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Abstract1

A fuzzy number intuitionistic fuzzy set (FNIFS) is 
a generalization of intuitionistic fuzzy set. The 
fundamental characteristic of FNIFS is that the 
values of its membership function and 
non-membership function are trigonometric fuzzy 
numbers rather than exact numbers. In this paper, 
we define some operational laws of fuzzy number 
intuitionistic fuzzy numbers, and, based on these 
operational laws, develop some new arithmetic 
aggregation operators, such as the fuzzy number 
intuitionistic fuzzy weighted averaging (FIFWA) 
operator, the fuzzy number intuitionistic fuzzy 
ordered weighted averaging (FIFOWA) operator and 
the fuzzy number intuitionistic fuzzy hybrid 
aggregation (FIFHA) operator for aggregating fuzzy 
number intuitionistic fuzzy information. 
Furthermore, we give an application of the FIFHA 
operator to multiple attribute decision making based 
on fuzzy number intuitionistic fuzzy information. 
Finally, an illustrative example is given to verify the 
developed approach.  

Keywords: Intuitionistic fuzzy set, fuzzy number 
ituitionistic fuzzy set, operational laws, FIFWA 
operator, FIFOWA operator, FIFHA operator. 

 
1. Introduction 

 
Atanassov [1, 2] introduced the concept of 

intuitionistic fuzzy set (IFS), which is a generalization of 
the concept of fuzzy set [3]. Gau and Buehrer [4] 
introduced the concept of vague set, but Bustine and 
Burillo [5] showed that vague sets are intuitionistic 
fuzzy sets. In [6], Xu and Yager defined some 
multiplicative operational laws of intuitionistic fuzzy 
values, and, based on these operational laws, proposed 
some intiutionistic fuzzy geometric aggregation 
operators, such as the intiutionistic fuzzy weighted 
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geometric (IFWG) operator, the intuitiontic fuzzy 
ordered weighted geometric (IFOWG) operator and the 
intuitiontic fuzzy hybrid geometric (IFHG) operator. In 
[7], Xu defined some additive operational laws of 
intuitionistic fuzzy values and developed some 
intiutionistic fuzzy arithmetic aggregation operators, 
such as the intuitionistic fuzzy weighted averaging 
(IFWA) operator, the intuitionistic fuzzy ordered 
weighted averaging (IFOWA) operator and the 
intuitionistic fuzzy hybrid aggregation (IFHA) operator. 
Later, Atanassov and Gargov [8-9] further introduced the 
interval-valued intuitionistic fuzzy set (IVIFS), which is 
a generalization of the IFS. The fundamental 
characteristic of the IVIFS is that the values of its 
membership function and non-membership function are 
intervals rather than exact numbers. In [10], based on 
some operational laws of interval-valued intuitionistic 
fuzzy numbers [11], Xu and Chen proposed some 
interval-valued intuitionistic fuzzy arithmetic 
aggregation operators, such as the interval-valued 
intuitionistic fuzzy weighted averaging (IIFWA) 
operator, the interval-valued intuitionistic fuzzy ordered 
weighted averaging (IIFOWA) operator and the 
interval-valued intuitionistic fuzzy hybrid aggregation 
(IIFHA) operator. On the basis of the interval-valued 
intuitionistic fuzzy weighted geometric (IIFWG) 
operator [11], Xu and Chen [12] developed some 
interval-valued intuitionistic fuzzy geometric 
aggregation operators, such as the interval-valued 
intuitionistic fuzzy ordered weighted geometric 
(IIFOWG) operator and the interval-valued intuitionistic 
fuzzy hybrid geometric (IIFHG) operator. Recently, Liu 
[13] also extended the IFS, introduced the fuzzy number 
intuitionistic fuzzy set (FNIFS) whose fundamental 
characteristic is that the values of its membership 
function and non-membership function are trigonometric 
fuzzy numbers rather than exact numbers. However, it 
seems that in the literature there is little investigation on 
aggregation operators for aggregating a collection of 
FNIFSs [14]. In this paper, we try to define some 
operational laws of fuzzy number intuitionistic fuzzy 
numbers, and, based on these operational laws, develop 
some new arithmetic aggregation operators, such as the 
fuzzy number intuitionistic fuzzy weighted averaging 
(FIFWA) operator, the fuzzy number intuitionistic fuzzy 
ordered weighted averaging (FIFOWA) operator and the 
fuzzy number intuitionistic fuzzy hybrid aggregation 
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(FIFHA) operator. 
 

2. Basic Concepts and Relations 
 

The concept of intuitionsitic fuzzy set was introduced 
by Atanassov [1] to deal with vagueness, which can be 
defined as follows. 
Definition 2.1 [1]. Let X  be a universe of discourse, 
then an IFS A  in X is given by: 

{( , ( ), ( ) ) }A AA x t x f x x X= 〈 〉 ∈       (1) 

where the functions  and: [0,At X → 1] :Af   
 determine the degree of membership and 

the degree of non-membership of the element 
[0,1]X →

x X∈ , 
respectively, and for every x X∈ : 

0 ( ) ( )A At x f x≤ + 1≤            (2) 
Sometime it is not approximate to assume that the 

membership degrees for certain elements of A  are 
exactly defined, but a value range can be given. In such 
cases, Atanassov and Gargov [8] defined the notion of 
IVIFS as below. 
Definition 2.2 [8].  An IVIFS A%  in X is an object 
having the following form: 

{( , ( ), ( ) ) }A AA x t x f x x X= 〈 〉 ∈% %
%% %       (3) 

Where  and 1 2( ) ( ( ), ( )) [0,1]A A At x t x t x= ⊂% % %
% % % ( )Af x =%

%  

 are intervals, and for every 1 2( ( ), ( )) [0,1A Af x f x ⊂% %
% % ]

x X∈ : 
2 20 ( ) ( )A At x f x≤ +% %

%% 1≤            (4) 

Especially, if each of the intervals  and ( )At x%
% ( )Af x%

%  
contains exactly one element, i.e., if for every 

:x X∈ 1 2( ) ( ) ( )A A At x t x t x= =% % %
% % % , 1( ) ( )A Af x f x=% %

% % =
2 ( )Af x%
% , then, the given IVIFS A%  is transformed to an 

ordinary intuitionistic fuzzy set. 
However, interval lacks gravity center, cannot 

emphasis center point which is most impossible to be 
given value, so it is more suitable that the degree of 
membership and the degree of non-membership are 
expressed by trigonometric fuzzy number [15]. In such 
cases, Liu [13] defined the notion of FNIFS as follow. 
Definition 2.3 [13, 15].  If ( , , ) ( )l p q F Iβ = ∈ , 

, we call[0,1]I = β  a trigonometric fuzzy number in 
I , its membership function ( ) : [0,1]x Iβμ →  is 
defined by: 

( ) ( )
( ) ( ) ( )

0

x l p l l x p
x x q p q p x q

other
βμ

− − ≤ ≤⎧
⎪= − − ≤ ≤⎨
⎪
⎩

 

where x I∈ , 0 l p q 1≤ ≤ ≤ ≤ ,  is called lower limit 
of 

l
β ,  is called upper limit of q β , and  is called 

gravity center of 
p

β . On the basis of document [15], the 
mean of β  is defined as below: 

( ) (1 )( )
2

l p qE θ θ θβ − + +
= , [0,1]θ ∈      (5) 

where θ  is an index that reflects the decision maker's 
risk-bearing attitude. If 0.5θ > , then the decision 
maker is a risk lover. If 0.5θ < , then the decision 
maker is a risk averter. In general, let 0.5θ = , then the 
attitude of the decision maker is neutral to the risk, and 

( ) 2( )
4

l pE θβ + +
=

q             (6) 

Definition 2.4 [13].  A FNIFS A  in X  is an object 
having the following form: 

{( , ( ), ( ) ) }A AA x t x f x x X= 〈 〉 ∈       (7) 

where 1 2 3( ) ( ( ), ( ), ( )) ( )A A A At x t x t x t x F I= ∈ and 
1 2 3( ) ( ( ), ( ), ( )) ( )A A A Af x f x f x f x F I= ∈ are two 

trigonometric fuzzy numbers, and for every x X∈ : 
3 30 ( ) ( )A At x f x 1≤ + ≤           (8) 

Especially, if each of the trigonometric fuzzy numbers 
( )At x  and ( )Af x  contains exactly one element, i.e., if 

for every x X∈ : 1( ) ( )A At x t x= = 2 3( ) ( )A At x t x= , 
1 2 3( ) ( ) ( ) ( )A A A Af x f x f x f x= = = , then, the given 

FNIFS A  is transformed to an ordinary intuitionistic 
fuzzy set. 

In [11], Xu defined the notion of interval-valued 
intuitionistic fuzzy number (IVIFN) and introduced 
some operational laws of IVIFNs. Based on these, we 
define the concept of fuzzy number intuitionistic fuzzy 
number (FNIFN) and introduce some operational laws of 
FNIFNs. 
Definition 2.5. Let {( , ( ), ( ) ) }A AA x t x f x x X= 〈 〉 ∈   be 

a FNIFS, then we call the pair ( ), ( )A At x f x〈 〉  a fuzzy 
number intuitionistic fuzzy number (FNIFN). 

For convenience, we denote a FNIFN by 
( , , ), ( , , )a b c l p q〈 〉 , where 

( , , ) ( )a b c F I∈ , ( , ,  (9) , ) ( )l p q F I∈ 0 1c q≤ + ≤
and let Ω  be the set of all FNIFNs. 
Definition 2.6. Let 1 1 1 1 1 1 1( , , ), ( , , )a b c l p qβ = 〈 〉 ,and  

2 2 2 2 2 2 2( , , ), ( , , )a b c l p qβ = 〈 〉  be any two FNIFNs, 
then some operational laws of 1β  and 2β   can be 
defined as: 

(1) 1 2 1 2 1 2 1 2 1 2 1 2( , ,a a a a b b b b c cβ β⊕ = 〈 + − + − + −  

1 2 1 2 1 2 1 2), ( , , )c c l l p p q q 〉 ; 
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(2) 1 1 1(1 (1 ) ,1 (1 ) ,1 (1 ) ),a b cλ λλβ = 〈 − − − − − − 1
λ  

1 1 1( , , )l p qλ λ λ 〉 , 0λ > . 
It can be easily proven that all the above results are 

also FNIFNs. Based on Definition 2.6, we can further 
obtain the following relation: 

(1) 1 2 2 1β β β β⊕ = ⊕ ; 

(2) 1 2 1 2( )λ β β λβ λβ⊕ = ⊕ 0, λ > ; 

(3) 1 2 1 1 1 2 1( )λ λ β λ β λ β+ = ⊕ 1 2, 0, λ λ > . 
Chen and Tan [16] introduced a score function to 

measure an intuitionistic fuzzy value. Later, Hong and 
Chio [17] defined an accuracy function to evaluate the 
accuracy degree of an intuitionistic fuzzy value. 
Furthermore, Xu [11] developed a score function and an 
accuracy function to measure an IVIFN, respectively. In 
the following, we develop two score function to measure 
a FNIFN. 
Definition 3.1. Let ( , , ), ( , , )a b c l p qβ = 〈 〉 be a FNIFN, 
then we call 

2 2( )
4 4

a b c l p qS β + + + +
= −         (10) 

a score function of β , where ( ) [ 1,1]S β ∈ − . The 
greater the value of ( )S β , the greater the FNIFN β . 
Especially, if ( ) 1S β = , then (1,1,1),β = 〈 (0,0,0)〉 , 
which is the largest FNIFN; if ( ) 1S β = − , 
then (0,0,0), (1,1,1)β = 〈 〉 , which is the smallest 
FNIFN. 

Based on the score function ( ( ))
ii AL E A t= ⋅  

(2 )
i iA At f− − of intuitionistic fuzzy value developed in 

[18], we define a new score function. 
Definition 3.2. Let ( , , ), ( , , )a b c l p qβ = 〈 〉 be a FNIFN, 
then we call 

2 2 2( ) (2 )
4 4

a b c a b c l p qL β + + + + + +
= ⋅ − −

4
   (11) 

a extended score function of β , where ( ) [0,1]L β ∈ . 
The greater the value of ( )L β , the better the FNIFN β . 

According to Definition 3.1 and Definition 3.2, we 
develop a method for comparison between two FNIFNs. 
Definition 3.3. Let 1β  and 2β  be any two FNIFNs, 
then 

(1) If 1( ) ( )S S 2β β< , then 1β  is smaller than 2β , 

denoted by 1 2β β< ; 

(2) If 1( ) ( )S S 2β β= , then 1) If 1( ) ( )L L 2β β= , 

then 1β  and 2β  represent the same information, 

denoted by 1 2β β= ; 2) If 1( ) ( )L L 2β β< , then 1β  is 

smaller than 2β , denoted by 1 2β β< . 
 

3. Fuzzy Number Intuitionistic Fuzzy  
Aggregation Operators 

 
Up to now, many operators have been proposed for 

aggregating information [19]-[26]. The weighted 
averaging (WA) operator [19] and the ordered weighted 
averaging (OWA) operator [20] are the most common 
operators for aggregating arguments. 

Let ja ( 1, 2, ,j )n= L  be a collection of real 

numbers, be the weight vector of 

 

1 2( , , , )T
nw w w w= L

ja ( 1, 2, ,j n)= L , with and [0,1]jw ∈
1

1
n

j
j

w
=

=∑ , 

then a WA operator is defined as [19]: 

WA  1 2
1

( , , , )
n

w n
j

a a a w a
=

=∑L j j

An OWA operator [20] of dimension  is a mapping 
OWA: 

n
nR R→ , that has an associated vector 1( ,ω ω=  

, such that 2 , )T
nω ωL， [0,1]jω ∈ and 

1
1

n

j
j
ω

=

=∑ . 

Furthermore, 

OWA  1 2
1

( , ,
n

n j
j

a a a bω ω
=
∑L, ) = j

where jb  is the j th largest of . ja ( 1, 2, ,j n= L )
From above, we know that the WA operator first 

weights all the given arguments and then aggregates all 
these weighted arguments into a collective one. The 
fundamental aspect of the OWA operator is the 
reordering step, it first reorders all the given arguments 
in descending order and then weights these ordered 
arguments, and finally aggregates all these ordered 
weighted arguments into a collective one. In [7], Xu 
extended the WA operator and the OWA operator to 
accommodate the situations where the input arguments 
are intuitionistic fuzzy values. In [10], Xu and Chen also 
extended the WA operator and the OWA operator to 
accommodate the situations where the input arguments 
are interval-valued intuitionistic fuzzy numbers. In the 
following we shall extend the WA operator and the 
OWA operator to accommodate the situations where the 
input arguments are FNIFNs, and develop some new 
arithmetic aggregation operators for aggregating fuzzy 
number intuitionistic fuzzy information. 
A. Fuzzy Number Intuitionistic Fuzzy Weighted 
Averaging (FIFWA) Operator 
Definition 4.1. Let ( , , ), ( , , )j j j j j j ja b c l p qβ = 〈 〉  
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( j 1, 2, , )n= L  be a collection of FNIFNs, and let 
FIFWA: , if nΩ →Ω

FIFWA 1 2( , , , )w nβ β βL 1 1 2 2 n nw w wβ β= ⊕ ⊕ ⊕L β  (12) 
then FIFWA is called a fuzzy number intuitionistic fuzzy 
weighted averaging (FIFWA) operator of dimension , 
where be the weight vector of 

n
1 2( , , , )T

nw w w w= L

( 1,2, ,j )j nβ = L , with [0,1]jw ∈ and
1

1
n

j
j

w
=

=∑ . 

Especially, if (1 ,1 , ,1 )Tw n n n= L , then the FIFWA 
operator is reduced to a fuzzy number intuitionistic 
fuzzy averaging (FIFA) operator of dimension , which 
is defined as follows: 

n

FIFA 1 2( , , , )w nβ β βL 1 2
1 ( )nn

β β= ⊕ ⊕ ⊕L β  (13) 

By Definition 2.6 and Definition 4.1, we can get the 
following result by using mathematical induction on n . 
Theorem 4.1. Let ( , , ), ( , , )j j j j j j ja b c l p qβ = 〈 〉 ( j =  

 be a collection of FNIFNs, then their 
aggregated value by using the FIFWA operator is also a 
FNIFN and 

1, 2, , )nL

FIFWA 1 2( , , , )w nβ β β =L  

 
1 1

(1 (1 ) ,1 (1 ) ,1j j
n n

w w
j j

j j

a b
= =

〈 − − − − −∏ ∏

1 1 1 1

(1 ) ), ( , , )j j j
n n n n

w w w
j j j

j j j j

c l p q
= = = =

− 〉∏ ∏ ∏ ∏ jw
j

 (14) 

where be the weight vector of 1 2( , , , )T
nw w w w= L

( 1,2, ,j )j nβ = L , with and[0,1]jw ∈
1

1
n

j
j

w
=

=∑ . 

Proof: The first result follows quickly from Definition 
2.6. Below we prove (14) by using mathematical 
induction on n . 

We first prove that (14) holds for . 2n =
Since 

1 1

1 1 1 1

1 1 1 1

1 1 1 1

(1 (1 ) ,1 (1 ) ,

           1 (1 ) ), ( , , )

w w

w w w w

w a

c l p q

β = 〈 − − − −

− − 〉

b  

2 2

2 2 2 2

2 2 2 2

2 2 2 2

(1 (1 ) ,1 (1 ) ,

           1 (1 ) ), ( , , )

w w

w w w w

w a

c l p q

β = 〈 − − − −

− − 〉

b  

then  
FIFWA 1 2( , )w β β 1 1 2 2w wβ β= ⊕  

1 2

2 1

1 2

2 1

1 2

2 1

1 2 1

2 1 2

(1 (1 ) 1 (1 ) (1 (1 ) )

   (1 (1 ) ), (1 (1 ) 1 (1 )

  (1 (1 ) )(1 (1 ) ), (1 (1 )

   1 (1 ) (1 (1 ) )(1 (1 ) )),

w w

w w

w w

w w

a a

a b b

b b c

c c c

= 〈 − − + − − − − −

− − − − + − − −

− − − − − − +

− − − − − − −

1

2

1

2

1

2

w

w

w

w

a

2

2

 

1 2 1 2 1 2
1 2 1 2 1 2    ( , , )w w w w w wl l p p q q 〉  

  1 2 1

1 2 1 2 1 2 1

1 2 1 2

1 2 1 2 1 2 1 2

(1 (1 ) (1 ) ,1 (1 ) (1 ) ,

  1 (1 ) (1 ) ), ( , , )

w w w w

w w w w w w w w

a a b b

c c l l p p q q

= 〈 − − − − − −

− − − 〉
 

If (14) holds for n k= , that is 
FIFWA 1 2( , , , )w kβ β β =L  

1 1

(1 (1 ) ,1 (1 ) ,1j j
k k

w w
j j

j j

a b
= =

〈 − − − −∏ ∏ −

jw
j

 

1 1 1 1

(1 ) ), ( , , )j j j
k k k k

w w w
j j j

j j j j

c l p q
= = = =

− 〉∏ ∏ ∏ ∏  

then, when 1n k= + , by the operational laws in 
Definition 2.6, we have 

FIFWA 1 2 1( , , , , )w kβ β β β +L k  

1

1

1

1
1

1
1

1
1

(1 (1 ) 1 (1 )

  (1 (1 ) )(1 (1 ) ),

   1 (1 ) 1 (1 )

j k

j k

j k

k
w w

j k
j

k
w w

j k
j

k
w w

j k
j

a a

a a

b b

+

+

+

+
=

+
=

+
=

= 〈 − − + − − −

− − − −

− − + − − −

∏

∏

∏

 

1

1

1
1

1
1

  (1 (1 ) )(1 (1 ) ),

   1 (1 ) 1 (1 )

j k

j k

k
w w

j k
j

k
w w

j k
j

b b

c c

+

+

+
=

+
=

− − − −

− − + − −

∏

∏

1

1 1

1
1

1 1
1 1 1

   (1 (1 ) )(1 (1 ) ))

−

1
1

kw +
+

,

  ( , , )

j k

j j jk k

k
w w

j k
j

k k k
w w ww w
j k j k j k

j j j

c c

l l p p q q

+

+ +

+
=

+ +
= = =

− − − −

〉

∏

∏ ∏ ∏
 

1 1

1 1

(1 (1 ) ,1 (1 ) ,1j j
k k

w w
j j

j j

a b
+ +

= =

= 〈 − − − − −∏ ∏  

        
1 1 1 1

1 1 1 1

(1 ) ), ( , , )j j j
k k k k

w w w
j j j j

j j j j

c l p q
+ + + +

= = = =

jw− 〉∏ ∏ ∏ ∏ . 

i.e., (14) holds for 1n k= + . 
Therefore, (14) holds for all , which completes the 

proof of Theorem 4.1. 
n

B. Fuzzy Number Intuitionistic Fuzzy Ordered Weighted 
Averaging (FIFOWA) Operator 
Definition 4.2. Let ( , , ), ( , , )j j j j j j ja b c l p qβ = 〈 〉  
( j 1, 2, , )n= L be a collection of FNIFNs. A fuzzy 
number intuitionistic fuzzy ordered weighted averaging 
(FIFOWA) operator of dimension  is a mapping 
FIFOWA: 

n
nΩ →Ω , that has an associated vector ω =  

1 2( , , )T
nω ω ωL， , such that [0,1]jω ∈ and 

1
1

n

j
j
ω

=

=∑ . 

Furthermore, 
FIFOWA 1 2( , , , )nω β β βL                    
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1 (1) 2 (2) (n nσ σω β ω β ω β= ⊕ ⊕ ⊕L )σ        (15) 
where ( (1), (2), , ( ))nσ σ σL is a permutation of 

 such that (1, 2, , )nL ( 1) ( )j jσ σβ β− ≥  for all j . 

Especially, if (1 ,1 , ,1 ,)Tn n nω = L , then the 
FIFOWA operator is reduced to a FIFA operator of 
dimension . n

Similar Theorem 4.1, we have the following. 
Theorem 4.2.  Let ( , , ), ( , , )j j j j j j ja b c l p qβ = 〈 〉  

be a collection of FNIFNs, then their 
aggregated value by using the FIFOWA operator is also 
a FNIFN and 

( j 1, 2, , )n= L

FIFOWA 1 2( , , , )nω β β β =L
( )

1

(1 (1 ) ,j
n

j
j

a ω
σ

=

〈 − −∏  

 
( )

1

(1 (1 ) ,j
n

j
j

b ω
σ

=

− −∏ ( )
1

1 (1 ) j
n

j
j

c ω
σ

=

− −∏ ),

)j( ) ( ) ( )
1 1 1

( , ,j j j
n n n

j j
j j j

l p qω ω ω
σ σ σ

= = =

〉∏ ∏ ∏             (16) 

where ω = 1 2( , , )T
nω ω ωL，  is the weighting vector of 

the FIFOWA operator, with [0,1]jω ∈ and 
1

1
n

j
j
ω

=

=∑ , 

which can be determined by using the normal 
distribution based method [24]. 

The FIFOWA weights can be determined similar to 
the OWA weights (for example, we can use the normal 
distribution based method to determine the FIFOWA 
weights [24]). 
C. Fuzzy Number Intuitionistic Fuzzy Hybrid 
Aggregation (FIFHA) Operator 
  Consider that the FIFWA operator weights only the 
FNIFNs, while the FIFOWA operator weights only the 
ordered positions of the FNIFNs instead of weighting the 
FNIFNs themselves. To overcome this limitation, 
motivated by the idea of combining the WA and the 
OWA operator [25, 26], in what follows, we develop a 
fuzzy number intuitionistic fuzzy hybrid aggregation 
(FIFHA) operator. 
Definition 4.3. Let ( , , ), ( , , )j j j j j j ja b c l p qβ = 〈 〉  

be a collection of FNIFNs. A fuzzy 
number intuitionistic fuzzy hybrid aggregation (FIFHA) 
Operator of dimension  is a mapping FIFHA: 

, which has an associated vector 

( j = 1, 2, , )nL

n
nΩ →Ω

ω = 1 2( , , )T
nω ω ωL， with [0,1]jω ∈ and 

1
1

n

j
j
ω

=

=∑  , 

such that 
FIFHA , 1 2( , , , )w ω nβ β βL                    

1 (1) 2 (2) (n nσ σω β ω β ω β′ ′= ⊕ ⊕ ⊕L

where ( )jσβ ′  is the j th largest of the weighted 

FNIFNs jβ′ ( j j jnwβ β′ = ， ，1, 2, ,j n= L 1( ,w w=  

is the weight vector of 2 , , )T
nw wL ( 1,2, ,j )j nβ = L , 

with [0,1]jw ∈ and ，and  is the balancing 

coefficient, which plays a role of balance (in this case, if 
the vector  approaches 

1
1

n

j
j

w
=

=∑ n

1 2( , , , )T
nw w w w= L (1 ,n  

1 , ,1 )Tn nL , then the vector 1 1 2 2( ,nw nw ,β β  

, n nnw )βL approaches 1 2( , , , )nβ β βL ). 
Theorem 4.3. Let ( , , ), ( , , )j j j j j j ja b c l p qβ = 〈 〉  
( j = 1, 2, , )nL be a collection of FNIFNs, then their 
aggregated value by using the FIFHA operator is also a 
FNIFN and satisfies: 

 FIFHA , 1 2( , , , )w nω β β β =L
( )

1

(1 (1 ) ,j
n

j
j

a ω
σ

=

′〈 − −∏  

 
( )

1

(1 (1 ) ,j
n

j
j

b ω
σ

=

′− −∏ ( )
1

1 (1 ) j
n

j
j

c ω
σ

=

′− −∏ ),

)j
j( ) ( ) ( )

1 1 1

( , ,j j
n n n

j j
j j j

l p qω ω ω
σ σ σ

= = =

′ ′ ′ 〉∏ ∏ ∏             (18) 

where ω = 1 2( , , )T
nω ω ωL，  is the weighting vector of 

the FIFHA operator, with [0,1]jω ∈ and 
1

1
n

j
j
ω

=

=∑ , 

( )jσβ ′ = ( ) ( ) ( ) ( ) ( ) ( )( , , ), ( , , )j j j j j ja b c l p qσ σ σ σ σ σ′ ′ ′ ′ ′ ′〈 〉 ( j =
1, 2, , )nL is the j th largest of the weighted FNIFNs 

jβ′ ( j j jnwβ β′ = , 1, 2, ,j n= L ),   is 

the weight vector of 
1 2( , ,w w w= L, )T

nw

( 1,2, ,j )j nβ = L , with jw ∈  

and[0,1]
1

1
n

j
j

w
=

=∑ , and is the balancing coefficient . n

Theorem 4.4. The FIFWA operator is a special case of 
the FIFHA operator. 
Proof: Let (1 ,1 , ,1 )Tn n nω = L , then 

FIFHA , 1 2( , , , )w nω β β βL  

1 (1) 2 (2) ( )n nσ σω β ω β ω βσ′ ′ ′= ⊕ ⊕ ⊕L

(1) (2) ( )
1 ( )nn σ σ σβ β β′ ′ ′= ⊕ ⊕ ⊕L  

1 1 2 2 n nw w wβ β β= ⊕ ⊕ ⊕L  
=FIFWA 1 2( , , , )w nβ β βL  

This completes the proof of Theorem 4.4. 
Theorem 4.5. The FIFOWA operator is a special case of 
the FIFHA operator. 
Proof: Let (1 ,1 , ,1 )Tw n n n= L , then j j jnwβ β′ =  )σ′     (17) 
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jβ= ( ), thus 1, 2, ,j n= L

FIFHA , 1 2( , , , )w nω β β βL  

1 (1) 2 (2) ( )n nσ σω β ω β ω β′ ′= ⊕ ⊕ ⊕L σ′

1 (1) 2 (2) ( )n nσ σω β ω β ω β= ⊕ ⊕ ⊕L σ  

=FIFOWA 1 2( , , , )nω β β βL  
which completes the proof of Theorem 4.5. 

Clearly, from Theorem 4.4 and Theorem 4.5, we 
know that the FIFHA operator generalizes both the 
FIFOWA and FIFWA operators and reflects the 
importance degrees of both the given fuzzy number 
intuitionistic fuzzy argument and the ordered position of 
the argument. 
 

4. An application of the FIFHA operator to 
 multiple attribute decision making 

 
In the following, we apply the FIFHA operator to 

multiple attribute decision making based on fuzzy 
number intuitionistic fuzzy information. 
  Let  be a set of alternatives, and 
let 

1 2{ , , , }mA A A A= L

1 2{ , , , }nB B B B= L  be a set of attributes. w =  

is the weight vector of 1( ,w 2 , ,w L )T
nw jB  ( j =  

), with and . Assume that 

the characteristics of the alternatives  
( ), is represented by the fuzzy number 
intuitionistic fuzzy set: 

1, 2, ,L n [0,1]jw ∈
1

1
n

j
j

w
=

=∑

iA
1, 2, ,i = L m

1 1 1 1 1 1 1

2 2 2 2 2 2 2

{( , ( , , ), ( , , ) ),
        ( , ( , , ), ( , , ) ),

i i i i i i i

i i i i i i

A B a b c l p q
B a b c l p q

= 〈 〉
〈 〉

 

, ( , ( , , ), ( , , ) )}n in in in in in inB a b c l p q〈 〉L      (19) 
where trigonometric fuzzy number indicates 

the degree that the alternative  satisfies the attribute 

( , , )ij ij ija b c

iA

jB ,  ( ,  indicates the degree that the 

alternative  does not satisfy the attribute 

, )ij ij ijl p q

iA jB , 

,( , , ) ( )ij ij ija b c F I∈ ( , , ) ( )ij ij ijl p q F I∈ , 0 ,

,1 . 

1ij ijc q≤ + ≤
1 i m≤ ≤ j n≤ ≤

Let ( , , ), ( , , )ij ij ij ij ij ij ija b c l p qβ = 〈 〉 for all , then 
equation (19) can written as 

,i j

{( , ) }i j ij jA B Bβ= B∈         (20) 

To get the best alternative(s), we can utilize the 
FIFHA operator: 

iβ = FIFHA , 1 2( , , , )w i i inω β β βL ,  (21) 

to derive the overall values

1, 2, ,i = L m

( , , ), ( , , )i i i i i i ia b c l p qβ = 〈 〉

1, 2, , m

, 

( i = L ) of the alternatives (iA 1, 2, ,i = L m ) 

where ω = 1 2( , , )T
nω ω ωL，  is the weighting vector of 

the FIFHA operator, with [0,1]jω ∈ and 
1

1
n

j
j
ω

=

=∑ , 

which can be determined by the normal distribution 
based method (Xu 2005 [24]).  

Then by equation (10), we calculate the scores 
( )iS β ( 1, 2, ,i = L m ) of the overall values iβ  

( 1, 2, ,i = L m ), and utilize the scores ( )iS β  
( 1, 2, ,i = L m ) to rank the alternatives  ( iiA =  

), and then select the best one(s) (if there is no 

difference between two scores 

1, 2, ,L m
( )iS β  and ( )jS β , 

then we need to calculate the extended scores ( )iL β  

and ( )jL β  of the overall values iβ  and jβ , 

respectively, and then rank the alternatives  and iA jA , 

in accordance with the extended scores ( )iL β  and 

( )jL β ). 
 

5. Illustrative example 
 

In this section, a multiple attribute decision-making 
problem involves the prioritization of a set of 
information technology improvement projects (adapted 
from [12, 27]) is used to illustrate the developed 
procedures. The information management steering 
committee of Midwest American Manufacturing Corp. 
must prioritize for development and implementation a 
set of four information technology improvement projects 

 (iA 1, 2,3, 4i = ), which have been proposed by area 
managers. The committee is concerned that the projects 
are prioritized from highest to lowest potential 
contribution to the firm's strategic goal of gaining 
competitive advantage in the industry. In assessing the 
potential of each project, three factors are considered, 

1B --productivity, 2B -- differentiation, and 

3B --management. The productivity factor assesses the 
potential of a proposed project to increase effectiveness 
and efficiency of the firm's manufacturing and service 
operations. The differentiation factor assesses the 
potential of a proposed project to fundamentally 
differentiate the firm’s products and services from its 
competitors, and to make them more desirable to its 
customers. The management factor assesses the potential 
of a proposed project to assist management in improving 
their planning, controlling and decision-making 
activities. The following is the list of proposed 
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information systems projects: 1) --Quality 
Management Information, 2) --Inventory Control, 3) 

--Customer Order Tracking, 4) --Materials 
Purchasing Management. Suppose that the weight vector 
of

1A

2A

3A 4A

1B , 2B and 3B  is , 
and the committee represents the characteristics of the 
projects ( ) by the FNIFNs 

(0.3442,0.2500,0.4058)Tw =

iA 1, 2,3, 4i = ijβ  
( , ) with respect to the factors 1, 2,3, 4i = 1, 2,3j =

jB ( ), listed in the following. 1, 2,3j =

1 1

2

3

{( , (0.3,0.4,0.5), (0.3,0.3,0.4) ),
        ( , (0.4,0.5,0.6), (0.2,0.3,0.4) ),
        ( , (0.1,0.2,0.3), (0.5,0.6,0.7) )}

A B
B
B

= 〈 〉
〈 〉
〈 〉

〉

 

2 1

2

3

{( , (0.5,0.6,0.7), (0.2,0.2,0.3) ),
        ( , (0.6,0.6,0.6), (0.1,0.2,0.3) ),
        ( , (0.4,0.6,0.7), (0.1,0.2,0.2) )}

A B
B
B

= 〈 〉
〈
〈 〉

 

 

3 1

2

3

{( , (0.3,0.4,0.6), (0.2,0.3,0.4) ),
        ( , (0.4,0.5,0.6), (0.3,0.3,0.3) ),
        ( , (0.7,0.7,0.7), (0.1,0.2,0.3) )}

A B
B
B

= 〈 〉
〈 〉
〈 〉

4 1

2

3

{( , (0.7,0.7,0.8), (0.1,0.2,0.2) ),
        ( , (0.6,0.6,0.7), (0.1,0.2,0.3) ),
        ( , (0.2,0.3,0.4), (0.1,0.2,0.3) )}

A B
B
B

= 〈 〉
〈 〉
〈 〉

To rank the given four projects, we first weight all the 
FNIFVs ijβ  ( ,1, 2,3, 4i = 1, 2,3j = ) by the vector 

 of attributes (0.3442,0.2500,0.4058)Tw = jB  ( j =  
) and multiplies these values by the balancing 

coefficient , and gets the weighted FNIFVs 

1, 2,3
3n = ijβ′ , 

where ij j ijnwβ β′ =  ( , ): 1, 2,3, 4i = 1, 2,3j =

11 (0.3081,0.4099,0.5112),(0.2885,0.2885,0.3882)β′ = 〈 〉  

12 (0.3183,0.4054,0.4970),(0.2991,0.4054,0.5030)β′ = 〈 〉

13 (0.1204,0.2379,0.3522),(0.4301,0.5369,0.6478)β′ = 〈 〉

21 (0.5112,0.6118,0.7115),(0.1898,0.1898,0.2885)β′ = 〈 〉

22 (0.4970,0.4970,0.4970),(0.1778,0.2991,0.4054)β′ = 〈 〉

23 (0.4631,0.6722,0.7691),(0.0606,0.1410,0.1410)β′ = 〈 〉

31 (0.3081,0.4099,0.6118),(0.1898,0.2885,0.3882)β′ = 〈 〉

32 (0.3183,0.4054,0.4970),(0.4054,0.4054,0.4054)β′ = 〈 〉

33 (0.7691,0.7691,0.7691),(0.0606,0.1410,0.2309)β′ = 〈 〉

41 (0.7115,0.7115,0.8102),(0.0928,0.1898,0.1898)β′ = 〈 〉

42 (0.4970,0.4970,0.5946),(0.1778,0.2991,0.4054)β′ = 〈 〉

43 (0.2379,0.3522,0.4631),(0.0606,0.1410,0.2309)β′ = 〈 〉   

By equation (10), we calculate the scores of ijβ′  

( 1, 2,3, 4i = , ): 1, 2,3j =

11 12 13

21 22 23

31 32 33

41 42 43

( ) 0.0964, ( ) 0.0033, ( ) -0.3008
( ) 0.3971, ( ) 0.2017, ( ) 0.5232
( ) 0.1462, ( ) 0.0011, ( ) 0.6257
( ) 0.5706, ( ) 0.2261, ( ) 0.2080

S S S
S S S
S S S
S S S

β β β

β β β

β β β

β β β

′ ′ ′= = =

′ ′ ′= = =

′ ′ ′= = =

′ ′ ′= = =

 

Thus 
1 (1) 11 1 (2) 12 1 (3) 13

2 (1) 23 2 (2) 21 2 (3) 22

3 (1) 33 3 (2) 31 3 (3) 32

4 (1) 41 4 (2) 42 4 (3) 43

,  ,  

,  ,  

,  ,  

,  ,  

σ σ σ

σ σ σ

σ σ σ

σ σ σ

β β β β β β

β β β β β β

β β β β β β

β β β β β β

′ ′ ′ ′ ′ ′= = =

′ ′ ′ ′ ′ ′= = =

′ ′ ′ ′ ′ ′= = =

′ ′ ′ ′ ′ ′= = =

 

Suppose that  
(derived by the normal distribution based method (Xu 
2005 [24])) is the weighting vector of the FIFHA 
operator, then, by equation (18), we get the overall 
values 

(0.2429,0.5142,0.2429)Tω =

iβ ( 1, 2,3, 4i = ) of the alternatives  
(

iA
1, 2,3, 4i = ): 

1 (0.2721,0.3696,0.4688),(0.3238,0.3996,0.5023)β = 〈 〉  

2 (0.4964,0.6032,0.6872),(0.1416,0.1972,0.2633)β = 〈 〉

3 (0.4719,0.5293,0.6356),(0.1729,0.2633,0.3458)β = 〈 〉

4 (0.5139,0.5327,0.6390),(0.1169,0.2231,0.2941)β = 〈 〉  
By equation (10), we calculate the scores of the 

overall values iβ ( 1, 2,3, 4i = ): 

1 2

3 4

( ) -0.0363,   ( ) 0.3977
( ) 0.2802,    ( ) 0.3403

S S
S S
β β

β β

= =

= =
 

Since  
2 4 3( ) ( ) ( ) ( )S S S S 1β β β> > > β

1

 
Thus 

2 4 3A A A Af f f  
then the most desireble alternative is .  2A
 

6. Conclusion 
 

In this paper, we have introduced some operational 
laws of FNIFNs, and developed some new arithmetic 
aggregation operators, including the FIFWA operator, 
the FIFOWA operator and the FIFHA operator, which 
extend the WA operator and the OWA operator to 
accommodate the situations where the given arguments 
are fuzzy number intuitionistic fuzzy numbers. The 
FIFHA operator generalizes both the FIFOWA and 
FIFWA operators and reflects the importance degrees of 
both the given fuzzy number intuitionistic fuzzy number 
and the ordered position of the argument. This paper 
develops the theories both the aggregation operators and 
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the fuzzy number intuitionistic fuzzy sets. The 
applications of the developed operators in many fields 
such as group decision making, pattern recognition, and 
medical diagnosis, etc., will be the direction for future 
research. 
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