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Linear Control and Parallel Distributed Fuzzy Control Design for T-S
Fuzzy Time-Delay System

Chung-Hsun Sun, Wen-June Wang, and Wei-Wei Lin

Abstract

This paper studies the stabilization problem for
T-S fuzzy systems with time delay. Based on
Lyapunov criterion and Razumikhin theorem, two
types of stabilizing controller are designed. One is the
linear state feedback controller and the other is the
parallel distributed fuzzy controller (PDFC). For
each type of the controller, there are some derived
sufficient conditions under which the whole closed
loop fuzzy time-delay system is asymptotically stable.
Moreover, those sufficient conditions can be trans-
formed into the linear matrix inequality (LMI) prob-
lem. Then the controllers can be obtained by solving
LMlIs. Finally, a practical continuous stirred tank
reactor (CSTR) system illustrates the control design
and its stabilization effectiveness.

Keywords: Time-delay, T-S fuzzy model, Linear control,
Parallel distributed compensation (PDC).

1. Introduction

It is well known that time-delay is often encountered
in various engineering systems to be controlled. Many
researchers (see [1], [2], [7], [8], [11]-[13], [20], [23],
and [24]) have paid a great attention to various control
methods in time-delay systems. For instance, [7] and [12]
study the robust stability and stabilization problems for
uncertain time-delay systems. [8] investigates H, state
feedback control design for discrete time delay system.
[11] proposes the concept of time delay control (TDC)
for a discrete time sliding mode system. [20] studies the
stability of the decoupling internal model control (IMC)
for multiple time delays system. [23] and [24] discuss
the stability and stabilization problems for large-scale
systems with time-delays. Further, [2] utilizes linear ma-
trix inequalities (LMIs) method to solve stability, stabi-
lization and H, control for discrete time Markovian

jump linear system with norm-bounded time-delays.
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The above papers deal with the problem on conven-
tional control systems. Recently, the fuzzy system rep-
resented by [F-THEN rules has become one of the useful
modeling approaches for complex systems. Fuzzy mod-
eling has capability of modeling complex nonlinear
processes to arbitrary degrees of accuracy [3], [19], and
[26]. After Takagi and Sugeno et al. proposed the
so-called Takagi-Sugeno (T-S) fuzzy model [14]-[16]
and [18], the flexibility of fuzzy logic theory and rigor-
ous mathematical theories of linear or nonlinear systems
are combined into a unified framework.

In recent, the task of effectively controlling nonlinear
system with time-delay described by T-S fuzzy model
has been noticed. For uncertain nonlinear fuzzy system
with time delays, [9], [10], and [25] discuss the H.,
control design for T-S fuzzy models. In those papers the
concept of the parallel distributed compensation (PDC)
and LMIs method are used.

In this paper, we shall investigate the stabilization
problem of fuzzy time-delay systems with two types of
controllers, linear state feedback control and parallel dis-
tributed fuzzy control (PDFC), respectively. Two types
of controllers are derived with some sufficient conditions
such that the fuzzy time-delay system is asymptotically
stable. These sufficient conditions can be easily trans-
formed into the problem of LMIs by using Schur com-
plement. Also, the difference and comparison between
the two types of controllers are discussed.

2. System and Problem Description

Suppose there is a T-S fuzzy model for the nonlinear
time-delay plant. This model is composed of I rules
and each rule is represented as follows

R':If z;(t) is My and---and z4(t) is Myg,

Then X(t) = AX(t) + AX(t—z; (t)) + Biu(t),
where x(t)=w(), te[-7,0], 7 <z, i=12,...,r. A,
A, and B; are constant matrices with appropriate di-
mensions; M; is the fuzzy set; x(t)eR" is the state
ut)eR" Z,(t) ,
Z,(t),..., Z4(t) are the premise variables which may be

vector; and is the input vector.
equal to some elements of x(t) or be a function of x(t);

and w(t) is the initial condition of the state.
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By a singleton fuzzifier, minimum fuzzy inference,
and central-average defuzzifier, (1) can be inferred as

> o (ZONAXD) + Ax(t - 7,0) + Bu()]
%(t) = =

S e0) @

= > (2 ONAXD) + Axt—7,(1) + Bu)

wi(z(t)) =ming (Miq(z4(1))) ui(z(t) =
@ (Z()/S @ (z(t)) , Mi(zq(t)) is the membership
grade of zq(t) in My . It is seen that w;(z(t))20,
i=1,2,....,r,forall t,and > x(z()=1.

The objective of this paper is to synthesize two types
of the control u(t), linear state feedback control and

PDFC, such that the overall closed-loop fuzzy
time-delay system is asymptotically stable.

where

3. Control Synthesis

This section proposes the design technique for two
types of controllers, linear state feedback control and
PDFC, respectively. It should be mentioned that, in the
consequent of this paper, any two square matrices A
and B with the relationship A>B or A-B>0
means the matrix A-B is positive definite.

3.1 Linear State Feedback Control Synthesis

In this subsection, we consider the first type of con-
troller, linear state feedback control,

u(t) = -3 Fix(t) = —Fx(t) , 3)

where F =3[ F , r isthe number of rules in (1). Thus,

combining (2) and (3), the global closed-loop fuzzy
time-delay system becomes

(t) = iui(z)mxa) + AX(t-7,0) - BZ Ol

r

Z (2)(A - BZF)X(IHZM(Z)AXG 5 (1)

=1

Before deriving the main result, an important lemma
should be presented first.
Lemma 1 [21]: For any two compatible constant matri-
ces X and Y, there is

XTY +YTX e XTX +&7'YTY,
where ¢ is any positive constant.
From (3), the linear feedback control F is the sum of
all F. In other words, F is a common state feedback

®)

gain for each rule in (1). Therefore, by Lyapunov stabil-
ity criterion [6] and Razumikhin theorem [4], the first
result is expressed in the following theorem.

International Journal of Fuzzy Systems, Vol. 9, No. 4, December 2007

Theorem 1: The T-S fuzzy time-delay system (2) can be
stabilized asymptotically by the linear state feedback
control (3), if there exist positive a definite matrix P
and r matrices S; >0 such that the following condi-
tions hold.

(a) GIP+PG; +PASATP+P <0, forall i (6a)
(b) (Gj+G;)"P+P(G;+Gj)<0,forall i<j (6b)
(¢) P=S"' >0, forall i (6¢)

where Gij = Ai/I‘—BiFj .
Proof: Set the Lyapunov function candidate for the
closed-loop system (4) to be

V(x(1) = X" ()PX(t).
Taking the derivative of V(x(t)) along (4) we have

Vi) = IZIE#.(Z)X (t)[(—— BiF;) P+ I:’(—— BiF)Ix(®) o

+3 (22T OPAX(E-7,(1))
i=1
Replacing A;/r-B;F; by G, then

V(x(t) = iﬂi (@)X (V[G;i" P+ PG; Jx(t)
+2 42X OPAX(E—7 (1)

+ZZ#|(Z)X (t)[Gu P+PG|J]X(t)

i=1 j=i
=3 44 (X" (OIG" P+ PGy Ix(1)

+ iﬂi (2)2XT ()PAS?S, 2X(t -7 (1)

+3 3 14 (DX (DG, P + PGy IX(t)

i=l j=i

where S; >0.By Lemma 1, it follows

V(X(1) < X 442X O[Gy" P + PGy + PAS ATPIX(Y)

+ 33 1 (DX (OGP + PGy IX(Y)

i= j#i
+3 44 (DX (t =7, (1) ST X(E - 71 (1)).
i=l
According to (6¢), we have

V(X)) < 3 4 ()X (O[G;" P+ PGy + PAS, AT PIx(t)

+ 33 (X (OIGy" P+ PGy Ix(t)
i=1 j=i

+iui<z)xT (t— 7, ()PX(t -7 (1))

4 (DXT (O[Gi" P+ PGy + PAS; AT PIX(t)

Il
M«

+
M= Iy
M=

i (2)x" (t)[GIJ P+ PG;j Ix(t)

I
kS

T M-‘

i (VX =7 ()]
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By using Razumikhin theorem [4], if there exists a real
6 >1 such that

V(x(t-0)) < SV (x(t)) for 0e[0,7],
then

V(X(1) < X 44 (X (D[Gy" P+ PGy + PAS ATPIX()

+3 3 12X (O[G;" P+ PGy Ix(t)

i=1 j=i

+2u (2) VX(D)]

1 (DX (O[Gy" P+ PG + PASATP + PIx(t)

M=

iﬂi (X" (OI(Gy +G;)" P+P(Gy +Gji)IX()

1 j<i

M- L

+

Obviously, V(x(t)<0 if
E(5)=G;i P+PG; + PAS;ATP+P <0, forall i,
and
(Gi +Gji)' P+P(G; +Gj)<0, forall i< j,
hold, then the overall closed-loop system is asymp-
totically stable. If (6) holds, that is, =(1)<0, then by

continuity, there is a s=1+a with a>0 suffi-
ciently small such that Z(5)<0 for all i. The proof

is completed.
By Schur complement, stability conditions of Theorem 1
are equivalent to the following LMIs,

A LA

XS+ S x4 X —YTBT - BY; + AS;AT <0, forall i, (9a)
r r

§+%x -Y{B{ —BY;-Y,"B] —B;Y; <0
for all i< j, (9b)
Si>x, for all i, (9¢)
where X =P and F =Y;X'. Therefore, if we can
find X and Y, to satisfy LMI (92)-(9c), F; is yielded
and the linear feedback gain F is the sum of all F,
i=12,...,r.
Remark 1: We have to point out that it is difficult to find
or design the common F without dividing the gain F
into r subgain F; ’s. Based on the concept of parallel
distributed compensation, the form of F as the sum of
all F’smake V(x(t))<0 much easier.

T
x AL Ay x
r r

3.2 PDFC Synthesis

It is noted in the last section, the found F 1is a com-
mon feedback controller for all rules in (1). Now, we
like to know what is the benefit if the common feedback
controller is replaced by PDFC. It is well known that
PDFC has r fuzzy rules corresponding to the rule in
the fuzzy plant (1). The PDFC is as below
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Ch:If Z;(t) is Mj; and---and z4(t) is Mg, (10)
Then u(t) = —Fx(t), i=1,2,...,r.

The weight g (z(t)) is the same defined as in (2).
Analogous to (2), the final output of the fuzzy controller
C' is

u( =2 i (Fx(V (1)

Thus, combining (2) and (11), the global closed-loop

fuzzy time-delay system becomes

X(t) = 3 44 (D[ AX(E) + AX(t -7 (1) + Bu()]
- , (12)
= Eyi(z)m X(t) + AXx(t—z; (t)) - B; ,—Zf" (2)Fjx(t)]

Before proceeding to the main result, we have to pre-
sent a useful lemma again.

Lemma 2[22]: Tchebyshev’s inequality holds for any
matrix H; e R™, that is,

m T m m
|:2Hi:| |:2Hi:|smzHiTHi
i=l i=I

i=1

(13)

Thus, the following theorem presents the stabilization
conditions for the fuzzy time-delay system (2) with the
PDFC (10).

Theorem 2: The fuzzy time-delay system (2) can be
stabilized asymptotically by the PDFC (10), if there exist
a positive definite matrix P, r matrices S; >0, and a

symmetric matrix R, such that the following conditions
hold,

(a) GfP+PG; +PASATP+FP <Ry, forall i, (l4a)
(b) G +G;)"P+P(G;+G;)<R;+R;, forall i<j,
(14b)
Ry -

(c) R=
R, -

Rir
<0,and P>S7">0, forall i
Rie
(14¢)
where G; =A —-BiF, and f is the maximal number of
the fired rules by any instant input [z, (t),z,(t),...,Z4 (1)].
Proof: Set the Lyapunov function candidate for the
closed-loop system (12) to be
V (x(1) = X" (t)Px(t) .
Taking the derivative of V(x(t)) along (12), we have
V(x(t)

=33 14 (D (D)X O(A - BiF;)T P+ P(A — BiF)X(1)

i=1 j=1
+ z 14(2)2XT (OPAX(E -7 (D).

(15)
Set G; = A —B;F;, we obtain
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V (X(t) = z 12 (DX (O[Gy" P+ PGy IX(D)
+ 2 (D2 OPAX(E-7,(1)

+ZZ#.(Z)#J(Z)X (DOIG;" P+ PGy Ix(t)

i=l j#i
= iﬂi (X" O[G;" P+ PG; Ix(t)

1 1

+3 ¥ (2 (2)2XT (OPASZS, 2 X(t - 73 (1))

i=1 j=1
r

r

ZZM(Z),UJ(Z)X (t)[Gu P+PG|J]X(t)

i=l j#i

According to Lemma 2, then
V(x() < 3427 (@ OGP+ PGy Ix()
i=1

1 1

+ z 12 (2)28XT ()PAS?S; 2X(t -7 (1)) (16)

+ 33 (@D X OGP+ PGy IX(t)

i=1 J#
Based on Lemma 2, inequality (16) is true if f is re-
placed by r. It is known that if any input fires the
premise of fuzzy rules, not all rules are fired. Only f<r
rules are fired. Therefore f in (16) can replace the total
rules’ number r.
Applying Lemma 1 leads to

V() < Saa? (X OGP+ PGy (D)

+ZZ/UI(Z)/UJ(Z)X MGy P+ PGy Ix(t)

i=1 j=i
- gui (2)F[X" (H)PAS; AT Px(t)
+ X" (t =7 (1))STX(t — 73 (1)]
(z)x (t)[G,. P+ PGII + rPAS A,T PIx(t)

M-‘ EM“

iu (D (X" (O[G;" P + PGy IX(1)

i=1 j=i
+ X (Z)PXT (t =7, (0)STX(E ~ 7 (1)
If P>S7">0 holds, then
V() < 252 (X (OGP + PGy + PAS, ATPIx()

+

- ]

z”z 212 (DX (OGP + PGy Ix(t)
+ 2 @I (=7 O)PX(E-7,(1)

Il
M«

> 1 (X" (O)[G;" P + PGy + FPAS; AT PIX(1)

+
™M= N
EM"

> i (D) (DX (O[Gy" P+ PGy Ix(t)

+ Eﬂiz(l) PV Ix(t-7i(t))]

By using Razumikhin theorem, if there exists a real
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6 >1 such that
V[xt-0)]<sV[x(t)] for 6¢€[0,7],
then

V(x(t) < X (@ O[G," P + PG, + PPASATPIX(D)

+3 3 (2t 2O OGP+ PGy Ix(t)

i=1 j#i

+ 34 (2F MV [X(O)

-

=Y 12 (D)X )[G;" P + PG; + FPA S, AT P + FOPIX(t)

i=1

=

r

+ 3 X 1 (D) (X" OLGy +Gji)" P+ P(Gy +Gj)Ix(t)

i=l j<i
(17)
Substituting (14a) and (14b) into (17), we obtain

V(x(t) < X (@ ORix(0)

+ ZZM(Z)M (@)X (O(R; +Rji)x(®)

i=1 j<i

m@XO Ry - Ry [ a(@x(0)
e (DX | | R -+ R || e (2)X()

Therefore, if (14c) hold, V(x(t))<0,

time-delay system (2) is asymptotically stable. By Ra-

zumikhin theorem, there exists a §>1 such that the

above inequalities hold. The proof is completed.

then the fuzzy

Similar to Theorem 1, by Schur complement, (14a)-
(14c) can be easily transformed into the following LMI’s
form, too.

XAT + AX + X =Y,"Bf —BY; + FAS;AT <Ry, forall i,
(18a)
XA+ AX + XA] + AjX Y[ B

BY, T8I - _ ,forall i<j,
— bty =T

B,Y: <R; +R;
(18b)
Ri Ry

R= <0, and S; > X >0, for all i(18c)

er ﬁrr

where X =P, F=Y,X",and R;=XR;X.

Remark 2: Comparing (14a)-(14c) to (6a)-(6¢c), re-
spectively, it is found that there are some relations be-
tween them. If we multiply r into each term of (6a),
then (6a) becomes

(A —TBiF)"P+P(A —rBF)+rPASATP+rP<0 (19)
It is seen that each gain F, in (6a) is amplified to be
rF in (19). But in (14a) F is not amplified. The same
observation can be found on the comparison of (6b) and
(14b). Furthermore, we may say that the common feed-
back gain F is the sum of all F (see (3)) which
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should be much larger than PDFC in (11). The reason is
that the common controller (3) needs to stabilize all
subsystems of (1) no matter what rules are fired and how
heavy of rules is fired. Nevertheless, PDFC has parallel
distributed compensation capability. The controller gain
as (11) can be adjusted based on the fired rule weights.
Remark 3: We compare Theorem 1 with Theorem 2
from the viewpoint of stabilization again. Obviously,
LMIs (14a)-(14c) have an extra matrix R<0 to be
solved than LMIs (6a)-(6¢) does, but LMIs (14a)-(14c)
are less conservative than LMIs (6a)-(6¢c). The reason is
that the right sides of (6a) and (6b) are only “zero,” but
the right sides of (14a) and (14b) are R; and R;+Rj,
respectively. Besides, the parameter r in (6a) is re-
placed by a smaller ¢ in (14a). This replacement also
contributes to relax the stabilization conditions.

4. An lllustrative Example

Consider a first order irreversible exothermic reaction
A —» B which occurs in a well-mixed continuous
stirred tank reactor (CSTR) as in [5]. By using the ana-
lytical approach of [17] the reaction A — B can be
modeled as the following fuzzy model with operating
points (X4,Uq) , Which is a stationary point of the
nonlinear system.

Rule 1: If the temperature x,(t) is low, then

[—1.4274  0.0757 025 0 0 .
e(t) + et—7)+ act) »
| —1.4189 —0.9442 0 025 0.3

Rule 2: If the temperature x,(t) is middle, then

, [—2.0508 0.3958 025 0 01,
é(t) = e(t)+ et—7)+ u(t),
| —6.4066 1.6168 0 0.25 0.3

Rule 3: If the temperature x,(t) is high, then

8(t) =

, [ —4.5279 0.3167 025 0 071,
é(t) = }e t)J{ }e(t —r)J{ }u(t) >
| —26.2228 0.9837 0 0.25 03
where e(t)=x(t)—xq3 , elt-7)=x(t-7)—Xx4 , and

Q) =u)-us . x®O =[x x® , x(t) corresponds
to the conversion rate of the reaction 0< x, (1) <1; X, (t)
is the dimensionless temperature. The membership func-
tions of x,(t) are shown in Fig 1.

low A 1

middle high

X, (1)
-

0.886

2.7520
Fig 1. Membership functions of X,(t) in CSTR fuzzy model.

4.7052
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First, we design a common linear state feedback con-

trol to achieve the stabilization of CSTR.
Qt) = —(F, + F> + Fy)e(t) = —Fe(t) .
By solving LMIs in Theorem 1, we have

2699 —7546 ~10.00224 0.00067
{— 7546 25274}’ - {0.00067 0.00024} :
F =[12.2766 5.5713], F, =[45.4616 19.9933],
F, =[70.8777 33.4419],

3299 -7507 | 15821 —6775

{— 7507 45131}’ : {— 6775 45143}’
_[20800 —6829
T L 6829 45047]

Therefore, the common linear feedback gain is
F=F+F, +F =[128.6160 59.0065] (20)
Theorem 1 confirms that CSTR with linear feedback
gain (20) is asymptotically stable. Fig. 2 shows the
simulation result of the closed-loop system under differ-
ent initial conditions x(0) .

81:

0.6

|

|

|

|

| |
0.4472 - T T

0_4[ ,,,,,,,,, :,,,,,,,,,,,,L ,,,,,,

|

|

|

|

state

0.2752 f~—
(L —_—|——_———--=-

0

0 10
time(sec)

Fig. 2(a). The state responses of CSTR with linear control

under operating point Xy =[0.4472 2.7520]" and initial

state X(0) =[0.4 2.5]".

0.6

— x1
— x2/10

0.5 K 77777777777777777777 :

|

[l

|

|

|

|
+
|

|

|

|

|

|

|

|

:
8

0

0 10
time(sec)

Fig. 2(b). The state responses of CSTR with linear control

under operating point Xy =[0.4472 2.7520]" and initial

state x(0)=[0.5 3]".
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Next, a PDFC is synthesized as below.
Rule 1: If the temperature x,(t) is low, then

at) =-F e(t),
Rule 2: If the temperature X, (t) is middle, then
uit)=-F e(),
Rule 3: If the temperature x,(t) is high, then
G(t) =—F; e(t) .
The membership functions of x,(t) are shown in Fig 1.

By solving the LMIs in Theorem 2, we obtain the fol-
lowing solution matrices:

« _[ 904688 —35581]  [0.0111 0.0004
| -3.5581 91.3853|”  |0.0004 0.0110 |
s [459.71 -3.52 _[473.66 —3.58
' -3.52 490.63|7 77| ~3.58 490.63
s _[51127 =367 o _[-73.09 -0.69
Ul -3.6 490637 | -0.69 —129.24]
~1329 -0.33 ~380.18  1.12
Ry = » Ri= >
~033 -24523 112 -245.23
~21.57  0.57
R =Ry = >
0.57 -92.11
~56.89  0.73
Ri; =Ry = >
0.73  -92.1
~74.18 034
Rys =Ry = :
B [ 0.34 —92.09}

Therefore, the feedback gains of PDFC are
F =[-3.9521 7.1270], F, =[-19.4535 15.7075),

F, =[-85.5504 13.5955]. 1)

According to Theorem 2, CSTR is asymptotically sta-
ble by the PDFC with the gain (21) in each rule. The
simulation result of CSTR under different initial condi-
tion x(0) is shown in Fig.3. It is noted that the feed-

back gains (21) of PDFC is much smaller than the gain
(20) of the common linear feedback controller. This co-
incides with the expression in Remark 2.

5. Conclusions

This paper has designed a linear feedback control and
a PDFC to stabilize the T-S fuzzy time-delay system,
respectively. Based on Lyapunov stability criterion and
Razumikhin theorem, some sufficient conditions are
presented in Theorem 1 and Theorem 2, respectively,
under which the closed-loop fuzzy time-delay system is
asymptotically stable. By solving a set of LMIs, both
types of the controllers can be obtained. Moreover, Re-
mark 2 points out that the plant with fuzzy rule base
model can be stabilized by a large gain common feed-
back controller, and the PDFC can achieve the stabiliza-
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tion with much smaller gain. Also, the differences be-
tween the solutions in Theorem 1 and Theorem 2 have
been analyzed in Remark 3.

0.6 T T T
| | | |
| | | — x2/10
| | | |
0.4472} — — — } ! ! !
0.4 [4 ,,,,,, - - L - L - __
| | | |
| | | |
o | | | |
E 0.2752 = ‘ ‘ ‘ ‘
1 11 " T === [ T
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
O | | | |
0 2 4 6 8 10
time(sec)

Fig. 3(a). The state responses of CSTR with PDFC under
operating point Xq =[0.4472 2.7520]"7 and initial state

x(0)=[0.4 2.5]".

0.6

— x1
— x2/10

0-5'G ***************** :

|

T
|

|

|

|
n
|

|

|

|

|

|

|

|

:
8

10
time(sec)

Fig. 3(b). The state responses of CSTR with PDFC under

operating point Xy =[0.4472 2.7520]" and initial state

x(0)=[0.5 3]".
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