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Fuzziness Measurement of Fuzzy Sets and Its Application
in Cluster Validity Analysis

Xinbo Gao, Jie Li, Dacheng Tao, Xuelong Li

Abstract

To measure the fuzziness of fuzzy sets, this paper
introduces a distance-based and a fuzzy entropy-
based measurements. Then these measurements are
generalized to measure the fuzziness of fuzzy parti-
tion, namely partition fuzziness. According to the re-
lationship between the validity of fuzzy partition and
its partition fuzziness, a family of cluster validity
functions is proposed based on the modified partition
fuzziness. The new cluster validity functions over-
come the increasing tendency of the traditional parti-
tion fuzziness with the cluster number, which pro-
vides an effective analysis methodology for fuzzy
cluster validity. The experimental results with dif-
ferent testing data sets illustrate the effectiveness,
reliability, sensitivity and applicability of the pro-
posed cluster validity function.

Keywords: Fuzziness measurement, partition fuzziness,
cluster validity, partition entropy.

1. Introduction

In 1965, Zadeh first proposed the concept of fuzzy
sets in [1]. In fuzzy sets theory, the relationship between

any element x and a given fuzzy set A is not belonging

or not (xe A or x¢ A), but always belonging with
some degree, which can be denoted by a fuzzy member-

ship function 5 (). Obviously, in fuzzy sets the value
of w5z(X) is extended from binary {0,1} to the unit

interval [0,1].

The rise of fuzzy sets settled the third crisis in the
mathematical history [2], i.e., the logic paradox, and
broke the famous law of contradiction (for any a set A,

if A° isits complementary set, we have AN A" =¢ )
and the law of the excluded middle (AU A° = Q , where

€2 is the universal set.) in classical set theory. The
fuzzy sets theory provides a new analysis methodology
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for the uncertainty information processing. Since a fuzzy
set is defined by a specified membership function, it is
usually of much more subjectivity for the membership
function given by human being. For some fuzzy sets de-
fined over a given universe, the important consideration
is the order or shape rather than exact values for their
membership function. So, with their own criteria, differ-
ent users may define different membership functions for
the same fuzzy set. Thus, the different membership
structures will lead to different fuzziness. To measure the
fuzziness of any fuzzy set, a reasonable measurement is
demanded [3].

In classical set theory, the partition of a set is based on
some crisp classification methods. Therefore, the ho-
mogenous elements are classified into the same category
or subset with an identical membership degree, which
loses the close or distant relationship among the ele-
ments in the same category. With the development of
fuzzy sets theory, the fuzzy partition becomes more and
more popular for its ability to describe the different
membership degrees of elements to the same category.
For a good partition, it should be compact within cate-
gory and distinct between categories, whose fuzziness is
certainly much small. From this viewpoint, it can be
concluded that there is a very close relationship between
the fuzziness measurement and the validity of fuzzy par-
tition. As well known, the partition validity is an open
problem in cluster analysis [4], which is usually used to
determine the optimal cluster number. For this purpose,
this paper aims to propose a new cluster validity function
based on the fuzziness measurement and find an effec-
tive method to determine the optimal number of catego-
ries in unsupervised learning.

2. The Fuzziness Measurements of Fuzzy Sets

To construct a reasonable and effective measurement
for fuzzy sets, some properties about the fuzziness meas-
urement should be first specified according to the com-
mon senses and intuition of human beings.

For a given fuzzy set A and any an element X;, if
we have 1 (%) €{0,1}, then the membership of X; to

A is distinct or crisp. That is to say, the fuzziness of
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X; belonging to A is 0. So, the first property of
fuzziness measurement can be given as

(PL) f(uz) = f ((x)) =0, iff 43(x) {03}
Obviously, the closer the value of x (X;) approaches to

1 or 0, the less its fuzziness is. On the contrary, the fur-
ther the value of 1 (x;) is apart from 1 or 0, the larger

its fuzziness is. Hence, a reasonable supposition arises
that the biggest fuzziness of membership must be oc-

curred at the point of 5 (x;)=0.5, because this point

departs from 1 and 0 equally. Hereby, the second and
third properties of fuzziness measurement are arrived.

(P2) f,(x;) gets its maximum, iff u;(x)=0.5
(P3) In the case of x;(X)>=05, if u;(x)<u,
then f(u5)> f(u); Inthe case of u;(x)<0.5, if

pz (%) > p then £ (uz) = f (1)
As well known, for the complementary set of ;5\, ;f
can be defined by its membership function as
Hie (%) :1_/1,1(Xi)
According to the principle of duality, it can be concluded
that A and A° have equal fuzziness, i.e.,
(P4) fi(uz) = fi(uz) or F(A)= F(A%)

For the finite set A, a function can be designed to
meet the above four properties.

FR=¢ S 0 ). &
where, f; is a real function with f;(0)=f;(1)=0,
f;(0.5) being the only maximum of f;, and f; be-
ing monotonic increase within [0,0.5] and monotonic
decrease within [0.5,1]; ¢; >0; &(-) is a nonnega-
tive monotonic increasing function. For Vg €[01], we
have f;(u)=fi(1-4).

A. Distance-based Fuzziness measurement
For (1), Vi, let
{ﬂp, pe[0,0.5]
fi(u) = ,
(L-x)®, wel05]]
and o; =1, &(y)= y%, which is plotted in Figure 1.

We have

Fy ('&) = {%Zn:

i=1

p }/P
u;(xi)—u;\o_s(xi)\} e,
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fi(u) A

Figure 1. f(4) vs u Withp=05,1,2

It implies that Fd()z\) stands for the Minkowsky

distance between A and its closest crisp set ;&0.5

which is the 0.5-level set of A and defined as
0, 1;:(x)<0.5
H, (%)= 1 A :
5 , 15(%) =05
When p=1, (2) is degraded to the Hamming distance

between A and ,&0_5.On the other hand, when p=2,

it corresponds to the Euclidean distance, and when
p — oo, it becomes the Chebyshev distance.

B. Fuzzy entropy of fuzzy set
For (1), Vi,iftaking o; =+, &(y)=Y,and

fi(w) =—pInp— 1= p)In(A-p),
we have
~ 1N |z (%) In ez (%) +
R "Z{(l—y;(xi»ln(l—u;(xi ))} @

nia
Obviously, if x;(X)=0.5, for Vx, the fuzzy entropy

gets its maximum. The larger the fuzzy entropy, the more
uncertainty the fuzzy set has.

3. Fuzzy Partition and Its Fuzziness
Measurements

A. Fuzzy partition
Assume that a classical set X ={x;,X,, -,

Xy Xy, X

X,} is

partitioned into ¢ subsets, namely

c-partition, we have

UX =X XNX =g iz], ij=12:c.

c !

For each X, € X, its membership function to each par-
tition X; (1<i<c) can be denoted as
o lL X e X,
Hx, (%) = 2 :{0’ X & X, :

Such partition is usually called as crisp or hard
c-partition, whose partition space can be represented as
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R ] <02 3 =1 v 03 <. v
i=1 k=1

With the introduction of fuzzy sets, one can easily
generalize the crisp partition to its fuzzy version. Ac-
cording to the definition of fuzzy sets, if the value range

of 4, is generalized from {0,1} to [01], denoted as

L4, , We can obtain the fuzzy partition space of X.
C n
B, ||t <10 3t =103 <0, vl
i=1 k=1

For the obtained ¢ fuzzy subsets )Zl, )22 X, of set
X, there is

C ~
USUpp(X) =X ,
i=
where supp(-) stands for the support set of fuzzy set.
It is obvious that the 2z distributes at the vertices of

c-hypecub associating to the three base vectors, while
the /,zii distributes on the hype-plane determined by

c f
oM =1
B. Fuzziness measurements of fuzzy partition
The fuzzy partition of a given set can also be repre-

sented by its fuzzy partition matrix U = [ﬂii]cxn, and its

fuzziness measurement can be defined like the case of
fuzzy set.

(1) Distance based fuzziness measurement

For a given fuzzy partition U, VX, € X, its mem-
bership degrees to the c partitions are denoted as
m = Hy, (%), 1=12,---,c, whose closest crisp sets
can be obtained by

C
f_ f
= b =Mt g
0 otherwise

Hereby, the fuzziness measurement of fuzzy partition
can be defined as the distance between the fuzzy parti-
tion and its closest crisp sets.

1S p o
F,(U.c)= {—ZZ\M& - | } @)
Naio
As mentioned above, in the cases of p=12,0, (4)
corresponds to the Hamming, Euclidean and Chebyshev
distances between the fuzzy partition X; and its closest
crisp partition ()Zi)h.

For the partition fuzziness F,(U,c) defined in (4),
we have
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® 0<F,U,c)<2-2/c

® F,(U,c)=0,
graded into crisp one, i.e., y”f( e{0,1}, Vi, k

® F (U,c)=2-2/c, iff ) =1/c,Vik

The more distinct the fuzzy partition is, the less the
value of F,;(U,c). On the contrary, the fuzzier the par-

iff the fuzzy partition is de-

tition is, the larger the value of F,(U,c). If and only if

u, =1/c, i.e., the most fuzzy partition, the Fy(U,c)
takes its maximum 2-2/c.

(2) Partition entropy of fuzzy partition

Following the definition of fuzzy entropy of fuzzy set,
we can define the partition entropy of fuzzy partition as

1 n C
F.U,c) :_HZZML InﬂiL )

k=1 i=1
In the case of sz, =0, let ! Inu =0. For the
fuzzy partition entropy defined in (5), we have
® 0<F/U,c)<log,c

e FU,0)=0, iff g {01} Vik
e F(U.c)=logc, iff M;:%,Vi,k

It is obvious that the fuzzy partition entropy takes a
small value when the partition is more distinct, and it

takes the maximum Inc, in the case of /,ziL =1/c.

4. Cluster Validity Function based on
Partition Fuzziness

There are many methods available for the fuzzy parti-
tion of data set, in which the most popular algorithms are
those based on fuzzy clustering, such as fuzzy c-means
(FCM) and its variations. To evaluate the fuzzy partition
results of different methods, some cluster validity func-
tions are proposed as assessment criterion. For the clus-
tering problem, the cluster validity is usually referred to
the determination of the optimal cluster number c*.

In what follows, several typical cluster validity func-
tions are first introduced briefly. Then a family of new
cluster validity functions is proposed based on the modi-
fied partition fuzziness (PF).

A. Three typical cluster validity functions

The existing cluster validity functions can be roughly
classified into two categories. One is the fuzzy partition
based methods, such as separation degree [5], partition
entropy [6], proportional coefficient [7] and possibilistic
distribution [8], etc., all of which are simple and easy to



X. Gao, et al.: Fuzziness Measurement of Fuzzy Sets and its Application in Cluster Validity Analysis

implement for their low computational complexity. An-
other is methods based on the geometric structure of data
set, such as partition coefficient [9], separation coeffi-
cient [10], Xie-Beni index [11] and graph theory based
validity function [12], all of which are closely related to
the data set structure, but complex to express with large
computational load.

Let the fuzzy c-partition of data set X be denoted as

U =i )exn- Three popular cluster validity functions
are presented as follows.

(1) Partition fuzziness
Fy(U”.c7) = min{min{F, (U, )},

where Q. indicates the finite set of optimal partition

matrices corresponding to the given cluster number c.
When Fp =F,4, it corresponds to the distance-based

partition fuzziness. While, when Fp =F,, itis identical

to the fuzzy entropy based partition fuzziness.

The partition fuzziness is sensitive to the fuzzy parti-
tion result of data set, which makes it suitable to measure
the cluster validity. Unfortunately, with the increase of
the cluster number c, the partition fuzziness shows an
upward tendency for uniformly distributed data set as
shown in Figure 2, which will influent the choice of the
optimal cluster number c*.

Figure 2. The upward tendency of partition fuzziness vs. clus-
ter number c.
(2) Xie-Beni index
cC n
m 2
ZZMK X =i
XB(c") = min4 =tk 5
¢ | n mli[l”Vi —vi|
i,

where v;,i=12,---,c stands for the cluster center of

the i-th cluster, and m is fuzzy weighting exponent,
l1<m<oo, which controls the fuzziness of the fuzzy
partition. Xie-Beni index has been achieved wide appli-
cations for its high performance, because it fuses the in-

191

formation of fuzzy partition and geometric structure.

(3) Fuzzy hyper volume

FHY = min{ZVi} = min{ZEiF}

¢ li= ¢ iz

where Y = ZE:l”iT (an_ Vi ?n(xk -vp)'
zkzlﬂik

1
covariance matrix of the i-th cluster. V; =|X;|* defines

is the fuzzy

the fuzzy hyper volume of the i-th cluster. The less the
value of FHV, the compacter the cluster is.

The Xie-Beni index and the fuzzy hyper volume be-
long to the second kind of cluster validity function, both
of which are sensitive to the noisy data or outliers.
Moreover, they are difficult to give a multi-resolution
representation of data set.

B. Cluster validity function based on the modified PF

To overcome the upward tendency of the cluster valid-
ity based on partition fuzziness with the increasing of
cluster number c, this section proposes a compensation
measure and defines a modified PF as

F,(U,c
Fp'(U,c) :#.
F,(U,c)
As mentioned above, Fp (U,c) has two kinds of forms,
F,(U,c) and F,(U,c) as defined in (2) and (3)

separately. FpS (U,c) is used to represent the upward

tendency of PF with the increasing of cluster number c,
which can be defined as the following two formulas but
not limited.

Fo ()
Fo(U,0)=Fy () +—2°

u

6=+

0]
n Fy ||(CO) c—c,)

(1)

|
- 2 l_ i
=y taC+a,t’++ac =D ac
i=0

That is to say, F;*(U,c) is defined as the first | orders
Taylor series of F, (U,c) . For the sake of convenience

of computation, the | orders polynomial fitting result of
F,(U,c) is used to approximate its varying tendency.

2) F,2(U,c)=(F,(F.(U,c)))
where, F ,(-) denotes the low-pass filter, i.e., smooth-

ing function, and y is the weighting exponent.

Here, we take the distance-based modified PF as an
example to define the new cluster validity function.
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- . LA CHY)
FU"c)= —
(050 m{m F;(u,c)}
1 n C p %
(S Sh-p|
. nNio o
min<y min | _
C Q. Zaic'
i=1
- . . F,U,c)
Fre(U",c)= d
(50 mc'”{”&'c”(ﬁp(a(u.c»)y}

1

1L E P
{nZZ‘ﬂiL _ﬂi(kh) p}

. . k=1 i=1
=min{min -
c Q, 18,8 . .
(FLP[_ZZ/’lik 'In/uiij

Naio

In the following experiments, the influence of pa-
rameters p,l,» on the performance of cluster validity

function will be discussed in details.
5. Experimental Results and Analysis

To test the performance of the proposed cluster valid-
ity functions based on the modified PF, four experiments
are designed to verify its effectiveness, reliability, sensi-
tivity and applicability separately. The experiments are
performed on the synthesized data sets and real data sets
from UCI [13]. The compared experimental results with
several typical cluster validity functions mentioned in
Section 4.A are used to illustrate the advantages of the
proposed cluster validity functions.

A. Experiment for effectiveness test

Figure 3 (a) shows a synthesized test data set, which
consists of 9 subsets, and can be classified into 3 groups
at a coarse resolution level. The functions of dis-

tance-based PF with cluster number ¢, F,(c), are plot-
ted at Figure 3 (b). It can be found that the first and sec-
ond minima of the cluster validity functions are occurred
at c=3 and c=9 respectively. With the increasing of p, the
second minimum becomes larger and larger gradually.

Whatever the value of p takes, F4(c) shows the up-

ward tendency with the increasing of ¢, which obviously
is not favorable for the choice of c*.
Figure 3 (c) and (d) present the plot of in variation of

the two functions of modified PF, Fg”l(c) and

F[;“Z (c) with the cluster number c, respectively, in
which the order of polynomial fitting takes | =2 in
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Figure 3 (c), and the weighting exponent takes y = 2. It

is obvious that the upward tendency of PF is compen-
sated very well, and it becomes easy to find the two
minima at ¢c=3 and ¢ =9 from the function curves of

Fou(c) and F.*(c), which corresponds to the opti-

mal cluster numbers of data set at high and low resolu-
tion levels, and illustrate the effectiveness of the pro-
posed cluster validity functions.

In addition, it can be found from Figure 3 (c) that
there is little influence of parameter p on the variation of

FF',nl (). So, we will take p=1 hereafter for the sake of

convenience of computation. On the other hand, it is a
big influence of the parameter p on the variation of

FF;“Z (c) . With the increasing of p, it becomes more and

more unreliable to determine the optimal c*.
To study the influence of parameters | and y in

m, m, .- .
F,'(c) and F,2(c) on the cluster validity analysis,

some experiments are conducted with 1=0, 1, 2, 5, 20 and
y=0.5,0.7,1.0,1.2,2.0. The experimental results are

presented in Figure 3 (e) and (f). When 1=0, FF';"l (c)
is degraded to F4(c). For |>1, there is little influ-

ence of the value of | on the variation of Fg“l (c). For

the influence of » on the variation of F;“Z (c), it can

be found from Figure 3(f) that y =2 obtains the better
compensation performance.

B. Experiment for reliability test

In this experiment, a complex-structured test data set
is design as shown in Figure 4(a), which consists of 27
small subsets at a high resolution level, 9 big subsets at a
middle resolution level, and 3 bigger subsets at a low
resolution level. For such a data set, it is difficult for the
existing cluster validity algorithms to detect all the op-
timal cluster numbers at three resolution levels.

Figure 4 (b) presents the detection results of four kinds
of cluster validity algorithm, i.e., Xie-Beni index, fuzzy
hyper volume, partition entropy, and partition coefficient.
Almost all the four kinds of algorithms can detect the
optimal cluster number c¢* = 27. However, ¢c* =9 and 3
are not detected. Figure 4 (c) and (d) show the detection
results of the proposed two kinds of cluster validity al-
gorithms. All the three optimal cluster numbers c* =3, 9,
27 can be detected, which demonstrates the reliability of
the proposed cluster validity algorithms.
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Figure 3. The test experimental results for the effectiveness of the proposed cluster validity functions: (a) Test data set; (b) Parti-
tion fuzziness ( p=121050); (c) F(c)vsc(1=2,p=121050); (d) Fr*(c)vsc(y=2,p=121050); (e)

Frr(c)vsc(p=11=012520); (HF"(c)vsc(p=17=0507101220).
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Figure 4. The test experimental results for the reliability of the proposed cluster validity functions: (a) Test data set; (b) The
comparison of several cluster validity functions; (c) Fpml (c)vsc(p=11=25,20); (d) Fpmz (c)vsc(p=1y=051.02.0).
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C. Experiment for sensitivity test

To test the sensitivity of the proposed cluster validity
algorithms, a synthesized data set is designed with two
subsets, each of which is composed of 3 independent
identical distributed Gaussian subsets with the same
variance.

Firstly, the variance of each subset is changed from
0.5, 0.8, 1.0 to 1.2 as shown in Figure 5 (a). Figure 5 (b)
and (c) presents the detection results of the proposed two
kinds of cluster validity algorithms. With the increasing
of the variance, the separability within each category
becomes worse and worse. The proposed two algorithm
can always detect the optimal cluster numbers c* =6, 2.

3 H H H
8 10 12 14 16 18 20 22 M 2/ W 30

(b)
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When the variance is increased from 0.5 to 1.2, the
minimum of F(c) and F;™(c) is changed from
c=6 to c=2, which is agree with the intuition of

human beings and illustrate the sensitivity of the pro-
posed cluster validity functions.

Secondly, we fix o> =0.8 and change the sample
number within each small subset, n = 50, 100, 500, 1000,
which is shown in Figure 6 (a). Figure 6 (b) and (c) show

. m, m, .
the functions of F,*(c) and F,*(c) with the cluster

number c. It is obvious that FJ"(c) and F)"(c) is
independent to the sample number in each subset.

. I PR
B 10 12 14 16 18 20 22 M 26 M 30

(©)

Figure 5. The first test experimental results for the sensitivity of the proposed cluster validity functions: (a) Test data sets (vari-
ance = 0.5, 0.8, 1.0, 1.2, respectively); (b) F™ (c) vsc (p=11=2); () F,2(c)vsc (p=1,7 = 2.0) .

Thirdly, the relationship between the modified parti-
tion fuzziness and the distribution of data set is studied

with two sets of data, each of which consists of 5 subsets.

Each subset of the test data set | is Gaussian distributed,
and the subsets of the test data set Il are uniformly dis-
tributed, which are shown in Figure 7 (a) and (b). Figure

7 (c) and (d) present the variation of anl (¢) and

FFZ"Z (c) with the cluster number c. It can be found that

both the two functions get the minimum at ¢ = 5. For the
two functions, the minimum of Gaussian distributed data
set is appreciably smaller that that of uniformly distrib-
uted data set, which is agree with our intuition.

D. Experiment for applicability test

To consider the practical application effect of the pro-
posed cluster validity functions, two sets of real data are
selected as testbed from UCI database. One is Pendigits
data set, which consists of 10 categories and 7494 sam-
ples with 16 dimensional features. Another one is Animal
data set, which consists of 4 categories and 256 samples
with 72 dimensional features.

Figure 8 (a) and Figure 9 (a) show the plots of varia-

tion of F;”l(c) with cluster number ¢ on the Pendigits
and Animals data sets respectively, from which we can
get the optimal cluster numbers are ¢ =10 for the

© 2007 TFSA
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first data set and ¢* =4 for the second data set. Figure
8 (b) and Figure 9 (b) show the plots of variation of

FF';"Z (c) with ¢ on the Pen digits and Animals data sets
respectively. Although there are local minima at
¢ =10 in Figure 8 (b) and ¢* =4 in Figure 9 (b), it

.,
[t

A
1\'

0z

H HE H i i i
0 2 4 6 8 10 12 14 16 18 20 22 M4 2/ M 0

(b)

195

is not easier to determine the optimal cluster number for
F;“Z (c) than that for Fg"l(c). Figure 8 (c) and Figure
9 (c) present the detection results of the four popular

cluster validity functions. It is obvious that they cannot
determine the optimal cluster number.

0 1 HE H i H
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

(©)

Figure 6. The second test experimental results for the sensitivity of the proposed cluster validity functions: (a) Test data sets

(Variance =
Fre(c)vsc(p=1y=20).

0.8, the number of sample =

[

4 ey
.

£755. LE
R A B

(©)
Figure 7. The third test results for the sensitivity of the proposed cluster validity functions. (a) Test data set A; (b) Test data set B;

50, 100, 500, 1000, respectively); (b) F™(c)vsc(p=11=2); (c)

? C e T
A Atk o
TR b b

. {g;;

(@)
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€ Fr)vsc (p=L1=2);(d) F()vsc (p=1y=20).

Cluster Validity
%,

i 05 i i i
14 1 18 20 2 4 (] g 1 14 18

(@) (b) (©)
Figure 8. The first test results for the sensitivity of the proposed cluster validity functions. (a) Fl(c)vsc (p=11=235); (b)

F’Q“z (c)vsc (p=1y=1.01.2,2.0); (c) Plots of 4 kinds of cluster validity functions

14 1 18

(@

i 08 i i i i i i
14 1 18 20 2 4 (] g 1 14 18

(b) ©

Figure 9. The second test results for the sensitivity of the proposed cluster validity functions. (a) F;% (c)vsc (p=11=235);(b)

F';“z (c)vsc (p=1,7=1.01.2,2.0); (c) Plots of 4 kinds of cluster validity functions.

6. Conclusions

This paper firstly studies the fuzziness measurements
of fuzzy sets, and proposes a distance-based fuzziness

measurement F,(x) and a fuzzy entropy-based fuzzi-

ness measurement F,(z). Then, the fuzziness meas-

urements of fuzzy sets are generalized to the fuzziness
measurements of fuzzy partition. Furthermore, the
fuzziness measurements of fuzzy partition are used to
deal with the cluster validity problem for determining
the optimal cluster number in unsupervised learning.

To compensate the upward tendency of partition
fuzziness function with cluster number c, this paper pre-
sents two kinds of modified partition fuzziness functions

Fou(c) and F%(c). The first one is compensated by
the polynomial fitting of F,(c), and the second one is

compensated by the smoothing result of F,(c). The

four sets of test experiments illustrate the effectiveness,
reliability, sensitivity and applicability of the proposed
cluster validity analysis method. Of course, one can de-
sign more modified partition fuzziness function accord-

ing to the basic principle described in this paper.
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