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Robust Self-Organizing Fuzzy-Neural Control Using Asymmetric Gaussian
Membership Functions

Ping-Zong Lin and Tsu-Tian Lee

Abstract

A robust self-organizing fuzzy-neural control
(RSOFNC) system is proposed in this paper. The
RSOFNC system is comprised of a self-structuring
fuzzy neural network (SFNN) controller and a robust
controller. The SFNN controller is the principal con-
troller and the robust controller is designed to
achieve L, tracking performance. In the SFNN

controller design, a SFNN with the asymmetric Gaus-
sian membership functions is used to online ap-
proximate an ideal controller via the structure and
parameter learning phases. The structure learning
phase consists of the growing of membership func-
tions and the pruning of fuzzy rules, and thus the
SFNN can avoid the time-consuming trial-and-error
tuning procedure for determining the network struc-
ture of fuzzy neural network. Finally, the proposed
RSOFNC system is applied to control a second-order
chaotic system. The simulation results show that the
proposed RSOFNC system can achieve favorable
tracking performance.

Keywords: Fuzzy neural network, asymmetric Gaus-
sian membership function, structure adaptation algo-
rithm, adaptive control, robust control.

1. Introduction

With the learning ability of neural networks, they have
widely been recognized a powerful tool in industrial
control, commercial, image processing applications and
etc. [1], [2]. Within control engineering, neural networks
are attractive because they hold the promise of solving
problems that have so far been difficult to handle with
classical analytical methods. Recently, the fuzzy neural
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network (FNN) which incorporates the advantages of
fuzzy inference and neuro-learning has been an interest-
ing topic. The FNN possesses the merits of the low-level
learning and computational power of neural network,
and the high-level human knowledge representation and
thinking of fuzzy theory [3], [4]. The most useful prop-
erty of the FNNs is the ability to arbitrarily approximate
linear or nonlinear mappings through learning. The
FNNs are increasingly receiving attention in solving the
control problems [5]-[8]. For the FNN-based control ap-
proaches in [5]-[8], the structure of the FNN should be
determined by trial-and-error in advance because it is
difficult to consider the balance between the rule number
and the desired performance. If the number of fuzzy
rules is chosen too large, the computation loading is
heavy so that FNNs are not suitable for practical appli-
cations. If the number of fuzzy rules is chosen too small,
the control performance may be not good enough to
achieve desired performance.

To solve the problem of the structure determination in
FNN approaches, much interest has been focused on the
self-structuring fuzzy neural network (SFNN) approach
[9]-[13]. The self-structuring approach demonstrates the
properties of generating the rules of FNN automatically
without needing the preliminary knowledge. In general,
the mathematical description of the existing rules can be
expressed as a cluster. As usually seen in other
self-structuring approaches, the new membership func-
tion is generated when a new input signal is too far away
from the current clusters, and an existing rule is canceled
when the fuzzy rule is insignificant. The SFNNs also
have been adopted widely for the control of complex
dynamical systems owing to its good generalization ca-
pability, structure adaptation, and simple computation
[14]-[16]. Some of them use the gradient descent method
to derive the parameter learning algorithms; however,
they can not guarantee the system stability. Some of
them use the Lyapunov function to derive the parameter
learning algorithms; however, the design procedure is
extremely complex.

Recently, some researches are considered the asym-
metric Gaussian membership function, also called
Pseudo-Gaussian (PG), to act as the membership term
node [17]-[19]. Because the variability and malleability
of the asymmetric Gaussian membership function are
higher than those of the traditional membership function,
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the asymmetric Gaussian membership function provides
a fuzzy-neural network with higher flexibility to ap-
proach easily the optimum result more accurately. The
asymmetric Gaussian function is a new type of mem-
bership function, which is applied here due to the excel-
lent approximation results it provides.

In this paper, a novel SFNN, which includes the
growing of membership function and the pruning of
fuzzy rules, is developed. The idea for these algorithms
is given as follows. The growing method can be consid-
ered when the input values will cross the range of exist-
ing membership functions. After several executing itera-
tions, the error between the real function and the estima-
tion function gradually converges to a tolerant bound.
Some fuzzy rules, which are generated in the transient
period, may be less or never used in this situation. They
make no meaningful contributions to the output of the
SFNN and thus are obviously not significant. The prun-
ing algorithm would eliminate these rules which make a
very small contribution to the fuzzy neural network out-
put. The asymmetric Gaussian function is considered as
membership functions of the proposed SFNN to increase
the learning capability. Then, a robust self-organizing
fuzzy-neural control (RSOFNC) system, which is com-
prised of a SFNN controller and a robust controller, is
proposed. The SFNN controller with structure adaptation
and asymmetric membership functions is the principal
controller, and the robust controller is designed to
achieve L, tracking performance with desired attenua-

tion level. The proposed structure adaptation will solve
the annoyance which is difficult to consider the balance
between the rule number and the desired performance.
Finally, to investigate the effectiveness of the proposed
control scheme, the proposed RSOFNC system is ap-
plied to control a second-order chaotic system. Simula-
tion results demonstrate that the proposed RSOFNC
scheme can achieve favorable tracking performances.

2. Problem Formulation and Ideal Controller

Consider the nth-order nonlinear dynamic system of
the form

x" = f(x)+u Q)
where x=[x x---x“®]", which is assumed to be
available for measurement, is the state vector of the sys-
tem, £(x) is the system dynamics equation, and  is
the control effort. The control objective is to find a con-
trol law so that the state trajectory x can track a trajec-
tory command x_. A tracking error is defined as
)
If the system dynamics £(x) is well known, there ex-
ists an ideal controller as follows [20]

e=x, —Xx-

u, =—f(x)+x" +k’e 3)
where e=[e ¢ --- e"]" is the tracking error vector
and k =[k, k, --- k,]"- Substituting (3) into (1) and us-
ing (2) yield

e +ke" P +. . +ke+ke=0. 4)
If k£, i=12,---,n are chosen to correspond to the

coefficients of a Hurwitz polynomial whose roots lie
strictly in the open left half of complex plane, then
lime=0 can be implied for any starting initial condi-

t—w

tions. However, because the system dynamics f(x)

may be unknown or perturbed in practice, the ideal con-
trol law u,, in (3) cannot be implemented easily.

3. Self-Structuring Fuzzy Neural Network

A. Structure of SEFNN

The structure of the SFNN has four layers of neural
network included the input, the membership function,
the rule, and the output layers. Nodes at layer 1 are input
nodes that represent input linguistic variables. Nodes at
layer 2 are term nodes which act as membership func-
tions to represent the terms of the respective linguistic
variables. The asymmetric Gaussian membership func-
tion which consists of a center, a left-side variance, and a
right-side variance is considered. Each node at layer 3 is
a fuzzy rule. Layer 4 is the output layer, where the node
in this layer is the output of SFNN. The interactions for
those layers are given as follows. Note that the super-

script ¢ in x/ denotes the layer number.

Layer 1 - Input layer: For every node i in this layer, the
net input and the net output are represented as

net,.1 = x,.l (5)

v =f,.l(net,.1)=netil, i=12--L (6)

where x; represents the i-th input to the node of layer
1.

Layer 2 - Membership layer: In this layer, each node
performs a membership function and acts as a unit of
memory. The asymmetric Gaussian function is adopted
as the membership function. For the i-th input and the
Jj-th node, the corresponding input and output are de-
scribed as

2

net!./.

_ —(xl,z—m,.j)z/(a;)z, if —o0<x? <m, ,
e m P Jf i my << D
y;:ﬁ/?(netif):exp(netj), j=12,-- M (8)

where M is the total number of membership functions
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!

with respect to the respective input node, and m,, o,

y‘ i)
and o are the mean, left-side variance, and right-side
variance of the asymmetric Gaussian function in the j-th
term of the i-th input linguistic variable x?.

Layer 3 - Rule layer: The links in this layer are used to
implement the antecedent matching. Each node % in this
layer is denoted by [l which multiplies the incoming

signals and outputs the result of the product. For the -th
rule node, the operation is presented as

net; =[[w;x; 9)

y,fzf,f(netf):net,f, k=12,---,N (10)

where x? represents the i, j-th input to the k-th node

of layer 3, the weights wf between the membership
and the rule layers are assumed as unity.

Layer 4 - Output layer: The single node o in this layer is
labeled as £ which computes the overall output as the
summation of all incoming signals. The operation is de-

scribed as

4

net} = %‘, wi x; (11)

yi =f04(netj)=net;1 , 0=1 (12)
where w? is the output action strength of the output
associated with the k-th rule, x; represents the k-th in-
put to the node of layer 4, and y! is the output of

SFNN. The vectors m, o,, and o, collecting all pa-
rameters of membership layer are defined as

m=[my, oMy My oy e myy, "'mLM]T (13)
o, :[0111 "'621 0-112 "'O-iz """ O-llM "'O-iM]T (14)
G, z[gl"l ...Uzl 01"2 “‘UZz ...... O—{M “'GZM]T- (15)

Hence, the output of the SFNN can be represented in a
vector form

y, =w'¢(x,m,6,,0,) (16)
where  &=[x) x; - x)1" =[£ & - &1 and
Wbt wi ol

B. Structure Adaptation of SEFNN

For the FNN approaches in [5]-[8], the structure of the
FNN was determined by trial-and-error in advance for
the reason that it is difficult to consider the balance be-
tween the rule number and the desired performance. In
this paper, the structure learning algorithm which in-
cludes the growing of membership functions and the
pruning of fuzzy rules is proposed to solve this problem.
The descriptions for those algorithms are given as fol-
lows.

In the process of the growing of membership func-
tions, the concept which decides whether to add a new
node (membership function) in layer 2 and the associ-
ated fuzzy rule in layer 3 will be introduced. For con-
structing the initial fuzzy rules of the SFNN, the fuzzy
clustering method is used to partition a set of data into a
number of overlapping clusters based on the distance in
a metric space between the data points and the cluster
prototypes. Each cluster in the product space of the in-
put-output data represents a rule in the rule base. The

firing strength of a rule for each incoming data x; can

be represented as the degree that the incoming data be-
longs to the cluster. If the value of firing strength is too
small, it represents that the input value is on the edge of
range of the existing membership functions. In this situa-
tion, the output may cause a bad control performance.
Therefore, a new node (membership function) should be
added at this moment.

The firing strength obtained from (9) is used as the
degree measure

B. =y, k=12,.,N (17)
where N is the number of the existing rules. Find the
maximum degree g . defined as

ﬂmax = E}Egv(ﬂk : (18)

We observe that if g <G, Iis satisfied, where
G, €(0,1) isa pre-given threshold, the incoming data is
far away from the edge of range of the existing mem-
bership functions. Hence, a new membership function is
generated. The mean and the standard deviation of the
new membership function and the weight are selected as
follows

m' =x}, (19)
ol =0, (20)
o/ =0, (21)
w' =0 (22)

where x, is the new incoming data and o, is a

pre-specified constant. If the unknown control system
dynamics is too complex, we can choose the larger G,
so that many membership functions can be created.

Next, to avoid the unbounded growing of network
structure and the overload computation, the algorithm
for the pruning of fuzzy rules is developed to eliminate
irrelevant fuzzy rules. When the r-th firing strength g,
is smaller than the pre-defined threshold value P,, it
means that the relationship becomes weak between the
input and the »-th rule. This fuzzy rule may be less or
never used. Then, we will gradually reduce the value of
the »-th used frequency index when the r-th firing
strength . satisfies our setting condition continuously.
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However, we do not ignore this situation that the r-th
firing strength . is bigger than the threshold value
P, again. Therefore, when the incoming inputs fall into

the range of the r-th fuzzy rule, we have to make the
value of the »-th used frequency index rise. The rise and
decay curves of the used frequency index show in Fig. 1,
which is determined as

17 -exp(-1,), ifp. <k,
Ir = '

17 -fo-expl-c,0-17)] irp 2P,

r=,2,---,N (23)

where 7, is the used frequency index of the r-th rule

and its initial value is 1, P, is the pruning threshold
value, z, and z, are the designed constant, and /7
denotes the most recent /.. Note that the maximum
value of the used frequency index equals 1. If 7 <1,
is satisfied, where [, is another pre-given threshold,
the r-th fuzzy rule is pruned. If the computation loading
is the important issue for practical implement, we can
choose the larger P, so that many fuzzy rules can be
pruned. Hence, the computation load should be de-
creased. In summary, the flow chart of the structure
learning algorithm is shown in Fig. 2. The major contri-
butions of using these algorithms for the SFNN structure
adaptation are: 1) SFNN can be operated directly with-
out spending much time on pre-determining membership
functions and fuzzy rules; and 2) the computation load
can be reduced simultaneously.

4. Robust Self-Organizing Fuzzy-Neural Control
Design

The RSOFNC system is proposed to tackle the control
problems which we discussed before. The control law of
the RSOFNC is developed as follows

u (24)

using asymmetric

= ua_'fnn + urb

rsofnc

where the SFNN controller Uy

Gaussian membership functions is designed to mimic the
ideal controller, and the robust controller u, is de-
signed to compensate for the modeling error between the
SFNN controller and the ideal controller. Define a slid-
ing surface is defined as
s=e" P +ke" D+t ket kljole dr. (25)
Substituting (24) into (1) and using (2), (3), and (25)
yield
S=u,—u

(26)

id sfn U, -

A. Approximation of SFNN
By the universal approximation theorem, an optimal
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Figure 1. The rise and decay curves of the used frequency in-
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Figure 2. The flow chart of the structure adaptation algorithm.
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SFNN controller can be designed to approximate the
ideal controller, such that [21]
u,=w'&(x,m,c,,6.)+A=w'E +A (27)
where w'g(x,m ,6,,6.)=w &, m, 6,, o are
the optimal vectors of m, o,, 6., and A is the ap-

proximation error. However, the optimal SFNN control-
ler is unknown. Therefore, a SFNN controller will be
introduced to mimic the ideal controller as

u, =wE(x,me,6)=wE (28)

sfn
where W'&(x,m,5,,6,)=w'¢ and m, 6,, 6, are
the estimated vectors of m, o,, ¢,. Define an mod-
eling error, u , as
17 = uid _usﬁm

=W E+W E+WE+A (29)
where W=w" —w and &=& —&. In the following,
the linearization technique is employed to transform the
nonlinear fuzzy function into a partially linear form so

that the expansion & can be expressed as [22]

& oZ, /om
~ | & o0&, /o ..
¢ = 512 = 652/ " |m:ﬁ|(m —m)
E. | [0&,/om
[0¢, /06,
o0&, /0 . A
+ éjz{ 61 6,=6, (6/ _GZ)
1 0&, /0,
—651/661‘
0&, /0 . A
+ 52/ o 6,=6, (Gr _Gr)+h
_aé:N/acr
=g,m+§,06,+§, 6, +h (30)
where h is a vector of higher-order terms,
m=m -m, 6,=6,-6,, 6, =6, —6,,
g, =[0&/om og, fom - og,[om]|, .,  (3D)

g, =[0¢/os, 0, /60, 0&y /00, ]|, . (32)

and

g, =[0& /00, 0, /de, o0&y /00, ]l, . - (33)
The 0&,/om, 0, /06, and O&, /oo, are defined as
oL, Jom = [0&, Jom,  OE, [om,, o, Jom,, |, (34)
0¢,Jos, =[o¢, /o0, 0% [a0l, - 8¢ /a0, ], (35)
and

o¢ Jos, =|o& Joe!, 8¢ Joa), o¢ Jool, . (36)

Substituting (30) into (29), we can rewrite u as
u= VVTE +w' (§,m+§& 0, +&; 6, +h) +€vT%+A
3 (37)

=W'E+m'E W+6,/&, W+6, & W+s
W WEE =FE, W

the uncertain  term

B. Parameter Learning

Selection of parameters for the asymmetric member-
ship functions and network weights has a significant ef-
fect on the network performance. If inappropriate values
are given for the asymmetric Gaussian membership
functions and network weights, the network will con-
verge at a low speed or even get a bad control perform-
ance. In order to train the parameters of the SFNN effec-
tively, an online parameter learning methodology, which
is derived on the basis of Lyapunov theorem and Taylor
expansion, is developed. This training scheme will in-
crease the learning capability of the SFNN. By using
(37), (26) can be rewritten as

S=W'E+m'E W+6/&, WH+6,E, Wte—u,. (38)
If ¢ exists, a robust controller will be considered to
satisfy a specified L, tracking performance [22], [23]

[s?(t)dt <57 (0) + 82 [ & (1)t + (7, )W" (0)W(0)

+(4/n,)m" (0)m(0) + (/7, )o, (0)s, (0)
+(1/n, )s! (0)5, (0) (39)
where & is a prescribed attenuation constant. If the
system starts with a set of initial conditions s(0)=0,
w(0)=w'(0) , m(0)=m’(0), 6,(0)=0,(0) , and
6,(0)=0.(0), the L, tracking performance in (39) can
be rewritten as
sup |s|/] <o

£el,[0,T]
where |s| =[ s*(t)dr and |e|" = e*(t)ar . If

o0 =, this is the case of minimum error tracking con-
trol without disturbance attenuation. To determine the
adaptive laws of the parameters of SFNN appropriately
and guarantee the closed-loop system stability, the
Lyapunov function candidate is defined as

V=/2)s*+w'w/2n, +m'm/2n, +6]5, /2,
(41)
where 7., 7n,, n,, and n, are the learning rates

and positive constants. Differentiating (41) with respect
to time and using (38) yield

V=ss+W W[y, +m'm/n, +5/5,/n, +8]s, [n,

(40)

+ 6{6,,/2770"
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=s(WE+m'E, W+ 6,&, W+6,& WHs—u,)
+ \-’;’T\-ILV/UW + lTlTﬁl/nm + Ef&l/nm + afér/ﬂa,,

=m’ (sg, W+ (Un,)m)+6] (&, W+(/n,)s,)
+87 (58, W+ (U/n, )5,) + W(sE+ 1Yn,)W)

+s(e-u,). (42)
Choose the adaptive laws as
W= —w=—7,s¢, (43)
m=-m=-7,s& W, (44)
81 = _&1 = _770,3“‘50,‘?"1 (49)
and
6, ==6, =1, 5§, W (46)
and the robust controller is designed as
u, =((0°+1)/25%)s. (47)
Thus, (42) can be rewritten as
V=s(e—((6° +1)/25%)s)
=sg—5°[2-5°/25°
=—52/2 - (1/2)(s/5 — £6)* + (1/2)s*5?
<-(Y2)s?* + (Y2)e?5°. (48)

Assume ¢eL,[0,7], VT €[0,o) . Integrating the
above equation from =0 to (=T Yyields

V(T) -V (0)<—~(1/2)[ s*dt + (1/2)5 [ ’dt . (49)
Since V7 (¢) >0, we can arrange (49) as follows
(1/2)[s*dt <V (0) + (1/2)5* [, e2dt . (50)

which is equivalent to inequality (39) , i.e., L, tracking
performance. Hence, assume ¢ e L,, then the sliding

surface s will converge to a certain boundary. It is im-
plied that the tracking error e will also converge to a
certain boundary.

To summarize, Fig. 3 shows the overall scheme of the
robust self-organizing fuzzy-neural control proposed in
this paper.

5. Simulation Results

In this section, the proposed RSOFNC is applied to
control a second-order chaotic system to verify its effec-
tiveness. The scheme emphasizes that the parameter and
network structure of the SFNN can be online tuned by
the proposed algorithm. Moreover, the appropriate net-
work structure will be obtained by using the methods of
the growing of membership functions and the pruning of
fuzzy rules during the process of training adjustable pa-
rameters. Consider a second-order chaotic system such
as the Duffing’s equation describing a special nonlinear

robust self-organizing fuzzy-neural control

adaptive
law

A4 A A; A,
Wi, m;, 0,0,

SFNN Ui+ Ursofic
controller 3

Bes B,

sliding | s
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structuring
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controller

1
1
1
1
1
1
1
1
1
1
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1
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:
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

nonlinear
control <
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Figure 3. The block diagram of RSOFNC system.

circuit or a pendulum moving in a viscous medium as
follows [24]

= f(x)+u (51)
where f(x) =—px — p,x— p,x* +qcos(at) is the sys-
tem dynamics, ¢ is the time variable, o is the frequency,
u is the control force, and p, p,, p,, and g are
real constants. The system is known that the solutions of
(51) may exhibit periodic depending on the choice of
these constants, i.e., it is almost periodic and chaotic be-
havior. In order to observe the chaotic unpredictable be-
havior, the open-loop system behavior, i.e., u=0, is
simulated with p=04, p,=-11, p,=10, and
® =1.8. The phase plane plots with an initial condition
point (-0.5,0) are shown in Figs. 4(a) and 4(b) for
g=195 and ¢=7.00. The uncontrolled chaotic sys-
tem has different trajectories for different g.

The parameters of RSOFNC system are selected as
k=2, k=1, n,=80, n,=n,=n, =02,
G,=05, 71,=01, P, =01, 7r,=0.01, 7,=0.05,
and 6 =0.6. All the gains in the proposed control sys-
tem are chosen to achieve the best transient control per-
formance considering the requirement of stability and
possible operating conditions. The simulation results of
RSOFNC for ¢=1.95 and ¢ =7.00 are shown in Figs.
5 and 6. The tracking responses of state x are shown in
Figs. 5(a) and 6(a). The tracking responses of state x
are shown in Figs. 5(b) and 6(b). The associated control
efforts of the RSOFNC are shown in Figs. 5(c) and 6(c).
The number of fuzzy rules is shown in Figs. 5(d) and
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6(d). The final shapes of membership functions are
shown in Figs. 5(e) and 6(e). From the simulation results,
the proposed RSOFNC system which includes SFNN
with the asymmetric Gaussian membership function can
perform successful control and achieve desired per-
formance for different ¢ of the second-order chaotic sys-
tem. Meanwhile, a concise SFNN structure can be ob-
tained by the proposed self-structuring mechanism and
the online learning algorithms.

derivation of state X

derivation of state X

Figure 4. Phase plane of uncontrolled chaotic system.
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Figure 5. Simulation results of chaotic system for ¢=1.95.



84 International Journal of Fuzzy Systems, Vol. 9, No. 2, June 2007

state x
! o n
g |

0o 2 4 6& &8 10 12 14 16 18 20
time (s)

@

derivation of state X

1 L L 1
u] 2 4 4] g 10 12 14 16 18 20
time (s)

(b)

control force
o
1

20 L 1 1 I I I L 1 1
0 2 4 6 8 10 12 14 16 18 20

time (s)
(©

8
S
g 1
E
c 4 N
2
22 R

D 1 1 1 1 1 1 1 1 1

0o 2 4 6 & 10 12 14 16 18 20

time (s)
(d)

@ 1
L
2 oef 4
©
o 06} 4
ey
< naf -
5 0
o
£ o2t -
1S

input region
(€)
Figure 6. Simulation results of chaotic system for ¢ =7.00.

6. Conclusions

This paper develops a robust self-organizing
fuzzy-neural control (RSOFNC) system, which com-
prises of a self-structuring fuzzy neural network (SFNN)
controller and a robust controller. The SFNN controller
with the structure and parameter learning and the asym-
metric Gaussian functions is utilized to online approxi-
mate an ideal controller, and the robust controller is de-
signed to achieve L, tracking performance with desired

attenuation level. The major contributions of this paper
are: 1) the structure learning algorithm which includes
the growing and pruning of the membership functions
and fuzzy rules has been developed to achieve favorable
learning performance of network structure; 2) the com-
bination of the Lyapunov theorem and the method of
Taylor expansion derives the online parameter learning
algorithms well; and 3) the RSOFNC is developed and
applied successfully to control a second-order chaotic
system.
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