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Abstract1

This paper investigates the system stability of the 
time-delay fuzzy-model-based control systems based 
on delay-independent and -dependent approaches.  
LMI-based delay-independent and -dependent stabil-
ity conditions are derived to guarantee the system 
stability using Lyapunov-based technique.  It can be 
seen that some existing stability analysis approaches 
require high computational demand to solve the solu-
tion due to the large number of stability conditions.  
Consequently, feasible solution may not be obtained 
with the use of numerical methods due to the limita-
tion of the computer system especially for compli-
cated fuzzy systems with a large number of rules.  In 
this paper, under a particular system formulation, the 
number of stability conditions can be reduced to alle-
viate the computational demand on searching for the 
solution.  Furthermore, the stability conditions offer 
a larger upper bound of time delay compared with 
some existing approaches.  LMI-based performance 
conditions are also derived to guarantee the system 
performance.  Simulation examples are given to il-
lustrate the merits of the proposed approaches. 

 
1. Introduction 

 
 Fuzzy controllers are good at handling complex 
nonlinear systems owing to its superior generalization 
abilities.  System stability and performance are impor-
tant concerns in the design of fuzzy control systems.  
To investigate the system stability and performance of 
the fuzzy control systems, fuzzy-model-based control 
approach is the most common approach.  Based on a 
TS-fuzzy model [1]-[2] to represent a nonlinear system, 
a fuzzy controller can be designed accordingly.  Fruitful 
stability and performance conditions were obtained to 
guarantee the system stability and performance [3]-[10] 
of the fuzzy control systems.  The system stability and 
performance conditions can be expressed in the form of 
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linear matrix inequalities (LMIs) [11] which can be 
solved numerically and efficiently using some convex 
programming techniques. 
 Recently, the attention of the researchers on fuzzy 
control discipline is shifting to time-delay nonlinear sys-
tems [12].  As the time-delay nonlinear systems can be 
found in many real-life engineering processes and the 
time delay is one of the sources to cause system instabil-
ity, it is thus important to extend the fuzzy control tech-
niques to this class of nonlinear system in order to put 
the fuzzy controllers into practice.  To deal with the 
time-delay nonlinear systems using fuzzy control tech-
nique, two approaches can be found in the literature, 
namely delay-independent and -dependent approaches.  
Delay-independent stability conditions for time-delay 
fuzzy control systems were derived in [13]-[15] based on 
Lyapunov-Krasovksii or -Razumikhin approaches.  For 
the delay-independent approach, the stability conditions 
are not related to the time-delay information.  Once the 
time-delay fuzzy control system is guaranteed to be sta-
ble, it is stable for any value of time delay.  Hence, de-
lay-independent stability conditions are particular useful 
for nonlinear systems subject to unknown or inestimable 
value of time delay.  In [16]-[24], delay-dependent sta-
bility conditions were derived based on the 
Lyapunov-Krasovksii approach.  During the stability 
analysis, the time-delay information is considered.  To 
deal with the time-delay information, various inequali-
ties have been proposed.  In [13], the Leibniz-Newton 
formula was employed to approximate the time-delay 
system states with current system states.  To relax the 
conservativeness of the stability analysis, other forms of 
inequalities were proposed in [27]-[26] to serve the same 
purpose.  These inequalities have been employed in 
[16]-[24] to investigate the system stability of time-delay 
fuzzy-model-based control system.  It has been shown 
in [20]-[24] that relaxed inequalities have led to relaxed 
stability analysis results.  Furthermore, by introducing 
some free matrices, the stability conditions can be fur-
ther relaxed.  Compared with the delay-independent 
approach, the analysis procedure of the delay-dependent 
approach is more complicated.  For the de-
lay-dependent stability conditions, the time-delay infor-
mation is one of the elements to determine the system 
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stability.  As a result, less conservative stability condi-
tions may be produced.  The delay-dependent stability 
conditions are good for time-delay fuzzy control systems 
with known or estimable values of time delays.  Con-
sequently, both delay-independent and -dependent stabil-
ity analysis results have their own advantages for differ-
ent kinds of the time-delay nonlinear systems. 
 In this paper, the system stability and performance 
of time-delay fuzzy control systems are investigated 
based on delay-independent and -dependent approaches.  
LMI-based stability conditions are derived based on an 
augmented system representation using Lyapunov-based 
approach.  It can be seen from [13]-[24] that the num-
ber of stability conditions is large due to the inherent 
property of multiplication terms of the fuzzy models, 
which increases the computational demand on solving 
the solution.  Moreover, during the stability analysis, 
some free matrices and approximation inequalities are 
employed to relax the conservativeness and handle the 
time-delay information, which lead to high matrix di-
mension of the stability conditions further increasing the 
computational demand.  Some convex programming 
techniques are usually employed to solve the solution 
numerically.  However, it can be shown that when the 
number of stability conditions is large enough, feasible 
solution can be obtained due to the limitation of the 
computer systems.  In fact, conservativeness of the sta-
bility conditions can be further relaxed by considering 
some advanced stability analysis techniques using in de-
lay-free fuzzy-model-based control systems [6]-[10].  
However, it can be seen in [6]-[10] that the system sta-
bility is governed by a huge matrix which is formed by 
all sub-system stability conditions.  Under such a case, 
the computational demand is increased drastically.  The 
situation is much worse for time-delay 
fuzzy-model-based control systems.  To put the stability 
design for time-delay fuzzy-model-based control sys-
tems into practice, it is important to alleviate the compu-
tational demand to solve the solution of the stability 
conditions.  In this paper, a fuzzy descriptor representa-
tion [27]-[29] is employed to represent the 
fuzzy-model-based control systems.  In [29], we have 
shown that computational demand can be alleviated un-
der a particular representation of the system which effec-
tively handles the multiplication terms for delay-free 
fuzzy systems.  Compared with the stability analysis 
results in [13]-[24], the derived stability conditions for 
time-delay fuzzy-model-based control systems offers 
less number of LMIs.  As a result, computational de-
mand on searching for the solution of the stability condi-
tions can be alleviated.  The computational advantage 
can be revealed especially when the time-delay fuzzy 
control system consists of large number of rules.  Fur-
thermore, LMI-based performance conditions are de-

rived to guarantee the system performance.  The de-
rived LMI-based stability and performance can be em-
ployed to aid the design of stable and well-performed 
fuzzy controllers for time-delay nonlinear systems. 
 This paper is organized as follows.  In section II, 
the time-delay TS-fuzzy model and the fuzzy controller 
are presented.  In section III, the LMI-based de-
lay-independent and -dependent stability and perform-
ance conditions are derived.  In section IV, simulations 
examples are presented to illustrate the merits of the 
proposed approach.  A conclusion is drawn in section V. 
 

2. FUZZY MODEL AND FUZZY CONTROLLER 
 
 A time-delay fuzzy-model-based control system 
formed by a time-delay nonlinear plant represented by a 
fuzzy model and a fuzzy controller is introduced. 
 
A. Fuzzy Model  
 Let p be the number of fuzzy rules describing the 
nonlinear plant.  The i-th rule is of the following format, 
Rule i: IF  is  AND … AND  is 

 THEN 
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i
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where  is a fuzzy term of rule i corresponding to 
the function , α = 1, 2, ..., Ψ, i = 1, 2, ..., p, Ψ is 
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known constant system matrices;  is the con-
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2, …, Ψ, is the grade of membership corresponding to 
the fuzzy term of .  It is assumed that x(t) = ϕ(t) 
for t ∈ [−τ

i
αM

d   0] where ϕ(t) denotes the initial condition 
of x(t). 

 
B. Fuzzy Controller 
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 A fuzzy controller with p fuzzy rules is employed to 
handle the time-delay nonlinear plant.  The j-th rule of 
the fuzzy controller is of the following format. 
Rule j: IF  is  AND … AND  is 

 THEN  (5) 
))((1 tf x j

1M ))(( tf xΨ
j
ΨM )()( tt j xGu =

where  is the feedback gains of rule j.  The 
inferred output of the fuzzy controller is given by, 

nm
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jj ttwt

1
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3. STABILITY ANALYSIS AND PERFORMANCE DESIGN 

 
 In this section, the system stability of the 
time-delay fuzzy control system formed by (2) and (6) is 
investigated based on delay-independent and -dependent 
approaches.  LMI-based stability conditions are derived 
to guarantee the system stability.  Furthermore, 
LMI-based performance conditions are derived to serve 
as constraints for the feedback gains to achieve the sys-
tem performance measured by a performance index. 
 
A.  Time-Delay Independent Approach 
 The system stability of the time-delay fuzzy control 
system based on delay-independent approach is investi-
gated.  In the following analysis, wi(x(t)) is denoted by 

wi for simplicity.  Furthermore, the property of  

=  = 1 will be used.  To investigate the 

system stability of the time-delay fuzzy control system, 
the following Lyapunov function candidate is consid-
ered, 
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where , , 

, ,  and .  
From (6), we have the following property which is ap-
plied in the following analysis, 
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 From (8) and (9), we have, 
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where , 

, ,  and 
.  Let the feedback gains be designed as 
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 The symbol “*” denotes the transposed element in 
the corresponding position of the matrix.  Referring to 
(11), it can be seen that  if Q0)(1 <tV i < 0 for i = 1, 
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2, ..., p, which implies the asymptotically stability of the 
time-delay fuzzy control system. 
 
Remark 1:  The number of LMI stability conditions are 
reduced to p + 2 compared with those in the stability 
conditions of [13]-[24].  Consequently, the computa-
tional demand on searching for the solution to the stabil-
ity conditions can be alleviated.  The computational 
advantage is obvious when the time-delay 
fuzzy-model-based control system has a large number of 
rules. 
 
B.  Performance Design 
 The LMI-based performance conditions are derived 
for the time-delay fuzzy-model-based control system.  
The system performance is quantitatively measured by 
the following performance index which is commonly 
used in optimal control techniques [30]. 
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where η is a non-zero positive scalar.  The scalar per-
formance index of J can be attenuated to a prescribed 
level governed by the scalar value of η.  From (14) and 
(15), we have, 
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 From (16) and recalling , i = 1, 2, ..., p, 
we have, 
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 It can be seen that the inequality of (17) holds 
when W < 0.  From (18) and by Schur complement, W 
< 0 is equivalent to the following inequality. 
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 It can be seen that the inequality of (19) holds 
when Wi < 0, i = 1, 2, ..., p.  The LMI conditions of 

 and W0
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p are the performance conditions.  The stability and 
performance conditions are summarized in the following 
theorem. 
 
Theorem 1 (Delay-Independent Approach):  The 
time-delay fuzzy-model-based control system formed by 
the time-delay nonlinear system in the form of (2) and 
the fuzzy controller of (6) is asymptotically stable if there 
exists a non-zero positive scalar η and there exist matri-
ces , , , 

 and , i = 1, 2, ..., p, 
, ,  and 
 such that the following LMI-based sta-

bility and performance conditions are satisfied. 
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Remark 2:  It should be noted that the stability and per-
formance conditions in Theorem 1 do not relate to the 
time-delay information.  Hence, they are the time-delay 
independent stability and performance conditions. 
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Remark 3:  The performance conditions only affect the 
system performance and can be taken away from Theo-
rem 1 when the system performance is not under con-
cerned during design.  Prior to applying the perform-
ance conditions, the constant weighting matrices J1, J2 
and J3 have to be determined. 
Remark 4:  If there exists a solution to the stability 
conditions in Theorem 1, it implies that  and 

.  These are the sufficient conditions to 
ensure that X is a non-singular matrix.  Hence, the ex-
istence of X = P

01 >X

0T
44 <−− XX

−1 is ensured. 
 
C.  Time-Delay Dependent Approach 
 The system stability of the time-delay 
fuzzy-model-based control system based on de-
lay-independent approach is investigated.  The follow-
ing Lyapunov function candidate is considered to inves-
tigate the system stability. 
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 From (20), the time derivative of V(t) is as follows, 
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 Similar to the derivation of the delay-independent 
approach, from (10), we have, 
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 Denote the upper bound of τd as hd.  From (2), 
(21), and using the property that R > 0 and 

 ⇒ 

 where , i, 
j = 1, 2, ..., p, are arbitrary vectors, the time derivative of 
V

( ) ( ) 0T ≥−− jiji aaRaa

ijjijjii RaaRaaRaaRaa TTTT +≥+ 1×ℜ∈ n
ia

2(t) is as follows. 

ϕϕϕ dtthtV
t

htd
d

∫−−= )()()()()( TT
2 xRxxRx  

ϕϕϕ

ττ

d

t
t

t

t
t

t
wh

t

ht

d

i

di

i

i

di

i

d

p

i
id

d
∫

∑

−
−

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−≤

)()(

)(
)(

)(

)(
)(

)(

T

T

T

T

T

T

T

TT

1=

xRx

u
x

x

B
A
A

R
B
A
A

u
x

x

 (24) 

 
 Before proceeding further, the following Lemma is 
introduced. 
 

Lemma 1 [26]:  The following integral inequality holds 
for any arbitrary matrices of ,  and 

, and a scalar . 
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where  with first-order continuous-derivative 
entries. 

1)( ×ℜ∈ ntx

 
 Based on Lemma 1 and from (24), we have 
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 (25) 
where  and , i = 1, 2, ..., p, are ar-
bitrary matrices.  From (23) and (25), we have, 
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 It can be seen that  when 0)( <tV 0T <XQX i  for 
all i = 1, 2, ..., p, which imply the asymptotically stabil-
ity of the time-delay fuzzy control system.  Let 
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 With the property that R = RT > 0, we consider the 
following inequality, 
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 By Schur complement, from (28) and (29), 
0T <XQX i  for all i = 1, 2, ..., p, are implied by the fol-

lowing LMIs. 
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i = 1, 2, ..., p (30) 
 It can be seen that the fuzzy control system is as-
ymptotically stable if the stability conditions of (30) are 
satisfied.  The performance design is the same as that in 
the delay-independent approach.  The stability and per-
formance stability conditions are summarized in the fol-
lowing theorem. 
 
Theorem 2 (Delay-Dependent Approach):  The 
time-delay fuzzy-model-based control system formed by 
the time-delay nonlinear system in form of (2) and the 
fuzzy controller of (6) is asymptotically stable if there 
exist non-zero positive scalars hd, ζ and η, and matrices 

, , , , 
, , , 

, ,  and 
, i = 1, 2, ..., p, such that the fol-

lowing LMI-based stability and performance conditions 
are satisfied. 
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are designed as , i = 1, 2, ..., p. 
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Performance Conditions in Theorem 1 
 
Remark 5:  It can be seen that the stability and per-
formance conditions in Theorem 2 relate to the 
time-delay information.  Hence, they are the de-
lay-dependent stability and performance conditions. 
 

4. SIMULATION EXAMPLES 
 
 Three simulation examples are employed to illus-
trate the effectiveness of the proposed approach.  The 
proposed fuzzy controller of (6) is employed to control 
some fuzzy systems with time delay.  With the aid of 
the derived LMI-based stability and performance condi-
tions, the feedback gains of the fuzzy controller can ob-
tained to guarantee the system stability and performance.  
In the following examples, comparisons are done based 
on the versions of stability analysis results with constant 
time delay in various published papers. 
 
A.  Simulation Example 1:  Time-Delay Independent 
Approach 

 Consider a fuzzy model with the following rules. 
Rule i:  IF x1(t) is about  THEN i

1M
)()()()( 11 tutttt idd BxAxAx +−+= , i = 1, 2 (31) 
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the open-loop fuzzy-model-based system (i.e., setting BBi 
= 0) and using the delay-independent stability conditions 
in Theorem 1, feasible solution can be obtained with the 
help of MATLAB LMI toolbox but not for the stability 
conditions in [13] and [23]. 
 To illustrate the effectiveness of the LMI-based 
performance conditions, we consider the closed-loop 
fuzzy-model-based control system and design the feed-
back gains based on Theorem 1.  With η = 10−10, 
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1 put different weights on different 
system states.  These weights will constrain the pa-
rameter space of the feedback gains to satisfy the per-
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 Fig. 1 shows the system state responses with τd = 
2s and the control signals of the time-delay fuzzy control 
systems under the initial state condition of x(t) = [1   
0]T.  The initial system state function is defined as ϕ(t) 
= [1   0]T for t ∈ [−τd   0].  Referring to this figure, 
it can be seen that the fuzzy controllers with different 
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put on x2(t) in J1, this fuzzy controller offers better sys-
tem response on x2(t) in terms of rising time and over-
shoot/undershoot magnitude. 
 
B.  Simulation Example 2:  Time-Delay Dependent 
Approach 
 Consider a fuzzy model with the following rules 
[18]. 
Rule i:  IF x1(t) is about  THEN 

, i = 1, 2 (32) 
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 LMI-based stability and performance conditions in 
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of the time-delay fuzzy control systems under the initial 
state condition of x(t) = [1   0]T.  The initial system 
state function is defined as ϕ(t) = [1   0]T for t ∈ [−τd  
0].  Referring to this figure, it can be seen that the fuzzy 
controllers with different feedback gains can stabilize the 
time-delay nonlinear system.  Furthermore, the fuzzy 

controller with  offers better system re-

sponse on x
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⎡
=

10
0100

1J

1(t) in terms of rising time and over-
shoot/undershoot magnitude as the heaviest weight is put 
on x1(t) in J1.  For the fuzzy controller with 

, it can be seen that the over-

shoot/undershoot of x

⎥
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⎤
⎢
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⎡
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1000
01

1J

2(t) is suppressed effectively. 
 
C.  Simulation Example 3:  Time-Delay Dependent 
Approach 
 Consider a fuzzy model with the following rules. 

Rule i:  IF x1(t) is about  THEN i
1M

)()()()( 11 tutttt idd BxAxAx +−+= , i = 1, 2 (33) 

where , , 

, , 

 and .  The membership func-

tions are the same as those in simulation example 1.  
Based on Theorem 1, with τ
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d = 2s, ξ = 0.01, η = 10−9, 
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,  and , are ob-

tained respectively and tabulated in Table IV.  It can be 
seen that different J
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1 put different weights on different 
system states to constrain the parameter space of the 
feedback gains to satisfy the performance conditions. 
 Fig. 3 shows the system state responses with τd = 
2s and the control signals of the time-delay fuzzy control 
systems under the initial state condition of x(t) = [3   
−2   −15]T.  The initial system state function is de-
fined as ϕ(t) = [3   −2   −15]T for t ∈ [−τd   0].  
Referring to this figure, it can be seen that the fuzzy 
controllers with different feedback gains can stabilize the 
time-delay nonlinear system.  The fuzzy controller with 

 offers better system response on x
⎥
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⎡
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1J 1(t) in 

terms of rising time and overshoot/undershoot magni-
tude as the heaviest weight is put on x1(t) in J1.  For the 

feedback gains corresponding to , as the 

heaviest weight is put on x
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3(t) in J1, this fuzzy controller 
offers better system response on x3(t) in terms of rising 
time and overshoot/undershoot magnitude. 
 It can be shown that all approaches in Table III are 
able to offer stable design of fuzzy controller for the 
fuzzy system of (33) with time delay of 2s.  In order to 
illustrate the computational advantage of the proposed 
approach, the following experiment is carried out.  Ad-
ditional r rules are added to the fuzzy model in the above 
example.  As a result, there are r + 2 rules for the fuzzy 
model in total.  The k-th rule, k = 1, 2, ..., r is charac-
terized by )1(21 kkk aa −+= AAA , 
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)1(21 kdkdkd aa −+= AAA  and  where 
 is a randomly generated scalar.  The exist-

ing delay-dependent and -independent stability condi-
tions and the proposed approaches are employed to tes-
tify the system stability.  The solution is solved with the 
help of MATLAB LMI toolbox running under a personal 
computer with 3G Hz P4 CPU and 1GB RAM.  In this 
simulation, we choose r = 15 (there are 17 rules for the 
fuzzy model in total) and h

1BB =k

[ 10∈ka ]

d = 2s (for delay-dependent 
approach).  The experiment is repeated for 20 times.  
The average computational time for various algorithms 
is tabulated in Table V.  It can be seen from this table 
that the proposed approach offer the least computation 
time for both delay-independent and -dependent stability 
approaches.  The computational advantage of the pro-
posed approaches is more obvious for large value of r = 
50.  Furthermore, some existing delay-dependent sta-
bility conditions offer no solution as the search process 
terminates due to slow process for r = 50. 
 

5. Conclusions 
 

The system stability of the time-delay 
fuzzy-model-based control system has been investigated 
under delay-independent and -independent approaches.  
Based on the descriptor representation, the multiplication 
terms of the fuzzy system can be handled effectively.  
As a result, less number of LMI-based stability condi-
tions, which can alleviate the computational demand on 
searching for the solution to the stability conditions, has 
been derived using the Lyapunov-based approach.  
Furthermore, LMI-based performance conditions have 
been derived to guarantee the system performance.  
Simulation examples have been given to show the merits 
of the proposed approach. 
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Fig. 1(a).  x1(t).  Fig. 1(b).  x2(t). 
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Fig. 1.  System state responses and control signals of 
example 1 with τd = 1s under the fuzzy controller with 

 (solid lines),  (dotted lines) 

and  (dash-dot lines). 
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Fig. 2(a).  x1(t).  Fig. 2(b).  x2(t). 
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Fig. 2(c).  u(t). 

Fig. 2.  System state responses and control signals of 
example 2 with τd = 5s under the fuzzy controller with 

 (solid lines),  (dotted lines) 

and  (dash-dot lines). 
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Fig. 3(a).  x1(t).  Fig. 3(b).  x2(t). 

0 5 10 15 20 25
-16

-14

-12

-10

-8

-6

-4

-2

0

2

4

Time (sec)

x 3(t)

 
Fig. 3(c).  x3(t). 
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Fig. 3.  System state responses and control signals of 
example 3 with τd = 2s under the fuzzy controller with 

 (solid lines),  (dotted lines) and 

 (dash-dot lines). 
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Table I.  Feedback gains under delay-dependent stabil-

ity approach with different J1 for example 1. 
J1 Feedback Gains 

⎥
⎦

⎤
⎢
⎣

⎡
=

10
01

1J  G1 = [1.0349   −10.0025] 
G2 = [0.9584   −8.9833] 

⎥
⎦

⎤
⎢
⎣

⎡
=

10
0100

1J  G1 = [2.4915   −38.8894] 
G2 = [9.2812   −52.5048] 

⎥
⎦

⎤
⎢
⎣

⎡
=

1000
01

1J  G1 = [0.4619   −19.9519] 
G2 = [0.3537   −18.7751] 

 
Table II.  Maximum time delay of hd for some pub-

lished and the proposed stability conditions. 
Stability Conditions Maximum time delay 

of hd (Sec.) 
Theorem 2 2.3767 

[18] 1.5970 
[22] 1.5416 
[21] 1.4785 
[17] 1.2246 
[20] 1.0449 
[16] 1.0124 
[19] 0.7171 
[24] 0.0343 

 
Table III.  Feedback gains under delay-independent 

stability approach with different J1 for example 2. 
J1 Feedback Gains 
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G2 = [−0.0779   −0.8023] 
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1J  G1 = [−0.4058   −0.9449] 
G2 = [−0.4883   −0.8045] 
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1J  G1 = [−0.0392   −9.9649] 
G2 = [−0.0286   −6.9614] 

Table IV.  Feedback gains under delay-dependent stability 
with different J1 for example 3. 40

J1 Feedback Gains 
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G2 = [4.1202   −14.4536   2.6412] 

 
Table V.  Average computational time for some published and 

the proposed delay independent (DI) and delay de-
pendent (DD) stability conditions. 

Average Computational Time 
(Sec.) 

Stability 
Analysis 
Approach 

Stability 
Conditions r = 15 r = 50 

DI Theorem 1 0.3344 2.1359 
DI [14] 1.0110 13.9453 
DD Theorem 2 3.1158 53.2656 
DD [22] 44.4060 No Solution 
DD [17] 51.5940 No Solution 
DD [16] 59.5630 No Solution 
DD [18] No Solution No Solution 
DD [19] No Solution No Solution 
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