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Reduction of Fuzzy Linear Systems of Dual Equations

Chi-Tsuen Yeh

Abstract

The fuzzy linear system of dual equations is
studied. A new algorithm for solving the system is
proposed. Some relevant properties of the solutions
are also proved.

Keywords: dual equation, fuzzy linear system,
Gauss-Jordan method.

1. Introduction

Friedman et al. [14] applied the parametric form of
fuzzy numbers [15] to solve the fuzzy linear system
Ax=Db,where A isareal nxn matrix. They proved
that the system can be replaced with a 2nx2n real
linear system. Asady et al. [10] used the same method to
solve the more general system in which A is a real
Mmxn matrix with the condition m<n. Afterwards,
Zheng and Wang [20] applied the Moore-Penrose
inverse of A to solve that system without the condition
m<n. Many numerical methods are also proposed
[1-3], [5-9], [11-13], [17], [18]. On the fuzzy linear
system of dual equations (FLSDE) Ax =Bx+b, where
A and B are real square matrices, Ma et al. [16]
investigated the existence of the solutions. They claimed
that this type system can not be replaced by a fuzzy
linear system Ax=Db. Wang et al. [19] proposed an
iteration algorithm (numerical method) for solving the
special system X=Bx+b, where B is a real square
matrix. In this paper, we propose a new algorithm for
solving the FLSDE

Ax+a=Bx+b
where A and B arereal mxn matrices.

(1.1)

This paper is organized as follows. In Section 2, the
CR-representation of fuzzy numbers is introduced. In
section 3, we use the CR-representation to replace Eqg.
(1.1) with two real linear systems. Therefore, we can
determine all solutions of Eq. (1.1) by solving the two
corresponding systems. In fact, the solutions may be not
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fuzzy numbers. In Section 4, we provide a sufficient and
necessary condition for discriminating whether the
solutions are fuzzy numbers. Some relevant properties of
the solutions are proved. If the system is uniquely
solvable, and a,b are both triangular (trapezoidal,
rectangle), then the unique solution is triangular
(trapezoidal, rectangle), too. In Section 5, we propose a
new algorithm for computing the solutions of FLSDE.
Some examples are given to illustrate our algorithm.

2. CR-representation of fuzzy numbers

An arbitrary fuzzy number X can be represented by
an ordered pair of left continuous functions

[x“(a),x" ()], 0<a <1,

which satisfy the following conditions:
(1) x" isincreasing on [0,1],
(2) x" is decreasing on [0,1],
() x"@M)=<x’@.
For arbitrary fuzzy numbers

x=[x"(a), X’ (@], y=[y (a),y" (2],
and a real number AR, the addition and scalar

multiplication of fuzzy numbers can be described as
follows:

x+y=[x"(a)+y (), X’ (@)+y’ ()] (21)
and
o {[ZXL(a), XY ()], if Az o’ 22
[AxY (), Ax ()], if A1<0

respectively.

Obviously, every closed interval can be equivalently
described by its center and radius (half-width). For

example, the center of [x"(a),x" (a)] is
x"(a)+x" (a)

XC (a) ::f’ (23)
and the radius of [x"(a),x" ()] is
XR(a) ::M. (24)

2
This means that we may represent X as the ordered pair

(x°(a), X" (a)), which is called the CR-representation
of X.
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Proposition 2.1. Let

x=(x%(a),x" (), y=(y*(a),y* ()
be fuzzy numbers with CR-representations, and A4 be a
real number. Then,

X+y=(x"(a)+y*(a),x"(a) +y*(a))
Ax=(AX" (@), | 1| X (@)

(2.5)
(2.6)

Proof. Eg. (2.1) gives
x+y=[x"(a)+y"(a), X’ (@) +y" (2)].
Consequently, Egs. (2.3) and (2.4) imply its center and
radius are
1 L L U U C C
E(X (@)+y (@) +x (a)+y (a)) =x" () +Y (a)

and
0 @)+ (@ -X"(@) -y (@) =X (@) +y' (@),
respectively. This shows Eq. (2.5). If 4 >0, iteasily
verifies Eq. (2.6). Let 4 <0. Eq. (2.2) implies
Ax =[AxY (a), Ax" ()]
Obviously, its center and radius are
%(zxu (@) + Ax (&) = AxC ()

and

1

E(ﬂXL(a) —Ax% (@) = A X (@),

respectively. This completes the proof.

3. Fuzzy linear system of dual equations

Let F be the set of all fuzzy numbers, F" be the
set of all n-column fuzzy vectors, and R™" denote
the set of all real mxn matrices, where m and n
are positive integers.

Definition 3.1. Let AABeR™", and a,beF". A

fuzzy vector X = (X, X,,..., xn)T e F"given by « -cuts

X = [XiL
1<i<n,is called a solution of FLSDE if it satisfies Eq.
(1.2).

,x’] or CR-representations X, =(x°,%) ,

For A=(A)eR™", denote by |A| the real
matrix with entries | A; |, where | A; | is the absolute
value of A . Let X=(X,X,,....,x,)" be a fuzzy

©,x}). The symbols x° and x®

vector, where x; = (X
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will stand the following real functional vectors
X = (X0, X5, X5)T

and

xR o= (x5, x5

respectively.

Theorem 3.2. Let AABeR™", and a,beF™. Then

the FLSDE Ax+a=Bx+b can be replaced with the
following real linear systems:

(A-B)x® =b® -a°,
(|A|-|B|)x" =b® —a®.

(3.1)
(3.2)

Proof. Proposition 2.1 implies that

[Ax]i =_Zn:Aij =Zn‘,(pﬁjx}:’| Aj |X?)

— (A XA X)),

Hence, the i-th components of AXx+a and Bx+Db
are

n n
(Zquch +aic’2| Al X,R +a;")
j=1 j=1
and
n n
(Z BinjC +binZ| Bij | X? +biR) )
j=1 j=1
respectively. This shows that

n n
D AXS +af =Y BX; +hb°,
= -1

n n
Zl A1j |X? +aiR ZZ| Bij | X? +biR’
j=1 j=1
or equivalently

Z;‘(AJ - Bij)xj': = bic _aic’
J:

Z(l A1j |- Bij |)X;3 = biR _aiR'
j=1
That implies Egs. (3.1) and (3.2).
4. A sufficient and necessary condition

A CR-representation vector X =(X,X,,...,X,)
satisfying Eqg. (1.1) is called an extended solution, in
which x, = (x,x ) may be not a fuzzy number. In

1
this section, we will provide a sufficient and necessary
condition for discriminating whether a given extended
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solution is fuzzy or not.

Proposition 4.1. Let X° and x® be two differentiable
functions on [0,1]. Then the CR-representation X =

(x®, x®) is defined as a fuzzy number if and only if
(1) x*@®)=>0,and

2 |ixc(a)|S—ixR(a) forall «<[0,1].
da da

Proof. Egs. (2.3) and (2.4) together imply

X =[x° = x", x¢ +x"].
Note that, x®—x® and x®+x® are increasing and
decreasing if and only if
—(X (a) =X (a))_—x (a)- X "(a)20
and
—(x (@) +x () = x (a)+dd x® () <0,

respectlvely. Combining the above two inequalities, we
get the statement (2). On the other hand,

XM -x*D)<x* @+ x¥ ()
implies X" (1) > 0. This completes the proof.

Corollary 4.2. The CR-representation
x=(a+ba,c+da),
where a,b,c,d e R, is defined as a trapezoidal fuzzy
number if and only if
|[bl<-d<c.
Moreover, it is triangular if and only if
|[bl<-d=c.

Proof. Because that,
9 @a+ba)=b and L (c+da)=d,
da da

Proposition 4.1 implies Xxe€F ifand only if c+d >0
and |b|<—d. Combining the two inequalities, we get
|b|<—d <c. Similarly, we may get the other one.

In [14, Theorem 3], the authors proposed a sufficient
and necessary condition for the unique solvability of
fuzzy linear system Ax=Db, in which A is a real
square matrix. Later, they generalized the theorem to the
case Ax=Bx+b . Unfortunately, Allahviranloo [4]
claimed that it is only the sufficient condition but not a
necessary one. The following Proposition 4.3 gives a
modified and generalized one.
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For two real vectors u,veR", denote by u<v if
each component of U is less than or equal to that of V.
Proposition 4.3. Let A, BeR™, and a,beF". Then

the FLSDE Ax+a=Bx+b has a unique extended
solution if and only if A—B and | A|—|B| are both
invertible. Furthermore,

(1) the CR-representation of the unique extended
solution is
x=((A-B)"(b"—a"),( Al-|B)"(b"-a"), (4.1)
(2) if all components of a and b are differentiable,

then X isa fuzzy solution if and only if

|(A-B)" (bc(a) a%(a))|
(4.2)
—(IAl-]B I)'ld—(bR(a)—aR(a))
a
forall a <[0,1], and
(Al-I1B])*(b"(D)-a" (1) 20. (4.3)

Proof. Theorem 3.2 implies that we can replace the
FLSDE by Egs. (3.1) and (3.2). Hence, it has a unique
extended solution if and only if Egs. (3.1) and (3.2) are
both uniquely solvable. This is equivalentto A—B and
| A|—|B| are both invertible, since A and B are

square. Thus, the unique extended solution is

x¢ =(A-B)™*(b® -a%)

X" =(Al-|B])*(b*-a")
That proves Eq. (4.1). Because that (A—B)™
(|A|=|B|)™" are both real matrices we have

dix (a) = (A~ B)‘l CHOREID)
and

dix (@) = (|A|—|B|)’l — (0" (@)-a" ().

Proposition 4.1 implies that the extended solution
x=(x%,x?) is fuzzy if and only if Egs. (4.2) and (4.3)
hold.

Proposition 4.4. Let A BeR™", and a,beF" be

triangular (rectangle, trapezoidal). Suppose that A—B
and |A|—|B| both have row rank n. Then the

unique solution of FLSDE Ax+a=Bx+b is
triangular (rectangle, trapezoidal), if it exists.

Proof. Suppose that a and b are triangular fuzzy

vectors. Obviously, a°, a%, b®, b% are all
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polynomials of degree less than or equal to 1. Because
that A—B and |A|—|B]| both have row rank n,

there are two real nxm matrices P,Q such that
P(A-B)=1,=Q( A|-|B]).
Theorem 3.2 (Egs. (3.1) and (3.2) ) implies
x¢ =P(b® -a°)
and
x® =Q(b® -a%).
This shows that each component of x° and x® is a
linear combination of a°, a°, b®, b¥, so that it is a
polynomial of degree less than or equal to 1. Now, it
suffices to prove Xx®(1)=0. Since a and b are
triangular fuzzy vectors, we have
a"()=b*)=0,forall 1<i<n.
That implies b" (1) —a® (1) =0. Hence,
X*(1) =Q(b" (M) -a* (1)) =Q-0=0.
This shows that the unique solution is triangular. By the
same way, we may prove the other cases.

5. Algorithms and examples

In this section, we present an algorithm for solving
FLSDE and some examples to illustrate the algorithm.

Algorithm5.1. Let A/ BeR™" and a, beF".

Step 1. Represent fuzzy numbers @, and b, 1<i<m,
to CR-representations.

Step 2. Calculate A—B, |A|-|B]|, b®-a°, and
bR _ aR

Step 3. Apply Gauss-Jordan method to solve the
following real linear systems:

(A-B)x° =b® -a°,

(IAl-|B)x® =b*-a".
Step 4. Determine whether the extended solutions are
fuzzy or not.

Example 5.2. Consider the following FLSDE
2 )% ([M+2,5-2a]) (1 -2)(x) ([-5+3a3-a]).
2 1)\x " [6+32,2-52]) (-1 -3)(x, N [1+22,5-24]
Step 1. By Egs. (2.3) and (2.4), represent a and b to
CR-representation vectors, see as follows:

[ +2a,5-2a] \ [ (32-2a)
a_[[—6+3a,2—5a]j _[(—Z—a,4—4a))
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b [-5+3a,3-] _ (-1+a,4-2a)
_[[1+2a,5—2a])_( (3,2—2a) j

Step 2. Let’s Compute the following objectives:

ooy S SHG

R N N

S P R P i
i el S e

Step 3. Itis easily seen that, A—B and |A|—|B]| are
both invertible. Moreover,
4 -1
A-B)*=
O
and

Al-|B)* = 2 -1
(IA|-|B]) —[l _J-
Thus,

(ME}(A_B)l(bC_ac):[“ —1j(—4+aj:(—21+3aj
%5 3 1)\ 5+« 17 -2«

and
Xt a2 1 2 ) (6-2a)
(X;J—(IAI B0 a)_[l —1]{—2+2aj_{4—2a]

Step 4. By Step 3, we obtain the CR-representation
solutions

X, =(-2143a,6-2a) and X, =(17-2¢,4-2a).
Consequently, Egs. (2.3) and (2.4) together imply
X, =[-27+5a,-15+¢a] and X, =[13,21-4¢«].
Notice that, X, is not a fuzzy number, since
x (o) =-15+a

is not decreasing. This shows that this FLSDE has no
fuzzy solution.

Example 5.3. Let's determine all trapezoidal solutions of
the following fuzzy linear system

X, +X, =[-5+3a,7-¢]
X X, =[-5+a,7-3a]

Step 1. By applying Egs. (2.3) and (2.4), we will obtain
the following equalities:
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[-5+3a,7-a]=(1+a,6-2a)
and

[-5+a,7-3a]=(1-,6-2a).
Step 2. Observe that

11 11 1 62
A=l AR B =TT pr o 0T
1 11 1-a 62

Step 3. By Theorem 3.2,
following system

(1 S
X _
(le 6 2a
It easily verifies that

) J(““JU

X+ Xy =6-2a.

it suffices to solve the

and

Step 4. Since X, and X, are assumed to be trapezoidal,

x{ and x; are both polynomials of degree less than or
equal to 1. Let
X' =s+ta,where s,teR.
By Step 3, we obtain
X =) =(Ls+ta)
X, = (X, %) = (a,6-s—(t+2)a)
Corollary 4.2 implies that X, and X, are both fuzzy

numbers if and only if
0<-t<s and 1<t+2<6-5.
They are equivalent to
-1<t<0 and 0<s+t<4.
Hence, we obtain all trapezoidal solutions:
X, =[1-s—ta,1+s+ta]
X,=[s—6+(t+3)a,6—-s—(t+Da]’
where S and t satisfy Eq. (5.1).

(5.1)

6. Conclusions

In this paper, we consider the fuzzy linear system of
dual equations AXx+a=Bx+b with real coefficients
matrices A and B . By using the CR-representation of
fuzzy numbers, the original system can be replaced with
two real linear systems. Then, apply Gauss-Jordan
method to solve the two systems. The solutions may be
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inexistent, extended but not fuzzy, or fuzzy. We also
provide a sufficient and necessary condition for
discriminating whether the extended solutions are fuzzy
or not. Furthermore, if the system is uniquely solvable
and a,b are both triangular (trapezoidal, rectangle),
then the unique solution is triangular (trapezoidal,
rectangle), too.
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