . )02.0,2.0(−A xt 3.10.1 +−=
Rule 6: If x  is , then . )3.0,8.0(A xt 1.23.1 +−=
Rule 7: If x  is , then . )2.0,1.1(−A xt 4.05.0 +−=

After the training process, a total of one million test 
data at various SNRs were used for the BER calculation. 
A comparison of BER results with five other equalizers 
is shown in Figure 10. It can be seen from the figure that 
the DFNN equalizer attains better BER performance 
than other equalizers, except the Bayesian equalizer. 

Example 3: The nonlinear channel model used in [13] 
and [14] is chosen for simulation study. The channel 
transfer function is given by 
  (32) 17.01)( −+= zzH

  (33) nnnnnn vxxxxx ++++= 432 ˆ5.0ˆ7.0ˆˆ
The DFNN equalizer is trained with 50 training sam-

ples at 10dB SNR. The growth of fuzzy rules during 
training is depicted in Figure 11. Figure 12 shows mem-
bership functions of the input variable. 

A total of one million test data at various SNRs are 
used for the BER calculation. A comparison between the 
Bayesian, the DFNN, the MRAN, the GAP-RBF and the 
RBFNN equalizers in terms of BER is shown in Figure 
13. It can be seen from the figure that the DFNN equal-
izer is superior to the MRAN, the GAP-RBF and the 
RBFNN equalizers. 

The fuzzy rules generated by the DFNN are: 
Rule 1: If x  is )5.1,2.0(−A , then xt 7.28.0 −−= . 
Rule 2: If x  is , then  )7.11,2.12(A xt 01.09.0 +=
Rule 3: If x  is , then . )3.0,2.0(A xt 7.274.1 −=
Rule 4: If x  is )3.0,6.0(−A , then . xt 0.2015 −=
 

5. Conclusions 
 

From the simulation results, for example 1, for the 
large SNR, the GAP-RBF performs better than the 
DFNN, while for small SNR, the DFNN performs better 
than the GAP-RBF, and for example 2 and 3 we can see 
that the DFNN equalizer can obtain better equalization 
performance than other equalizers, except the Bayesian 
equalizer. This is because the Bayesian equalizer uses  

 
Figure 11. Generation of fuzzy rules (Example 3). 
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Figure 12. Membership functions of input variable (Example 3). 

 
Figure 13. Error p �robabilities. *: Bayesian. •: MRAN. o:DFNN. : 

GAP-RBF. ♦: RBFNN equalizers (Example3). 
  

Table 1. Distribution of neurons (Example 1). 

neuron 1 2 3 4 5 6 7 
Center  C -0.9240 1.5101 0.1060 1.1294 0.6714 -0.2877 -1.5994 
Width σ  0.7170 0.8290 0.1711 0.2279 0.2122 0.0986 0.3841 

Table 2. Complexities of equalizers. 

Number of Data equalization time  
Algorithms Neurons 

training testing training(s) testing(ms/sample)

Example 1 

DFNN 

GAP-RBF 

MRAN 

RBFNN 

Bayesian 

7 

6 

8 

8 

8 

300 

300 

300 

300 

− 

106

106

106

106

106

0.206 

0.389 

0.732 

0.089 

− 

0.119 

0.083 

0.107 

0.132 

0.094 

Example 2 

DFNN 

GAP-RBF 

MRAN 

RBFNN 

Bayesian 

7 

5 

6 

8 

8 

500 

500 

500 

500 

− 

106

106

106

106

106

0.234 

0.577 

1.307 

0.112 

− 

0.104 

0.072 

0.083 

0.136 

0.094 

Example 3 

DFNN 

GAP-RBF 

MRAN 

RBFNN 

Bayesian 

4 

4 

4 

4 

4 

50 

50 

50 

50 

− 

106

106

106

106

106

0.031 

0.108 

0.203 

0.018 

− 

0.108 

0.061 

0.061 

0.068 

0.049 
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noise-free channel states as its centers and a priori prob-
ability as its desired output, which results in an optimal 
solution. The limitation of the Bayesian method is that 
the channel model needs to be known exactly, which is 
difficult to achieve in real-world applications. The 
RBFNN proposed in [12] uses a supervised κ-means 
clustering procedure to eliminate noise effects so that the 
RBF centers can converge to the desired ones. The 
properties of the clustered centers will directly determine 
the equalization performance.  

For Example 1 and Example 2, the channel models are 
complicated which is the reason why the RBFNN equal-
izer cannot perform better than the DFNN, GAP-RBF 
and MRAN equalizers in terms of BER. For Example 3, 
the channel model is simple and the RBFNN equalizer 
can obtain almost the same equalization accuracy as the 
DFNN and the GAP-RBF equalizers. During training, 
the RBFNN weights linking the hidden layer to the out-
put layer are adjusted using the least mean square (LMS) 
algorithm. From Table 2, it can be seen that the RBFNN 
can achieve the fastest learning speed in all methods by 
virtue of simple training algorithms. The DFNN, 
GAP-RBF and MRAN equalizers are all 
self-constructing neural networks and they use growing 
and pruning criteria to search the compact network 
structure. At the end of the training process, they gener-
ated almost the same number of hidden neurons as the 
Bayesian method which is the optimal solution (Table 2). 
For BER performance, the DFNN equalizer is the best in 
these three equalizers because it combines the reasoning 
ability of fuzzy system with the learning ability of neural 
networks. The LLS method used to determine the output 
weights enables the DFNN achieve global generalization 
property rapidly. Though the GAP-RBF and the MRAN 
equalizers can achieve compact network structure, the 
output weights are modified using the Extended Kalman 
Filter (EKF) method which leads to more computational 
time and cost than the DFNN equalizer during training 
(Table 2). It should be highlighted from Table 2 that 
there is not much difference between the equalizer time 
of all equalizers. This is because the equalizer time 
(testing time) is mainly affected by the number of hidden 
neurons. 
 

6. Conclusions 
 

In this paper, channel equalization with 2-PAM sig-
nals has been successfully attempted by using the DFNN. 
Performance evaluation of the DFNN equalizer has been 
carried out using several channel models with increasing 
complexity. Simulation results show that the DFNN 
equalizer is a useful and efficient method for linear and 
nonlinear channel equalization. The DFNN equalizer has 
been applied to three different Finite Impulse Response 

(FIR) channel models, how to use the DFNN equalizer 
to handle Infinite Impulse Response (IIR) channel case 
is under investigation. Further enhancement of our 
equalizer is still under investigation. Nonlinearities is a 
very serious problem for channel communication.  
Nonlinear channel is coped with using a pass-band filter 
in front of the receiver in order to somewhat suppress 
harmonics. How to compare our equalizer with the case 
of supervised equalization using an adaptive FIR filter is 
a promising research for our future research. 
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