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Abstract 

This paper studies the stabilization problem for 
T-S fuzzy systems with time delay. Based on 
Lyapunov criterion and Razumikhin theorem, two 
types of stabilizing controller are designed. One is the 
linear state feedback controller and the other is the 
parallel distributed fuzzy controller (PDFC). For 
each type of the controller, there are some derived 
sufficient conditions under which the whole closed 
loop fuzzy time-delay system is asymptotically stable. 
Moreover, those sufficient conditions can be trans-
formed into the linear matrix inequality (LMI) prob-
lem. Then the controllers can be obtained by solving 
LMIs. Finally, a practical continuous stirred tank 
reactor (CSTR) system illustrates the control design 
and its stabilization effectiveness. 

Keywords: Time-delay, T-S fuzzy model, Linear control, 
Parallel distributed compensation (PDC). 
 

1. Introduction 
 

It is well known that time-delay is often encountered 
in various engineering systems to be controlled. Many 
researchers (see [1], [2], [7], [8], [11]-[13], [20], [23], 
and [24]) have paid a great attention to various control 
methods in time-delay systems. For instance, [7] and [12] 
study the robust stability and stabilization problems for 
uncertain time-delay systems. [8] investigates  state 
feedback control design for discrete time delay system. 
[11] proposes the concept of time delay control (TDC) 
for a discrete time sliding mode system. [20] studies the 
stability of the decoupling internal model control (IMC) 
for multiple time delays system. [23] and [24] discuss 
the stability and stabilization problems for large-scale 
systems with time-delays. Further, [2] utilizes linear ma-
trix inequalities (LMIs) method to solve stability, stabi-
lization and  control for discrete time Markovian 
jump linear system with norm-bounded time-delays. 
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The above papers deal with the problem on conven-
tional control systems. Recently, the fuzzy system rep-
resented by IF-THEN rules has become one of the useful 
modeling approaches for complex systems. Fuzzy mod-
eling has capability of modeling complex nonlinear 
processes to arbitrary degrees of accuracy [3], [19], and 
[26]. After Takagi and Sugeno et al. proposed the 
so-called Takagi-Sugeno (T-S) fuzzy model [14]-[16] 
and [18], the flexibility of fuzzy logic theory and rigor-
ous mathematical theories of linear or nonlinear systems 
are combined into a unified framework. 

In recent, the task of effectively controlling nonlinear 
system with time-delay described by T-S fuzzy model 
has been noticed. For uncertain nonlinear fuzzy system 
with time delays, [9], [10], and [25] discuss the  
control design for T-S fuzzy models. In those papers the 
concept of the parallel distributed compensation (PDC) 
and LMIs method are used. 
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In this paper, we shall investigate the stabilization 
problem of fuzzy time-delay systems with two types of 
controllers, linear state feedback control and parallel dis-
tributed fuzzy control (PDFC), respectively. Two types 
of controllers are derived with some sufficient conditions 
such that the fuzzy time-delay system is asymptotically 
stable. These sufficient conditions can be easily trans-
formed into the problem of LMIs by using Schur com-
plement. Also, the difference and comparison between 
the two types of controllers are discussed. 

 
2. System and Problem Description 

 
Suppose there is a T-S fuzzy model for the nonlinear 

time-delay plant. This model is composed of r  rules 
and each rule is represented as follows  
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iA~ , and  are constant matrices with appropriate di-
mensions;  is the fuzzy set;  is the state 
vector; and  is the input vector. , 

,…,  are the premise variables which may be 
equal to some elements of  or be a function of ; 
and 
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By a singleton fuzzifier, minimum fuzzy inference, 
and central-average defuzzifier, (1) can be inferred as 
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The objective of this paper is to synthesize two types 
of the control , linear state feedback control and 
PDFC, such that the overall closed-loop fuzzy 
time-delay system is asymptotically stable. 

)(tu

 
3. Control Synthesis 

 
This section proposes the design technique for two 

types of controllers, linear state feedback control and 
PDFC, respectively. It should be mentioned that, in the 
consequent of this paper, any two square matrices A  
and  with the relationship B BA >  or 0>− BA  
means the matrix BA −  is positive definite. 

 
3.1 Linear State Feedback Control Synthesis 
 

In this subsection, we consider the first type of con-
troller, linear state feedback control, 
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i iFF 1 r  is the number of rules in (1). Thus, 

combining (2) and (3), the global closed-loop fuzzy 
time-delay system becomes 
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Before deriving the main result, an important lemma 
should be presented first. 
Lemma 1 [21]: For any two compatible constant matri-
ces X and Y, there is 

 ,       (5) YYXXXYYX TTTT 1 −+≤+ εε
where ε  is any positive constant.   
From (3), the linear feedback control F  is the sum of 
all . In other words, iF F  is a common state feedback 
gain for each rule in (1). Therefore, by Lyapunov stabil-
ity criterion [6] and Razumikhin theorem [4], the first 
result is expressed in the following theorem. 
 

Theorem 1: The T-S fuzzy time-delay system (2) can be 
stabilized asymptotically by the linear state feedback 
control (3), if there exist positive a definite matrix P  
and r  matrices  such that the following condi-
tions hold. 
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Proof: Set the Lyapunov function candidate for the 
closed-loop system (4) to be 
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Replacing jii FBrA −  by , then ijG
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where . By Lemma 1, it follows 0>iS
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According to (6c), we have 
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By using Razumikhin theorem [4], if there exists a real 
1>δ  such that 

 ))(( ))(( txVtxV δθ <−  for ],0[ τθ ∈ , 
then 
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hold, then the overall closed-loop system is asymp-
totically stable. If (6) holds, that is, , then by 
continuity, there is a 
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is completed.   
By Schur complement, stability conditions of Theorem 1 
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Remark 1: We have to point out that it is difficult to find 
or design the common F  without dividing the gain F  
into r  subgain ’s. Based on the concept of parallel 
distributed compensation, the form of 
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3.2 PDFC Synthesis 
 

It is noted in the last section, the found F  is a com-
mon feedback controller for all rules in (1). Now, we 
like to know what is the benefit if the common feedback 
controller is replaced by PDFC. It is well known that 
PDFC has r  fuzzy rules corresponding to the rule in 
the fuzzy plant (1). The PDFC is as below  
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Thus, combining (2) and (11), the global closed-loop 
fuzzy time-delay system becomes 
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Before proceeding to the main result, we have to pre-
sent a useful lemma again. 
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Thus, the following theorem presents the stabilization 
conditions for the fuzzy time-delay system (2) with the 
PDFC (10). 

Theorem 2: The fuzzy time-delay system (2) can be 
stabilized asymptotically by the PDFC (10), if there exist 
a positive definite matrix P , r  matrices , and a 
symmetric matrix , such that the following conditions 
hold, 
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Set iiiij FBAG −≡ , we obtain 
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According to Lemma 2, then 
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Based on Lemma 2, inequality (16) is true if r̂  is re-
placed by r . It is known that if any input fires the 
premise of fuzzy rules, not all rules are fired. Only rr ≤ˆ  
rules are fired. Therefore r̂  in (16) can replace the total 
rules’ number r .  

Applying Lemma 1 leads to 
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By using Razumikhin theorem, if there exists a real 
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Substituting (14a) and (14b) into (17), we obtain 
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Therefore, if (14c) hold, , then the fuzzy 
time-delay system (2) is asymptotically stable. By Ra-
zumikhin theorem, there exists a 
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1>δ  such that the 
above inequalities hold. The proof is completed. 
   

Similar to Theorem 1, by Schur complement, (14a)- 
(14c) can be easily transformed into the following LMI’s 
form, too. 
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Remark 2: Comparing (14a)-(14c) to (6a)-(6c), re-

spectively, it is found that there are some relations be-
tween them. If we multiply r  into each term of (6a), 
then (6a) becomes 
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It is seen that each gain  in (6a) is amplified to be 
 in (19). But in (14a)  is not amplified. The same 

observation can be found on the comparison of (6b) and 
(14b). Furthermore, we may say that the common feed-
back gain 

iF
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F  is the sum of all  (see (3)) which iF
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should be much larger than PDFC in (11). The reason is 
that the common controller (3) needs to stabilize all 
subsystems of (1) no matter what rules are fired and how 
heavy of rules is fired. Nevertheless, PDFC has parallel 
distributed compensation capability. The controller gain 
as (11) can be adjusted based on the fired rule weights. 

Remark 3: We compare Theorem 1 with Theorem 2 
from the viewpoint of stabilization again. Obviously, 
LMIs (14a)-(14c) have an extra matrix  to be 
solved than LMIs (6a)-(6c) does, but LMIs (14a)-(14c) 
are less conservative than LMIs (6a)-(6c). The reason is 
that the right sides of (6a) and (6b) are only “zero,” but 
the right sides of (14a) and (14b) are  and 

0<R

iiR jiij RR + , 
respectively. Besides, the parameter r  in (6a) is re-
placed by a smaller r̂  in (14a). This replacement also 
contributes to relax the stabilization conditions. 

 
4. An Illustrative Example 

 
Consider a first order irreversible exothermic reaction 

 which occurs in a well-mixed continuous 
stirred tank reactor (CSTR) as in [5]. By using the ana-
lytical approach of [17] the reaction  can be 
modeled as the following fuzzy model with operating 
points , which is a stationary point of the 
nonlinear system.  

BA     →

BA     →

) ,( dd ux

Rule 1: If the temperature  is low, then )(2 tx

 , )(ˆ
3.0

0
)(

25.00
025.0

)(
9442.04189.1
0757.04274.1

)( tutetete ⎥
⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
−−

−
= τ&

Rule 2: If the temperature  is middle, then )(2 tx

 , )(ˆ
3.0

0
)(

25.00
025.0

)(
6168.14066.6
3958.00508.2

)( tutetete ⎥
⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
−
−

= τ&

Rule 3: If the temperature  is high, then )(2 tx

 , )(ˆ
3.0

0
)(

25.00
025.0

)(
9837.02228.26
3167.05279.4

)( tutetete ⎥
⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
−
−

= τ&

where , dxtxte −= )()( dxtxte −−=− )()( ττ , and 
. ,  corresponds 

to the conversion rate of the reaction ;  
is the dimensionless temperature. The membership func-
tions of  are shown in Fig 1. 

dututu −= )()(ˆ [ ]Ttxtxtx )()()( 21= )(1 tx
1)(0 1 ≤≤ tx )(2 tx

)(2 tx

)(2 tx

 
Fig 1. Membership functions of  in CSTR fuzzy model. )(2 tx

First, we design a common linear state feedback con-
trol to achieve the stabilization of CSTR. 

)()()()(ˆ 321 tFeteFFFtu −=++−= . 
By solving LMIs in Theorem 1, we have 

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

252747546
75462699

X , , ⎥
⎦

⎤
⎢
⎣

⎡
=

00024.000067.0
00067.000224.0

P

[ ]5713.52766.121 =F , , [ ]9933.194616.452 =F
[ ]4419.338777.703 =F , 

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

451317507
75073299

1S , , ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

451436775
677515821

2S

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

450476829
682920800

3S . 

Therefore, the common linear feedback gain is 
 [ ]0065.596160.128321 =++= FFFF  (20) 
Theorem 1 confirms that CSTR with linear feedback 

gain (20) is asymptotically stable. Fig. 2 shows the 
simulation result of the closed-loop system under differ-
ent initial conditions . )0(x
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Fig. 2(a). The state responses of CSTR with linear control 

under operating point  and initial 
state . 
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Fig. 2(b). The state responses of CSTR with linear control 

under operating point  and initial 
state . 
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Next, a PDFC is synthesized as below. 
Rule 1: If the temperature  is low, then )(2 tx

)( )(ˆ 1 teFtu −= , 
Rule 2: If the temperature  is middle, then )(2 tx

)( )(ˆ 2 teFtu −= , 
Rule 3: If the temperature  is high, then )(2 tx

)( )(ˆ 3 teFtu −= . 
The membership functions of  are shown in Fig 1. )(2 tx
By solving the LMIs in Theorem 2, we obtain the fol-
lowing solution matrices: 

 , , ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

3853.915581.3
5581.34688.90

X ⎥
⎦

⎤
⎢
⎣

⎡
=

0110.00004.0
0004.00111.0

P

 ,  ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

63.49052.3
52.371.459

1S ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

63.49058.3
58.366.473

2S

 , , ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

63.4906.3
6.327.511

3S ⎥
⎦

⎤
⎢
⎣

⎡
−−
−−

=
24.12969.0

69.009.73
11R

 , , ⎥
⎦

⎤
⎢
⎣

⎡
−−

−−
=

23.24533.0
33.09.132

22R ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

23.24512.1
12.118.380

33R

 , ⎥
⎦

⎤
⎢
⎣

⎡
−

−
==

11.9257.0
57.057.21

2112 RR

 , ⎥
⎦

⎤
⎢
⎣

⎡
−

−
==

1.9273.0
73.089.56

3113 RR

 . ⎥
⎦

⎤
⎢
⎣

⎡
−

−
==

09.9234.0
34.018.74

3223 RR

Therefore, the feedback gains of PDFC are 
 , [ ]1270.79521.31 −=F [ ]7075.154535.192 −=F , 

[ ]5955.135504.853 −=F .  (21) 
According to Theorem 2, CSTR is asymptotically sta-

ble by the PDFC with the gain (21) in each rule. The 
simulation result of CSTR under different initial condi-
tion  is shown in Fig.3. It is noted that the feed-
back gains (21) of PDFC is much smaller than the gain 
(20) of the common linear feedback controller. This co-
incides with the expression in Remark 2. 

)0(x

 
5. Conclusions 

 
This paper has designed a linear feedback control and 

a PDFC to stabilize the T-S fuzzy time-delay system, 
respectively. Based on Lyapunov stability criterion and 
Razumikhin theorem, some sufficient conditions are 
presented in Theorem 1 and Theorem 2, respectively, 
under which the closed-loop fuzzy time-delay system is 
asymptotically stable. By solving a set of LMIs, both 
types of the controllers can be obtained. Moreover, Re-
mark 2 points out that the plant with fuzzy rule base 
model can be stabilized by a large gain common feed-
back controller, and the PDFC can achieve the stabiliza-

tion with much smaller gain. Also, the differences be-
tween the solutions in Theorem 1 and Theorem 2 have 
been analyzed in Remark 3. 
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Fig. 3(a). The state responses of CSTR with PDFC under 
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