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Computational Effective Stability Conditions for Time-delay Fuzzy Systems

H.K. Lam and B.W.K. Ling

Abstract

This paper investigates the system stability of the
time-delay fuzzy-model-based control systems based
on delay-independent and -dependent approaches.
LMI-based delay-independent and -dependent stabil-
ity conditions are derived to guarantee the system
stability using Lyapunov-based technique. It can be
seen that some existing stability analysis approaches
require high computational demand to solve the solu-
tion due to the large number of stability conditions.
Consequently, feasible solution may not be obtained
with the use of numerical methods due to the limita-
tion of the computer system especially for compli-
cated fuzzy systems with a large number of rules. In
this paper, under a particular system formulation, the
number of stability conditions can be reduced to alle-
viate the computational demand on searching for the
solution. Furthermore, the stability conditions offer
a larger upper bound of time delay compared with
some existing approaches. LMI-based performance
conditions are also derived to guarantee the system
performance. Simulation examples are given to il-
lustrate the merits of the proposed approaches.

1. Introduction

Fuzzy controllers are good at handling complex
nonlinear systems owing to its superior generalization
abilities. System stability and performance are impor-
tant concerns in the design of fuzzy control systems.
To investigate the system stability and performance of
the fuzzy control systems, fuzzy-model-based control
approach is the most common approach. Based on a
TS-fuzzy model [1]-[2] to represent a nonlinear system,
a fuzzy controller can be designed accordingly.  Fruitful
stability and performance conditions were obtained to
guarantee the system stability and performance [3]-[10]
of the fuzzy control systems. The system stability and
performance conditions can be expressed in the form of

Corresponding Author:  H.K. Lam, Division of Engineering, King's
College London, Strand, London, WC2R 2LS, UK

E-mail: hak-keung.lam@kcl.ac.uk

Manuscript received 10 Sep. 2007; accepted 23 Feb. 2008.

linear matrix inequalities (LMIs) [11] which can be
solved numerically and efficiently using some convex
programming techniques.

Recently, the attention of the researchers on fuzzy
control discipline is shifting to time-delay nonlinear sys-
tems [12]. As the time-delay nonlinear systems can be
found in many real-life engineering processes and the
time delay is one of the sources to cause system instabil-
ity, it is thus important to extend the fuzzy control tech-
niques to this class of nonlinear system in order to put
the fuzzy controllers into practice. To deal with the
time-delay nonlinear systems using fuzzy control tech-
nique, two approaches can be found in the literature,
namely delay-independent and -dependent approaches.
Delay-independent stability conditions for time-delay
fuzzy control systems were derived in [13]-[15] based on
Lyapunov-Krasovksii or -Razumikhin approaches. For
the delay-independent approach, the stability conditions
are not related to the time-delay information. Once the
time-delay fuzzy control system is guaranteed to be sta-
ble, it is stable for any value of time delay. Hence, de-
lay-independent stability conditions are particular useful
for nonlinear systems subject to unknown or inestimable
value of time delay. In [16]-[24], delay-dependent sta-
bility conditions were derived based on the
Lyapunov-Krasovksii approach. During the stability
analysis, the time-delay information is considered. To
deal with the time-delay information, various inequali-
ties have been proposed. In [13], the Leibniz-Newton
formula was employed to approximate the time-delay
system states with current system states. To relax the
conservativeness of the stability analysis, other forms of
inequalities were proposed in [27]-[26] to serve the same
purpose. These inequalities have been employed in
[16]-[24] to investigate the system stability of time-delay
fuzzy-model-based control system. It has been shown
in [20]-[24] that relaxed inequalities have led to relaxed
stability analysis results. Furthermore, by introducing
some free matrices, the stability conditions can be fur-
ther relaxed. Compared with the delay-independent
approach, the analysis procedure of the delay-dependent
approach is more complicated. For the de-
lay-dependent stability conditions, the time-delay infor-
mation is one of the elements to determine the system
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stability. As a result, less conservative stability condi-
tions may be produced. The delay-dependent stability
conditions are good for time-delay fuzzy control systems
with known or estimable values of time delays. Con-
sequently, both delay-independent and -dependent stabil-
ity analysis results have their own advantages for differ-
ent kinds of the time-delay nonlinear systems.

In this paper, the system stability and performance
of time-delay fuzzy control systems are investigated
based on delay-independent and -dependent approaches.
LMI-based stability conditions are derived based on an
augmented system representation using Lyapunov-based
approach. It can be seen from [13]-[24] that the num-
ber of stability conditions is large due to the inherent
property of multiplication terms of the fuzzy models,
which increases the computational demand on solving
the solution. Moreover, during the stability analysis,
some free matrices and approximation inequalities are
employed to relax the conservativeness and handle the
time-delay information, which lead to high matrix di-
mension of the stability conditions further increasing the
computational demand. Some convex programming
techniques are usually employed to solve the solution
numerically. However, it can be shown that when the
number of stability conditions is large enough, feasible
solution can be obtained due to the limitation of the
computer systems. In fact, conservativeness of the sta-
bility conditions can be further relaxed by considering
some advanced stability analysis techniques using in de-
lay-free fuzzy-model-based control systems [6]-[10].
However, it can be seen in [6]-[10] that the system sta-
bility is governed by a huge matrix which is formed by
all sub-system stability conditions. Under such a case,
the computational demand is increased drastically. The
situation is  much  worse  for  time-delay
fuzzy-model-based control systems. To put the stability
design for time-delay fuzzy-model-based control sys-
tems into practice, it is important to alleviate the compu-
tational demand to solve the solution of the stability
conditions. In this paper, a fuzzy descriptor representa-
tion [27]-[29] is employed to represent the
fuzzy-model-based control systems. In [29], we have
shown that computational demand can be alleviated un-
der a particular representation of the system which effec-
tively handles the multiplication terms for delay-free
fuzzy systems. Compared with the stability analysis
results in [13]-[24], the derived stability conditions for
time-delay fuzzy-model-based control systems offers
less number of LMIs. As a result, computational de-
mand on searching for the solution of the stability condi-
tions can be alleviated. The computational advantage
can be revealed especially when the time-delay fuzzy
control system consists of large number of rules. Fur-
thermore, LMI-based performance conditions are de-

rived to guarantee the system performance. The de-
rived LMI-based stability and performance can be em-
ployed to aid the design of stable and well-performed
fuzzy controllers for time-delay nonlinear systems.

This paper is organized as follows. In section II,
the time-delay TS-fuzzy model and the fuzzy controller
are presented. In section Ill, the LMlI-based de-
lay-independent and -dependent stability and perform-
ance conditions are derived. In section IV, simulations
examples are presented to illustrate the merits of the
proposed approach. A conclusion is drawn in section V.

2. FUZZY MODEL AND FUZZY CONTROLLER

A time-delay fuzzy-model-based control system
formed by a time-delay nonlinear plant represented by a
fuzzy model and a fuzzy controller is introduced.

A. Fuzzy Model
Let p be the number of fuzzy rules describing the
nonlinear plant. The i-th rule is of the following format,

Rulei: IF f (x(t)) is M; AND ... AND f,(x(t)) is
M, THEN x(t)=Ax(t)+A x(t—z,)+But) (1)
where M! is a fuzzy term of rule i corresponding to
the function f_ (x(t)), a=1,2,.., ¥ i=12,..p, ¥is
a positive integer; A, e R™ and A, € R™" are the
known constant system matrices; B, € R™™ is the con-
stant input matrix; x(t) e R™ is the system state vector

and u(t) e R™ is the input vector, 7y > 0 denotes a

constant time delay. The system dynamics are de-
scribed as,

. x(t)
() =D wxm)A, A, B]xt-z) 2)
u(t)
where,
iwi(x(t))=1, w,(x(t)) e[0 1] foralli (3)
) By (FL () x 1,y (F, (xO))x - g1, (£ (xD)  (4)

i (x(0) =
3 (s (KON 1 (£ (O -+ 1 (£ (x(0)

is a nonlinear function of x(t) and 4, (f,(x(t))), =1,
2, ..., ¥ is the grade of membership corresponding to
the fuzzy term of M!. It is assumed that x(t) = o(t)

fort € [-zy 0] where @(t) denotes the initial condition
of x(t).

B. Fuzzy Controller
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A fuzzy controller with p fuzzy rules is employed to

handle the time-delay nonlinear plant. The j-th rule of
the fuzzy controller is of the following format.
Rulej: IF f (x(t)) is MJ AND ... AND f,(x(t)) is
M) THEN u(t)=G x(t) (5)
where G; e R™" is the feedback gains of rule j. The
inferred output of the fuzzy controller is given by,

u(®) = 3w, (x(O)G x0) ©

3. STABILITY ANALYSIS AND PERFORMANCE DESIGN

In this section, the system stability of the
time-delay fuzzy control system formed by (2) and (6) is
investigated based on delay-independent and -dependent
approaches. LMlI-based stability conditions are derived
to guarantee the system stability. Furthermore,
LMI-based performance conditions are derived to serve
as constraints for the feedback gains to achieve the sys-
tem performance measured by a performance index.

A. Time-Delay Independent Approach

The system stability of the time-delay fuzzy control
system based on delay-independent approach is investi-
gated. In the following analysis, w;i(x(t)) is denoted by

p
w; for simplicity. Furthermore, the property of Zwi

i=1
PP
= > > ww, =1 will be used. To investigate the
i=1 j=1
system stability of the time-delay fuzzy control system,

the following Lyapunov function candidate is consid-
ered,

V(0 =xO"PxO+ [ x(0)"Sx(p)dp )

where P,=P' e R™ >0 and S=STeR™">0. It
will be shown that V (t) <0 (equality holds when x(t) =

X(t — zg) = 0) which implies the asymptotic stability of
the time-delay fuzzy control system. From (2) and (7),

V(1) = x(t) T Px(t) + x(t) " Px(t) + x(t) T Sx(t)
—x(t—7,)"Sx(t-7,)

A A, B [A A, BT
o T T e
=ZWi x(t—7,) x(t-74)
= I S 0 0 alt)
+0 -S 0
0 0 0

P 0 0
where P=|P, P, 0 |eREGmmCmm
P, P, P,

P, eR™, P,eR™, P eR™ and P, eR™".

From (6), we have the following property which is ap-
plied in the following analysis,

, P2 Eg{nxn,

) 0 0 0 x(t) 0
w0 0 0 |x(t—zy)|=|0
=06, 0 -1 u(t) 0
0 0 o
JAPTIO 0 0
) x(t) G 0 —I x(t) 0
Zwi x(t—1z,) I T [ x(t=74)[=]0 ©)
= u(t) 0 0 0 u(t) 0
+0 0 0P
G 0 -1
From (8) and (9), we have,
A A, Bl]
Pl0 0 o
G 0 -I (10)

L[ T
V'l(t):ZWi{x(t—rd)] X1X" {

i As B ! x(t)
0 0| P XX x(t-z,)
= u(t) 0

u(t)

X, 0 0
Whel‘e X = X1 X1 0 :P—iem(Zner)x(me) l

X, X, X,

X, =X, =P, eR™ >0, X,eR™", X,eR™ and

X, eR™™ . Let the feedback gains be designed as
G =NX,' where N,e®™ i =1, 2, .., p, and
Y =X,SX,. From (10), we have,
V(0= Y wa)' Qatt) (11)

x(t)
where z(t)=X"|x(t-z,)| and

u(t)

(Ai+Adi)X1+X1(TA,+ATdi)TT+B,X2+X2TBiT * * (12)
Q = XA, +X,'B, -Y -Y *
N, -X,+X,'B; -X, -X,-X,

The symbol “*” denotes the transposed element in
the corresponding position of the matrix. Referring to

(11), it can be seen that V,(t)<0 if Q; < 0 fori =1,
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2, ..., p, which implies the asymptotically stability of the
time-delay fuzzy control system.

Remark 1: The number of LMI stability conditions are
reduced to p + 2 compared with those in the stability
conditions of [13]-[24]. Consequently, the computa-
tional demand on searching for the solution to the stabil-
ity conditions can be alleviated. The computational
advantage is obvious when the time-delay
fuzzy-model-based control system has a large number of
rules.

B. Performance Design

The LMI-based performance conditions are derived
for the time-delay fuzzy-model-based control system.
The system performance is quantitatively measured by
the following performance index which is commonly
used in optimal control techniques [30].

Lx®1T 3, 3,7Tx@) "
olu(t)| |J, I, | u)
J=J'eR™>0

J, J
J,=3,eR™>0 and | Y 7
JZ J3

J= (13)

where J,eR™
:|€ SR(er)x(ner) > 0 )

From (6) and (13), we have,

. . T J J x(t)
=], ["(t)T (ZW‘G‘XG)} ][JlT JZ} >w,G x(t) [

ot 0 Taoa L0 T
:-[0 L(t)} [0 lewiGiT]{JzT JJ{O ZW,-G,- L&(t)}dt (14)

Let

af[O[x o Tl
o [ x(t) 0 XX, [x@®)

where 77 is a non-zero positive scalar. The scalar per-
formance index of J can be attenuated to a prescribed
level governed by the scalar value of 7. From (14) and

(15), we have,
Jl JZ I P 0
! 3,7 3,0 2. WG,

j=1

(15)

(16)

X

1 0
r{x(t)}T [0 .Z;’WiGi
° | x(t) x.ix t 0
- 77[ 0 xllxll}

{X(t)}dt <0
)

From (16) and recalling G, =N,X,",i=1,2, .., p,
we have,

r[x(t)} {Xll O_I}W{xll qra)}dtw (17)
o) | o x| 0 x| s

where

X 0 X 0
- v } B AN A _771 0] (18)
0 YwNTI3" g, [0 DwN, 0 I
i=1 j=1

It can be seen that the inequality of (17) holds
when W < 0. From (18) and by Schur complement, W
< 0is equivalent to the following inequality.

Zp:wiwi <0

i=1

(19)

K, K,| [3 J,]°
T = 5 >0 ,
KZ K3 JZ J3

- 0 X, 0

where

0 -1 0 N [i=1,2,..,p.
W - 7 | p

X, 0 -K, -K,

0 N -K, -K,

It can be seen that the inequality of (19) holds
when W; < 0,i=1, 2, ..., p. The LMI conditions of

-1
K, K J, J
oRl=l Y TR >0 andWi<0,i=1,2, ..,
K, K,| |J,] J,

p are the performance conditions. The stability and

performance conditions are summarized in the following
theorem.

Theorem 1 (Delay-Independent Approach): The
time-delay fuzzy-model-based control system formed by
the time-delay nonlinear system in the form of (2) and
the fuzzy controller of (6) is asymptotically stable if there
exists a non-zero positive scalar 7 and there exist matri-

ces X, =X, eR™ , X,eR™ , X,eR™ ,
X, eR™ and N, e®R™ | i = 1, 2, .., p,
Y=Y eR™ , J=J eR™ , J,eR™ and

J,=J," e®R™™ such that the following LMI-based sta-

bility and performance conditions are satisfied.
Stability Conditions:
X, >0; Y >0; (12) where the feedback gains are de-

signedas G, =N.X,",i=1,2, ..,p.
Performance Conditions:

Kl K2 Jl J2 N
T = T >0 X
K2 K3 J2 J3

-0 X, 0

T —_
W= 0 -7 0 N, <0,|—1,2,.,p
X, 0 -K, -K,
0 N, -K, -K,
Remark 2: It should be noted that the stability and per-

formance conditions in Theorem 1 do not relate to the
time-delay information. Hence, they are the time-delay
independent stability and performance conditions.
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Remark 3: The performance conditions only affect the
system performance and can be taken away from Theo-
rem 1 when the system performance is not under con-
cerned during design. Prior to applying the perform-
ance conditions, the constant weighting matrices Jy, J,
and J; have to be determined.

Remark 4: If there exists a solution to the stability
conditions in Theorem 1, it implies that X, >0 and

~-X,-X,' <0. These are the sufficient conditions to

ensure that X is a non-singular matrix. Hence, the ex-
istence of X = P* is ensured.

C. Time-Delay Dependent Approach

The system stability of the time-delay
fuzzy-model-based control system based on de-
lay-independent approach is investigated. The follow-
ing Lyapunov function candidate is considered to inves-
tigate the system stability.

V(1) =V, () +V, (1) (20)
where V(1) is defined in (7) and
V.=, [ x(@) Ri(p)gdo (21)

From (20), the time derivative of V(t) is as follows,
V(1) =V, (1) +V, (1) (22)

Similar to the derivation of the delay-independent
approach, from (10), we have,

AI Adl BI AI AI BI
PO 0 0|+f0 0 0
I 0

P (23)
G, 0 -1 |G, -1 { x® }
x(t—74)

S 0 0 u(t)
+0 -S 0
0 0 0

=4

NEC
vl(t) = Z‘N. x(t—74)

R0

Denote the upper bound of zy as hy. From (2),
(21), and wusing the property that R > 0 and
(ai—aj)TR(ai—aj)ZO =

T T T T S
a, Ra,+a, Ra, >a; Ra, +a, Ra, where a, e R™, i,

j=1,2, .., p, are arbitrary vectors, the time derivative of
V(1) is as follows.

V,() =X RO - %(¢)" Ri(p)dp
[ oxo TTaT] A T x)

ShdZ:Wi xtt—7,) | | Ay R A" || x(t—7,)
i u(t) B'| |B' u(t)

-, X(o)" Ri(p)dp

(24)

Before proceeding further, the following Lemma is
introduced.

Lemma 1 [26]: The following integral inequality holds
for any arbitrary matrices of T, e R™", T,eR™ and

R=R"eR™ >0,andascalar h, >0.

Co xt) T[T+ -TT+T, [ x(t)
_ R d < 1 1 1 2

I, X(o)Rx(p)dp L{(t—hd)} |:—T1+T2T —TZ—TZT}L(t—hd)}

e HT}R{TH © |
x(t-hy) | | T, T, | | x(t-hy)

where x(t) e R™ with first-order continuous-derivative
entries.

Based on Lemma 1 and from (24), we have

.
AiT AIT ! T1|T T1iT x(t)
Ay [RIAGT |+ T, R T, x(t-7y)
B'| |B/ 0 0 u(t)

~

) x) '
Vi, (t) < h, Zwi x(t—174
I ERTON

o x(t) T T, +T,  -T,+T, 0 x(t)
W X(t-7y) | [~ Ty +T, T, -T," 0| x(t-z,)
= u(t) 0 0 0 u(t)

(25)
where T,; e R™ and T, eR™,i=1,2,..,p,arear-
bitrary matrices. From (23) and (25), we have,

. p _
V(1) <= wz(t)" X Q Xz(t) (26)
i=1
where
A, A, B A A, BT [s 0 o
Q=P [0 0 0]+ 0 0 o0|P+[0 -S 0 (27)
G, 0 -I|] |G, 0 -I 0 0 0
T1i+T1iT _TliT+T2i 0 AiT AiT i T1iT TliT '
+ *T1|+T2|T *T2|*T2|T 0 |+h, AmT R AmT +h, T2|T R T2|T
0 0 0 B' | | B’ 0 0

It can be seen that V (t)<0 when X'QX<0 for

alli=1,2, .., p, which imply the asymptotically stabil-
ity of the time-delay fuzzy control system. Let

M=R'e®R™, Y=XSX,, G,=NX,*, N, eRq™,
U, =X, T,X, eR™, U, =X, T, X, eR™,i=1,2, ..,
p. Considering X'Q,X, we have,

A, A, B A, A, BT S 0 0]
xTle{o 0 0 X+X'10 0 0] +x{0 -S 0X
G, 0 -I G 0 -I 0 0 o (28)
T, +T1iT _TliT +T, 0 AiT AiT T
+X'|-T,+T," -T,-T," 0|X+hX"|A,"|RIA, | X
0 0 0 B | | B,/

TliT TliT !
+h,X"| T, X1(><1’1R4)(1’1)x1 T, | X
0 0
With the property that R = R" > 0, we consider the
following inequality,
(Xl - é‘Ril)T R(Xl - é‘Ril): XlTRxl - éX1T —cX; + §2R71 >0
= X,RX, >2{X, - M (29)
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_ By Schur complement, from (28) and (29),
X'QX<0 foralli=1,2,..,p, are implied by the fol-
lowing LMls.

(A + A X, +X,(A, +Ay) +BX, +X,'B,"
XA, +X,B -Y-U, -U, -Y-U,-U,"
0 = N, -X,+X,'B, -X, -X,-X,
hy((A; +A,)X, +B)X,) h(A4X,+BX,) hBX, -hM
h, (U +Uy,) h,Us, 0 0 —h(2ex,-¢™™)

i=12,..,p (30)

It can be seen that the fuzzy control system is as-
ymptotically stable if the stability conditions of (30) are
satisfied. The performance design is the same as that in
the delay-independent approach. The stability and per-
formance stability conditions are summarized in the fol-
lowing theorem.

<0

Theorem 2 (Delay-Dependent Approach): The
time-delay fuzzy-model-based control system formed by
the time-delay nonlinear system in form of (2) and the
fuzzy controller of (6) is asymptotically stable if there
exist non-zero positive scalars hg, {and 7, and matrices
X, =X1T eR™, X,eR™", X, eR™, X, eR™",
M=M"eR™ , Y=Y eR™ , J=J eR™ ,
J,eR™™, J,=J,  eR™, U, =XT,X, eR™ and
U, =X,'T, X, eR™,i=1,2, .., p, such that the fol-
lowing LMI-based stability and performance conditions
are satisfied.

Stability Conditions:
X;>0; M>0; Y >0; (30) where the feedback gains

are designedas G, =NX,",i=1,2, ..,p.
Performance Conditions in Theorem 1

Remark 5: It can be seen that the stability and per-
formance conditions in Theorem 2 relate to the
time-delay information.  Hence, they are the de-
lay-dependent stability and performance conditions.

4. SIMULATION EXAMPLES

Three simulation examples are employed to illus-
trate the effectiveness of the proposed approach. The
proposed fuzzy controller of (6) is employed to control
some fuzzy systems with time delay. With the aid of
the derived LMI-based stability and performance condi-
tions, the feedback gains of the fuzzy controller can ob-
tained to guarantee the system stability and performance.
In the following examples, comparisons are done based
on the versions of stability analysis results with constant
time delay in various published papers.

A. Simulation Example 1:
Approach

Time-Delay Independent

Consider a fuzzy model with the following rules.
Rule i IF x(t) is about M, THEN
x(t) = Ax(t)+ A x(t—t,)+Bu(t),i=1,2 (31)

-21 0.1 -19 0
where A, = , A= ,
-02 -09 -02 -11

-1.1 0.1 -09 O 1
Adl = ) Adg = y Blz and
-0.8 -0.9 -11 -1.2 1

-1 . .
B, { 2}. The membership functions are chosen as

WO = 4 ) =

w, (%, (1)) = 2 (x,(t)) =1-w,(x,(t)) [18]. Considering

the open-loop fuzzy-model-based system (i.e., setting B;
= 0) and using the delay-independent stability conditions
in Theorem 1, feasible solution can be obtained with the
help of MATLAB LMI toolbox but not for the stability
conditions in [13] and [23].

To illustrate the effectiveness of the LMI-based
performance conditions, we consider the closed-loop
fuzzy-model-based control system and design the feed-
back gains based on Theorem 1. With 5 = 107,

JZ{O} and J; = 1, the feedback gains under
0

10 100 O 1 0
J, = , J, = and J, = , are ob-
01 0 1 0 100

tained respectively and tabulated in Table 1. It can be
seen that different J; put different weights on different
system states. These weights will constrain the pa-
rameter space of the feedback gains to satisfy the per-

and

. 100 O
formance conditions. Take J, =[ 0 J as an exam-

ple and refer to the performance index of (13), the
weight of 100 is put on x;(t) which is to suppress the ac-
cumulation of energy contributed by x;(t) 100 times
more than those contributed by the rest, i.e., X,(t).

Fig. 1 shows the system state responses with 7y =
2s and the control signals of the time-delay fuzzy control
systems under the initial state condition of x(t) = [1
0]". The initial system state function is defined as ¢(t)
=[1 0] forte[-z 0]. Referring to this figure,
it can be seen that the fuzzy controllers with different
feedback gains can stabilize the time-delay nonlinear

. 100 O
system. The fuzzy controller with le{ 0 J offers

better system response on Xy(t) in terms of rising time
and overshoot/undershoot magnitude as the heaviest
weight is put on x,(t) in J;.  For the feedback gains cor-

. 1 0 . . .
responding to Jl{o } as the heaviest weight is
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put on X,(t) in Jy, this fuzzy controller offers better sys-
tem response on X,(t) in terms of rising time and over-
shoot/undershoot magnitude.

B. Simulation Example 2:
Approach

Consider a fuzzy model with the following rules
[18].
Rule i IF xi(t) is about THEN
x(t)=Ax(t)+ A x(t-t,)+Bu(t),i=1,2 (32)

-2 0 -1 05
where A, = , A, = )
0 -09 0 -1

A—_lo A—_lo B—0 and
Sl (O 2101 -1| 1

0 . .
B, :LO} The membership functions are the same as

Time-Delay Dependent

M}

those in simulation example 1. Considering B; = 0, the
upper bounds of time delay given by some existing ap-
proaches and Theorem 2 are listed in Table Il. It can be
seen that Theorem 2 of this paper offers the largest upper
bounds of time delay, i.e., 2.3767s with £=0.5.
LMI-based stability and performance conditions in
Theorem 2 are employed to obtain a set of feedback
gains for the fuzzy system of (32). With the help of
MATLAB LMI toolbox, the feedback gains are tabulated

in Table Il with 7y = 25, £ =05, = 107, J, :m

0 100 O
’ Jl =
1 0 1

and le[l 0 } respectively. Fig. 2 shows the sys-

. 1
and Js; = 1, corresponding to J, {0

0 100

tem state responses with zg = 2s and the control signals
of the time-delay fuzzy control systems under the initial
state condition of x(t) = [1  0]". The initial system
state function is defined as (t) = [1 0] for t € [~z
0]. Referring to this figure, it can be seen that the fuzzy
controllers with different feedback gains can stabilize the
time-delay nonlinear system. Furthermore, the fuzzy

. 100 O
controller with Jl{ 0 J offers better system re-

sponse on Xx(t) in terms of rising time and over-
shoot/undershoot magnitude as the heaviest weight is put
on xi(t) in J. For the fuzzy controller with

1 0 .
J, = , it can be seen that the over-
0 100

shoot/undershoot of x,(t) is suppressed effectively.

C. Simulation Example 3:
Approach
Consider a fuzzy model with the following rules.

Time-Delay Dependent

THEN
(33)

Rule i IF  x(t) is about
x(t) =Ax(t)+ A x(t-t,)+Bu(t),i=1,2

M,

05091 0 0 0.5091 0 0
where | 05001 0 0|' A,=|-05091 0 )
05091 -4 0 0.8102 -6.3662 0
02182 0 0 02182 0 0
A, =|-02182 0 0 ’ A, =[-02182 0 0 '
02182 0 0 03472 0 0
—1.4286 -10 .
B.-| o0 and B, -1 The membership func-
0 0

tions are the same as those in simulation example 1.
Based on Theorem 1, with 7y = 2s, £= 0.01, 7 = 10°°,

0
5 :H and J; = 1, the feedback gains under
0

100 000 10 0 0 1
J=l0 1 0" 3,=|0 1 0| &4 5_{0 1 of €00
001 0 01 001

tained respectively and tabulated in Table IV. It can be
seen that different J; put different weights on different
system states to constrain the parameter space of the
feedback gains to satisfy the performance conditions.
Fig. 3 shows the system state responses with 7y =
2s and the control signals of the time-delay fuzzy control
systems under the initial state condition of x(t) = [3
-2 -15]". The initial system state function is de-
fined as @(t) = [3 -2 -15]" fort € [z O].
Referring to this figure, it can be seen that the fuzzy
controllers with different feedback gains can stabilize the
time-delay nonlinear system. The fuzzy controller with
10 0 0
J=[0 10
0 01
terms of rising time and overshoot/undershoot magni-

offers better system response on X(t) in

tude as the heaviest weight is put on x,(t) in J;. For the
100
feedback gains corresponding to 5 {0 1 0], as the
=
0 0 10

heaviest weight is put on xs(t) in Jy, this fuzzy controller
offers better system response on xz(t) in terms of rising
time and overshoot/undershoot magnitude.

It can be shown that all approaches in Table 111 are
able to offer stable design of fuzzy controller for the
fuzzy system of (33) with time delay of 2s. In order to
illustrate the computational advantage of the proposed
approach, the following experiment is carried out. Ad-
ditional r rules are added to the fuzzy model in the above

example. As a result, there are r + 2 rules for the fuzzy
model in total. The k-th rule, k =1, 2, ..., r is charac-
terized by A=A +A,(1-a,) ,
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Ay =Aya +A ,(L-a) and B, =B, where

a, [0 1] is a randomly generated scalar. The exist-

ing delay-dependent and -independent stability condi-
tions and the proposed approaches are employed to tes-
tify the system stability. The solution is solved with the
help of MATLAB LMI toolbox running under a personal
computer with 3G Hz P4 CPU and 1GB RAM. In this
simulation, we choose r = 15 (there are 17 rules for the
fuzzy model in total) and hy = 2s (for delay-dependent
approach). The experiment is repeated for 20 times.
The average computational time for various algorithms
is tabulated in Table V. It can be seen from this table
that the proposed approach offer the least computation
time for both delay-independent and -dependent stability
approaches. The computational advantage of the pro-
posed approaches is more obvious for large value of r =
50. Furthermore, some existing delay-dependent sta-
bility conditions offer no solution as the search process
terminates due to slow process for r = 50.

5. Conclusions

The  system stability  of  the  time-delay
fuzzy-model-based control system has been investigated
under delay-independent and -independent approaches.
Based on the descriptor representation, the multiplication
terms of the fuzzy system can be handled effectively.
As a result, less number of LMI-based stability condi-
tions, which can alleviate the computational demand on
searching for the solution to the stability conditions, has
been derived using the Lyapunov-based approach.
Furthermore, LMI-based performance conditions have
been derived to guarantee the system performance.
Simulation examples have been given to show the merits
of the proposed approach.
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Fig. 1. System state responses and control signals of
example 1 with 7y = 1s under the fuzzy controller with

10 . 100 O .
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Fig. 2. System state responses and control signals of
example 2 with 7y = 5s under the fuzzy controller with
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Fig. 3(a). xa(t). Fig. 3(b). xx(b).
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Fig. 3. System state responses and control signals of

example 3 with zy = 2s under the fuzzy controller with
| r 0 1 (solid lines), ro 0 0} (dotted lines) and
1= J,=[0 10
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F 0 T (dash-dot lines).
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Table IV. Feedback gains under delay-dependent stability
with different J; for example 3.
Ji Feedback Gains
100
s 2lo 10 G, =[4.9775 -145541  1.9301]
"o 0 1 G,=[32072 -9.0984  1.2968]
(10 0 0]

s -lo 10l | Gi=[02414 203801 2.1765]
0 o 1 G,=[6.0483 -13.6325 1.4814]
1 0 0]

s -lo 1 o G;=[6.4084 -230313 3.8262]

"o o ol | G2=[41202 -14.4536  2.6412]

Table V. Average computational time for some published and
the proposed delay independent (DI) and delay de-
pendent (DD) stability conditions.

Stabilit_y Stability Average Computational Time

Analysis Conditions (Sec.)

Approach r=15 r=50
]| Theorem 1 0.3344 2.1359
DI [14] 1.0110 13.9453
DD Theorem 2 3.1158 53.2656
DD [22] 44.4060 No Solution
DD [17] 51.5940 No Solution
DD [16] 59.5630 No Solution
DD [18] No Solution No Solution
DD [19] No Solution No Solution

Table I. Feedback gains under delay-dependent stabil-
ity approach with different J; for example 1.
J1 Feedback Gains
gt 0 G;=[1.0349 —10.0025]
lo 1 G,=[0.9584 —8.9833]
. |00 0 G;=[2.4915 —38.8894]
1o 1 G,=[9.2812 -52.5048]

g |t 0 G;=[0.4619 —19.9519]
Y10 100 G,=[0.3537 -18.7751]
Table Il.  Maximum time delay of hy for some pub-

lished and the proposed stability conditions.
. i, Maxi time del
Stability Conditions am(r)r;uhr: (ér:g) elay
Theorem 2 2.3767
[18] 1.5970
[22] 1.5416
[21] 1.4785
[17] 1.2246
[20] 1.0449
[16] 1.0124
[19] 0.7171
[24] 0.0343
Table Ill.  Feedback gains under delay-independent
stability approach with different J, for example 2.
J1 Feedback Gains
y |t 0 G1=[-0.0728  -0.9403]
o 1 G,=[-0.0779  -0.8023]
5 -|100 0 G, =[-0.4058  —0.9449]
1o o1 G,=[-0.4883 —0.8045]
y |t 0 G;=[-0.0392 —9.9649]
Y10 100 G,=[-0.0286 —6.9614]




