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Chaotic Synchronization Using Fuzzy Control Approach

H.K. Lam and Mahbub Gani

Abstract

This paper presents the synchronization of chaotic
systems subject to parameter uncertainties. Based
on the fuzzy models of chaotic systems, a fuzzy con-
troller is designed to realize chaotic synchronization.
A design criterion of the membership functions of
fuzzy controller is proposed to facilitate the stability
design towards chaotic synchronization when pa-
rameter uncertainties are under consideration.
LMI-based stability conditions are derived to guar-
antee the system stability using Lyapunov-based ap-
proach. Simulation examples are given to illustrate
the merits of the proposed fuzzy-model-based control
approach.

1. Introduction

Chaotic synchronization has drawn the researchers’
attention for many years due to its practical applications
such as secure communication. The highly nonlinear
nature of the chaotic systems and its sensitivity to initial
conditions make the system analysis and controller de-
sign for chaotic synchronization challenging. The
situation becomes further complicated when chaotic
systems are subject to parameter uncertainties, which is
inevitable in most practical applications.

Fuzzy-model-based control approach has been
shown to be beneficial in dealing with ill-defined and
nonlinear systems. Recently, various
fuzzy-model-control approaches have been proposed to
realize chaotic synchronization and promising stability
analysis results have been achieved. In general, under
the fuzzy-model-based control approach, a TS-fuzzy
model [1], [2], which exhibits favourable properties to
facilitate the stability analysis and controller design, is
employed to provide a general and systematical frame-
work to represent the dynamics of the chaotic systems.
It was shown in [3]-[5] that some common chaotic sys-
tems can be represented by fuzzy models with simple
rules. Based on the fuzzy models, a fuzzy controller is
then designed to realize chaotic synchronization. In [3],
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[6], by taking advantage of the identical structure of the
chaotic systems and the favourable property given by
sharing the same premises between fuzzy model and
controller, an exact-linearization fuzzy control approach
was proposed and stability conditions in terms of linear
matrix inequalities (LMIs) were derived. By employ-
ing some convex programming techniques, the solution,
which includes the feedback gains of the fuzzy controller,
to the LMI-based conditions can be solved numerically
and efficiently. This idea was extended to H., approach
of which the synchronization performance is guaranteed
by an H., performance index [4], [5].

In [3]-[6], only uncertainty-free chaotic systems
were considered. When the chaotic systems are subject
to parameter uncertainties, the stability conditions in
[3]-[6] are not applicable to reach a stable design of
fuzzy controller to realize chaotic synchronization. To
deal with the parameter uncertainties, adaptation ability
[7] was endowed to the fuzzy controller. By taking
advantage of the superior approximation ability of the
fuzzy system, the values of parameter uncertainties can
be estimated in an online manner for the fuzzy controller
to realize synchronization. Consequently, compared
with the fuzzy-model-based control approach in [3]-[6],
the adaptive fuzzy controller offers an outstanding ro-
bustness property to handle parameter uncertainties at
the cost of high structural complexity and computational
demand. Various adaptive fuzzy control approaches
were reported in [8], [9].

In this paper, a fuzzy controller is employed to syn-
chronize chaotic systems subject to parameter uncertain-
ties. As parameter uncertainties are considered, the
favourable property given by sharing the same premises
between the fuzzy model and controller [3]-[6] cannot
facilitate the stability analysis and design. Instead, by
designing properly the membership functions of the
fuzzy controller, some arbitrary matrices can be intro-
duced to ease the stability analysis. LMI-based stabil-
ity conditions are derived using Lyapunov-based ap-
proach to aid the design of fuzzy controllers.
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2. Fuzzy MODELAND FuzzYy CONTROLLER

Fuzzy models are employed to represent the dy-
namical behavior of the response and drive chaotic sys-
tems. A fuzzy controller is designed accordingly to
drive the system state of the response chaotic system to
follow those of the drive chaotic system.

A. Fuzzy Model

Let p be the number of fuzzy rules describing the
chaotic system with control input term. The i-th rule is
of the following format,

Rule i: IF f(x(t)) is M] AND ... AND f, (x(t)) is
M,

THEN x(t) = A;x(t)+Bu(t),i=1,2,...,p (1)
where M! is a fuzzy term of rule i corresponding to
the function f,_(x(t)) with known form, a=1,2, ..., ¥
i=1,2,..,p, Wisa positive integer; x(t) e R™ is the
system state vector; A; e R™ and BeR™™ are the
known constant system and input matrices respectively;
u(t) e R™ is the input vector. The system dynamics
of the chaotic system are described by,

(0=Y wEOAXO+BU®) @)

P
Dw(x(t) =1, w(xt)e[o 1] for all i (3)
i=1
g (LX) Xty (F (KON Xt (B (x(D))
i (x(0) = 5 : ’
3 (s (OO % 1y (6, (KON -+ g (B (x(O))

k=1
(4)
is a nonlinear function of x(t) and 4, (f, (x(t))) is the

grade of membership corresponding to the fuzzy terms
M! . It should be noted that the grades of membership

are uncertain if the nonlinear plant is subject to parame-
ter uncertainties. Let the chaotic system of (2) be the
response system. The dynamics of the drive chaotic
system is represented in the following general form.

X(t) = A (X()x(®)
X(t) e R™ is the system state vector,

A(X(t))e R™ is the system matrix. It should be

noted that there is no control input term for the drive
chaotic system.

®)

where

B. Fuzzy Controller

A fuzzy controller with p rules is considered to drive
the system states of the response chaotic system to follow
those of the drive chaotic system. The j-th rule of the
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fuzzy controller is defined as follows.
Rule j: IF g,(x(t)) is NJ AND ... AND g, (x(t))
is NL

THEN u(t)=Ge(),j=1,2,..,p (6)
where N }, is a fuzzy term of rule j corresponding to the
function gﬁ(x(t)), p=12.,0j=12 ..,p; Risa
positive integer; G; e R™" is the feedback gain of
rule j to be designed; e(t) =x(t)—x(t). The inferred
output of the fuzzy controller is given by,

u() = 3., (x()G (1) )

_Zp:mj(x(t))=1, m, (x(t) e[0 1] for all j (8)
9)

#y,; (9 (x(0))) % 22y (9 (X(1))) - a2, (9 (x(1)))

m;(x(t)) =5— - -

3ty (0 KO % 1 (G (KON %y, (8, (<)
is a nonlinear function of x(t) and 4, (9, (x(t))) is the

B
grade of membership corresponding to the fuzzy term
N i
Y
3. STABILITY ANALYSIS

In this section, stability analysis is proceeded to
achieve stability conditions to aid the design of fuzzy
controller.  In the following analysis, w;(x(t)) and
W, (x(t)) are denoted as w; and w,; for simplicity.

p
= ij =
j=1

From (2), (5) and (7), the

p
Furthermore, the inequality of ZWi

i=1
P
D wm,
i=1

i=1 j
error system is defined as follows.
e(t) = x(t) —x(t)

p

p

=1 is applied.

w,m (A, +BG Je(t) + m, (t) (10)

where m,(t) = Zp:wiAiﬁ(t) — A(X()X(t). It should be

i=1
noted that me(t) is bounded due to x(t), w;and w, are
bounded. To investigate the system stability [10] of
(10), the following Lyapunov function is considered.
V(t) = e(t) Pe(t)
where P=P" e R™ >0. The time derivative of the
Lyapunov function is as follows.
V(t) = é(t)" Pe(t) +e(t) " Pé(t)
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ZZ ‘ W_mje(t)T((Ai +BGj) P)Je(t)

=h=i +P(A, +BG,

+m,(t)" Pe(t) +e(t)" Pm,(t)

+e(t)" PUPe(t) —e(t) PUPe(t)

+o’m,(t)" PUPm,(t) — o’m,(t)" PUPm,(t)

(11)

p
where U=U" =) wU, >0, U, =U;" eR"™ >0,i
i=1
=1,2,..,p, oisanon-zero positive scalar.
let X=X"=P*' >0, we have,
. PP
V() =) > wmz(t)
j=1

i=1

From (11),

X{XAi+BGJ—)T+(Ai+BGJ—)X+Ui X }Z(t)
X -o°U;

—e(t) " PUPe(t) + o’m, (t)" PUPm, (t)

where z(t)=[XOl Xol}[nf(t(i)

G, =N,X" where N, e R™", we have,

V(1) :%Zplzp:""i(:omj —W; +Wj)l(t)T

i=1 j=1

(12)
] From (12), let

XA +AX+N,B"+BN,;+U; X
x ] ) N 10)
X -o°U,

—e(t) "PUPe(t) + o’m,(t) PUPm,_(t)

1 p T 1 P P T
== wz(®) Vyz(t) + = Y Y w (pm; —w, k() Vy(t)

P =1 P =1 =
—e(t) " PUPe(t) + o’m_ (t)" PUPm (1)

(13)

where
| XA +AX+N,'BT+BN,+U; X

VI 1 i)

: X - o?U,
j=1,2, .., p Let oMy =W, >0,j=1,2, .., pwhere
p>1. From (13), we have,

VO =23 wa) V()
P =

+%ii""‘ (om, —w, k()" v, z(t)
#373 wom, —w k) (A, - A, Je(0)

—e(t) ' PUPe(t) + o’m,(t)" PUPm,(t)
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= iZ’):Wiz(t)T(Vii —(p—DA Jz(t)

i=1

LS S wom, —w b7V, + A O (14)

+_
P = =1
—e(t) " PUPe(t) + o’m,_(t)" PUPm,_(t)
where A, =A," eR*™ , i=1,2, .., p. Itcan be

seen in (14) that the arbitrary matrices A; effective share
unstable elements between V; and Vj; to ease the satis-
faction of stability conditions. If the stability condi-
tions V, —(p-1)A, <0 and V, +A, <0 for all i, j,
we have,
V(t) < —e(t)" PUPe(t) + o’m, (t)" PUPm,(t) (15)
Taking integration on both sides of (15), we have,

[RZCEIN (- e(t)"PUPe(t) + o*m, (t)T PUPm , (t) kit

j:e(t)TPUPe(t)dt <V (0) + j:azme(t)TPUPme(t)dt

(16)

With the facts that V(c) > 0 and ¢ > 0, the H,,
tracking performance of (16) is achieved to guarantee the
tracking performance. It can be seen that a good track-
ing performance is ensured by a small value of . The
stability analysis result is summarized in the following
theorem.

Theorem 1: The error system of (10), formed by the
response chaotic system in the form of (2), the drive
chaotic system of (5) and the fuzzy controller of (7), sat-
isfies the following H., tracking performance for a pre-
scribed attenuation level ¢ > 0,

j:e(t)TPUPe(t)dt <V (0)+ jo “o?m, (t)" PUPm (t)dt,
if the membership functions of the fuzzy controller are
designed such that pom,(x(t)) —w;(x(t)) >0, j = 1,

2, ..., p where p > 1, and there exist constant matrices
X=X"eR™, N,e®R™, U, =U"eR™ and

A, =A,T e R?™" such that the following LMIs hold.

Xegﬁnxn; V. _(,D_l)Ai <0, i= 1, 2, —n P;

Vi+A;<0,i,j=1,2..,p;
and the feedback gains are defined as G, =N, X, ", i =
1,2, ..,p.

4. SIMULATION EXAMPLES

Two simulation examples are given to illustrate the
merits of the proposed approach for chaotic synchroniza-
tion subject to parameter uncertainties. In the first
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simulation example, two Rdéssler systems with identical
structure are considered. In the second simulation ex-
ample, two chaotic systems, Rossler and Chua’s systems,
with non-identical structure are considered. The stabil-
ity conditions in Theorem 1 are employed to aid the de-
sign of fuzzy controllers to synchronize the chaotic sys-
tems in both simulation examples.

A. Rossler Systems

Two Rossler systems subject to parameter uncer-
tainties will be taken as the drive and response chaotic
systems. A fuzzy controller will be designed to syn-
chronize both chaotic systems.

Al) The dynamics of the response Rassler’s system [3]
with input term are described as follows,

X(t) = A(x(t) )x(t) + Bu(t) (17)
X, ()
where x(t) =| x, (t) |,
X4 (t)
0 -1 -1 0
Alx()=|1 a 0 and B=|0|; a=
b 0 —(c(t)—x.(1) 1
034, b = 0.4, c(f) =~ Sy ST cog(t)
[Cmin  Cmax] > O is the uncertain parameter, Cnin = 4.5,
and Ccnx = 1.7 It is assumed that

x () e, —d ¢, +d] and d = 25. The response
Raossler system can be exactly represented by a fuzzy
model with the following fuzzy rules [3].
Rulei: IF x(t) is M'
THEN x(t) = A;x(t) + Bu(t),i=1, 2. (18)
The inferred response Rossler system is defined as

x(t) = ZW‘ (%, ())(A,x(t) + Bu(t)) (19)

0 -1 -1 0 -1 -1
where A; =1 a 0| and A,=|1 a 0 |;
b 0 -d b 0 d
1, c(t)—x.(t
W1<x1<t>>=uw<xl<t»=§[1+%j N

W, (X, (1)) = £, (X (1)) =1— g, (%, (t)) . It can be seen

that the grades of membership are unknown as the value
of c(t) is uncertain.
A2) The dynamics of the drive Rdssler’s system are
described as follows,

X(t) = A(R())x(0) (20)
where
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%, (t) 0 -1 -1
i) =|%,0| . ARD)=|1 a 0 ,
X, (1) b 0 —(C(t)-x()
&(t) = Crnax ;Cmin n Crnax ;Cmin sin(t) e [Cmin Conax] >

0 is the uncertain parameter. It is assumed that
% () elc,, —d ¢, +d]. 1t can be seen from (17)

and (20) that both response and drive chaotic systems are
subject to identical structure which can ease the realiza-
tion of chaotic synchronization.

A3) A two-rule fuzzy controller is employed to synchro-
nize both Rossler’s systems.  The fuzzy rules are de-
signed as follows.

Rulej: IF x,(t) is N/

THEN u(t)=Get), j =1, 2 (22)
The inferred fuzzy controller is defined as
2
ut) = > m; (x, ()G je(t) (22)
i=1

where the membership functions are designed as

m, (%, (1)) = My (X, (1)) =
—0.0179(x,(t) — 29.5)+ 0.0804 and
m, (X, (1)) =1- Hyz (X, (1)) =1-m,(x, (1)) for

x®elc,, —d c,, +d]. It can be seen that the
condition of pm; (x, (t)) —w;(x,(t)) >0, j =1, 2, with p
= 1.1 is satisfied. With the aid of MATLAB LMI tool-
box to solve the solution to the stability conditions in
Theorem 1, we obtain G; = [508.8457 895.4915
—83.0081] and G, = [51.2570 89.0173  —34.9030]
with o= 0.5.

Fig. 1 and Fig. 2 show the system state responses
and tracking error under the initial state conditions of
x(0)=[t 1 1]" and %(0)=[-1 -1 —-1]'. In this
simulation, u(t) = 0 is employed for 0 <t < 50s and the
fuzzy controller of (22) is applied for t > 50s. Referring
to these figures, it can be seen that the proposed fuzzy
controller, which is applied for t > 50s, is able to drive
the system states of the response Rdssler system to fol-
low those of the drive Rdssler system, both of them are
subject to parameter uncertainties, with a sufficiently
small tracking error.

B. Rossler and Chua’s Systems

In this simulation example, the Réssler and Chua’s
systems are taken as the response and drive chaotic sys-
tems respectively.

B1) The same Rossler system of (17) subject to pa-
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rameter uncertainty is considered as the response system.
100

In this simulation example, we take B=|0 1 0].
0 01

The response Rdssler system can be represented by the
fuzzy model of (19) to facilitate the design of fuzzy con-
troller.

B2) The dynamics of the drive Chua’s system [4]-[5] is
defended as follows.

x(t) = A(X(t) X(t) + E (23)
where
%, () -4 4 o0 c(t)
Xt =| %0, Akx®)=|1 -1 1|, E=| 0 |;
%, (t) 0 -b O 0
a=9 , b =14.2850 ,

60 = 9% 0 +50.0- 9, (%O +4-[x©-1) s

the
ga + gaZ
t) = —=
ga(t) 5
0., =—1.5285 and g, = 0.7143. It is assumed that
% (t) e[-25 25]. It can be seen from (17) and (23) that

both Réssler and Chua’s systems are subject to
non-identical structure.

parameter
g a 9.
+

uncertainty,

2sin(t)

g, =-13428

B3) A two-rule fuzzy controller in the same form of (22)
is employed to synchronize the chaotic systems. With
the aid of MATLAB LMI toolbox to solve the stability

conditions in Theorem 1, we obtain
—327.6863 —0.5820 5.5793
G,=| 05820 -328.0263 —0.4472 and
—-5.6224 0.4955  —304.6995
—327.6863 —1.5138 9.5811
G,=| 15138 -328.0263 0.0675 with o =
—-10.0579 0.0748  —306.2915
0.01.

Fig. 3 and Fig. 4 show the system state responses
and tracking error under the initial state conditions of
x(0)=fL 1 1" and %(0)=[-1 -1 -1]'. In this
simulation, u(t) = 0 is employed for 0 <t < 50s and the
fuzzy controller is applied for t > 50s. It can be seen
that the proposed fuzzy controller is able to synchronize
the non-identical-structured response and drive chaotic
systems subject to parameter uncertainties, with a suffi-
ciently small tracking error.

In both simulation examples, due to the existence
of parameter uncertainties, the stability conditions in
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[3]-[6] for uncertainty-free chaotic systems cannot be
applied to aid the design of fuzzy controller. Further-
more, compared to the adaptive fuzzy controller [7]-[9],
it can be seen that the proposed fuzzy controller offers
lower structural complexity and requires lower computa-
tional demand.

5. Conclusions

A fuzzy controller has been employed to synchro-
nize chaotic systems subject to parameter uncertainties.
A design criterion of membership functions for the fuzzy
controller has been proposed to ease the stability analy-
sis. LMlI-based stability conditions have been derived
using Lyapunov-based approach to aid the design of the
fuzzy controller. Simulation examples have been given
to illustrate the merits of the proposed approach.
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Fig. 1. System state responses of the drive (solid lines)
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for 0 <t < 50s and the proposed fuzzy controller applied
for t > 50s.
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