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Auxiliary-state-driven Fuzzy Controller for Nonlinear Systems Based on 
TS-fuzzy-model-based Approach 
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Abstract1

This paper investigates the system stability of 
fuzzy-model-based control system.  An auxil-
iary-state-driven fuzzy controller is proposed to deal 
with nonlinear systems.  With a particular and sys-
tematic design, the system stability of fuzzy control 
systems is implied by the auxiliary and error systems.  
Instead of studying the system stability of the fuzzy 
control systems directly, the system stability of the 
auxiliary system and the error model is investigated.  
Furthermore, the auxiliary system offers a favour-
able property that some system parameters can be 
freely designed.  As a result, except the feedback 
gains of the fuzzy controller, these freely designed 
parameters can also contribute themselves to relax 
stability conditions.  Based on the Lyapunov-based 
approach, the stability and performance conditions in 
terms of linear matrix inequalities are derived.  
Simulation examples are given to illustrate the effec-
tiveness and design procedure of the proposed ap-
proach. 

 
1. Introduction 

 
 Fuzzy-model-based control approach offers a sys-
tematic and effective framework to stability analysis of 
fuzzy control systems.  Based on the TS-fuzzy model 
[1], [2], a nonlinear system can be represented as a 
weighted average of some linear sub-systems.  The 
nonlinear and linear characteristics of the nonlinear sys-
tem can be extracted.  This particular structure offers a 
favourable framework to facilitate the system analysis.  
In [3], [4], a fuzzy controller was proposed to handle the 
nonlinear system represented by the fuzzy model.  With 
a similar structure as the fuzzy model, a fuzzy controller 
which is a weighted average of some linear 
sub-controllers is proposed.  As a result, the 
fuzzy-model-based control system can be represented as 
a weighted average of some linear sub-control systems.  
The fuzzy-model-based control is guaranteed to be stable 
if there exists a solution to a set of Lyapunov inequalities 
[3], [4].  The Lyapunov inequalities can be cast as a 
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linear-matrix-inequality (LMI) problem [5] which can be 
solved numerically using some convex programming 
techniques.  It was reported in [6] that the stability con-
ditions can be relaxed when the fuzzy controller shares 
the same premises as those of the fuzzy model.  Under 
this design criterion, further relaxed stability conditions 
were reported [7]-[11].  The stability analysis was fur-
ther extended to multiple Lyapunov function approach 
[12] which displays potential to further relax the stability 
conditions.  However, derivative information of mem-
bership functions is needed which makes the analysis 
more complicated.  In [13], a switching Lyapunov 
function approach was proposed to relax the stability 
conditions under some particular cases. 
 In this paper, an auxiliary-state-driven (ASD) fuzzy 
control approach is proposed.  An auxiliary system is 
proposed for the purpose of relaxation of stability condi-
tions.  Traditionally, the control signals of fuzzy con-
troller [3], [4], [6]-[10], depend on the system states of 
the nonlinear plant only.  In the proposed approach, the 
control signals depend on both the system states of the 
nonlinear plant and the auxiliary system.  Consequently, 
richer dynamics enhancing stabilization ability can be 
introduced to the fuzzy controller to carry out control 
process.  Lyapunov-based approach is employed to 
perform stability analysis.  Under such a design, the 
system stability of fuzzy control system is implied by the 
auxiliary system and the error system.  Hence, the sys-
tem stability of auxiliary system is investigated instead 
of the fuzzy control system directly.  Stability and per-
formance conditions in terms of the system matrices of 
the nonlinear plant and the auxiliary system are derived.  
As some matrices of the auxiliary system can be freely 
designed, the stability conditions of the 
fuzzy-model-based controller can be relaxed by this fa-
vourable property.  It iss shown that the proposed ASD 
approach can offer relaxed stability conditions than those 
of the existing ones [3], [4], [6]-[10].  Consequently, 
some applications that stable design of fuzzy controllers 
cannot be achieved by the existing stability conditions 
can benefit from the proposed ASD control approach. 
 This paper is organized as follows.  In section 2, 
the fuzzy model, ASD fuzzy controller and auxiliary 
system are presented.  In section 3, stability of 
fuzzy-model-based control system is analyzed.  
LMI-based stability conditions are derived to guarantee 
the stability of the fuzzy-model-based control systems.  
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In section 4, the design of the feedback gains and the 
LMI-based performance conditions are presented.  In 
section 5, illustrative examples are given to show the 
merits of the proposed approach.  A conclusion is 
drawn in section 6. 

 
2.  Fuzzy model, Auxiliary-State-Driven Fuzzy 

Controller and Auxiliary system 
 

 A multivariable nonlinear control system compris-
ing a fuzzy model and an ASD fuzzy controller con-
nected in closed loop is considered. 
 
A.  Fuzzy Model  
 Let p be the number of fuzzy rules describing the 
nonlinear plant.  The i-th rule is of the following for-
mat: 
Rule i: IF  is  AND … AND  is 
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where  is a fuzzy term of rule i corresponding to 
the known function , α = 1, 2, ..., Ψ; i = 1, 2, ..., 
p; Ψ is a positive integer;  and  
are known constant system and input matrices respec-
tively;  is the system state vector and 

 is the input vector.  The system dynamics 
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grade of membership corresponding to the fuzzy term 
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B.  Auxiliary-State-Driven Fuzzy Controller 
 A fuzzy controller with p fuzzy rules is to be de-
signed for the nonlinear plant.  The j-th rule of the 
fuzzy controller is of the following format: 
IF  is  AND … AND  is  ))((1 tf x i

1M ))(( tf xΨ
i
ΨM

THEN  (5) )(ˆ)(ˆ)( ttt jj eGxGu +=

where  and  are the constant 
feedback gains of the j-th rule to be designed; 

 is the system state vector of the auxiliary 

system discussed later and .  The in-
ferred output of the ASD fuzzy controller is given by, 
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Remark 1:  The ASD fuzzy controller is reduced to a 
traditional fuzzy controller [4] when , j = 1, 
2, ..., p. 
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C.  Auxiliary system 
 Let the auxiliary system be defined as, 
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where  is the system state vector of the aux-
iliary system;  and , i, j = 1, 2, ..., 
p, are the constant matrices to be designed. 
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Remark 2:  The main idea of introducing the auxiliary 
system is to provide richer dynamical information, e.g., 

 other than that by the nonlinear plant, i.e., x(t) for 
the purpose of achieving stable fuzzy-model-based con-
trol systems.  It can be shown later on that under such a 
particular structure the stability condition can be relaxed 
by properly choosing the values of the free matrices E

)(ˆ tx

ij 
and Fij for all i and j in the auxiliary system of (7). 
 
D.  Published Stability Conditions 
 Some stability conditions have been derived to test 
the system stability of the fuzzy control systems in the 

form of .  The sta-

bility conditions are summarized in the following theo-
rems. 
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Theorem 1 [6]:  The fuzzy-model-based control system, 
formed by the fuzzy model of (2) and the fuzzy control-

ler in the form of , is asymp-

totically stable if there exist matrices  
and  such that the following LMIs 
hold. 
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i < j;  where s is an integer denot-
ing the maximum number of fired fuzzy subsystems at 
an instant. 

0))(())(( ≠twtw ji xx

 
Remark 3:  The stability conditions in [4] are the par-
ticular case of [6].  When M = 0, the stability condition 
of Theorem 1 [6] are reduced to that in [4]. 
 
Theorem 2 [9], [10]:  The fuzzy-model-based control 
system, formed by the fuzzy model of (2) and the fuzzy 

controller in the form of  is 

asymptotically stable if there exist matrices 
 and  such that the 

following LMIs hold. 
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Remark 4:  The stability conditions in [8] are the par-
ticular case of [9], [10].  When , the 
stability condition of Theorem 2 in [9], [10] is reduced to 
that in [8]. 

jiijij PPP == T

 
3.  Stability Analysis 

 A fuzzy-model-based control system is formed by a 
nonlinear system represented by the fuzzy model of (2) 
and the fuzzy controller of (6) connected in closed loop.  

In the following analysis, the inequality of  
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 In this paper, the objective is to derive stability 
conditions to ensure the system stability of the 
fuzzy-model-based control system of (8).  The system 
stability will not be studied directly as it is implied by 
the auxiliary system and the error system.  From (7) 

and (8), the error system is defined as, 
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Remark 5:  The system stability of (10) implies that of 
the fuzzy control system of (8).  It can be seen that 

 → 0 and e(t) → 0 as t → ∞ when z(t) → 0.  It is 
because 

)(ˆ tx
)(ˆ)()( ttt xxe −=  → 0 as t → ∞,  → 0 

as t → ∞ implies x(t) → 0 as t → ∞.  Hence, the stabil-
ity of auxiliary system of (7) and the error system of (9) 
implies the system stability of (8). 
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Remark 6:  In the traditional fuzzy-model-based control 
systems [3, 4], [6]-[10], the system stability is governed 
by the feedback gains Gj of the fuzzy controller only.  
In the proposed ASD fuzzy controller, the system stabil-
ity is governed by the feedback gains Gj and , and 
the arbitrary matrices E

jĜ

ij and Fij.  As a result, the con-
servativeness of the stability conditions can be relaxed. 
 
 To investigate the system stability of (10), the fol-
lowing Lyapunov function candidate is considered. 
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It can be seen from (15) that the system of (10) is as-
ymptotically stable if 0<P , i.e., z(t) → 0 as t → ∞.  
Based on Remark 5, the fuzzy-model-based control sys-
tem of (8) is guaranteed to be asymptotically stable, i.e., 
x(t) → 0 as t → ∞.  The analysis result is summarized 
in the following Theorem. 
 
Theorem 3:  The fuzzy-model-based control system 
formed by the nonlinear system in the form of (2) and 
the ASD fuzzy controller of (6) is asymptotically stable 
if there exist matrices  and 

 such that the following LMIs are 
satisfied. 
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Remark 7:  Theorem 3 is reduced to Theorem 2 [9], [10] 
when , and Fijij GG =ˆ

ij = Eij = 0 for all i and j. 
 
4.  Design of Feedback Gains and System Per-
formance 
 
 In this section, the design of feedback gains and 
system performance is cast as LMI-based conditions 
which can be solved effectively using some convex pro-
gramming techniques, e.g., MATLAB LMI toolbox. 
 
A.  Feedback Gains Design 

 Let , , , 

,  and 
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, , , 
,  and 0 ≤ a < 0 is a pre-defined 

scalar.  From (13), we have, 
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Remark 8:  It should be noted that the stability condi-

tion is less relaxed by choosing .  

However, under such choice, it can convert the feedback 
gains as decision variables in the LMI conditions of (16) 
and (17) to ease the feedback gain design. 
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B.  System Performance Design 
 The proposed fuzzy controller is designed subject 
to the following scalar performance index which is 
commonly used in the traditional optimum control prob-
lem [14]. 
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where η is a non-zero positive scalar.  The performance 
index J is attenuated to a prescribed level η.  From (19), 
we have, 
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 It can be seen that (20) holds when the following 
inequality holds. 
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 By Schur complement, the inequality of (21) is 
equivalent to the following inequality. 
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 If W i < 0 for all i, the inequality of (22) will be 
satisfied.  In order to constrain the element values of Rij 
and Sij to prevent them going to large values which make 
the auxiliary system impractical, the following con-
straints are imposed. 

IRR 1
T σ≤ijij , i, j = 1, 2, ..., p    (24) 

ISS 2
T σ≤ijij , i, j = 1, 2, ..., p    (25) 

where σ1 and σ2 are non-zero positive scalars to be de-
termined.  By Schur complement, (24) and (25) are 

equivalent to the following LMIs, 
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 The LMI conditions of Wi < 0 for all i, (26) and 
(27) are the performance conditions.  It should be noted 
that the performance conditions govern the system per-
formance only.  The system stability will not be af-
fected by dissatisfaction of the performance conditions.  
The design of feedback gains and system performance 
subject to the system stability can be cast as a GEVP 
(generalized eigenvalue problem) and are summarized in 
the following theorem. 
 
Theorem 4:  The fuzzy-model-based control system 
form by the nonlinear system in the form of (2) and the 
ASD fuzzy controller of (6) is asymptotically stable if 
there exist a scalar 0 ≤ a < 1, non-zero positive scalars η, 
σ1 and σ2, and matrices , , 

,  and  such that the 
following GEVP is satisfied. 
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(26) and (27). 
 
Remark 9:  It should be noted that the values of a, σ1, 
σ2, J1, J2 and J3 have to be determined prior to applying 
Theorem 4.  To determine the value of a, searching al-
gorithm combined with convex programming technique 
can be employed. 
 

5.  SIMULATION EXAMPLES 
 

 Two examples are given in this section to illustrate 
the effectiveness of the proposed approaches. 
 
A.  Example 1:  Numerical Example 
 The same numerical example used in [8] is em-
ployed to show the merits of the proposed approach.  A 
simple fuzzy model with the following two fuzzy rules is 
considered. 
Rule i:  IF x1(t) is  THEN i

1M )()()( tutt ii BxAx +=& , 
i = 1, 2 (28) 
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where  and ; 

 and .  The feedback gains G
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G2 are designed under the same parallel distributed 
compensation (PDC) design criteria of [8] such that the 
eigenvalues of A1 + BB1G1 and A2 + B2B G2 are located at 
−1 and −15.  The stability conditions of Theorem 1 to 
Theorem 3 are employed to testify the stability of the 
closed-loop system.  Fig. 1 shows the stable regions 
(indicated by “o”) for the stability conditions of Theorem 
1 to Theorem 3 respectively for 2≤ r ≤ 6 and 5≤ s ≤ 16.  
For the proposed approach, the feedback gains  are 
set to zero.  As a result, the ASD fuzzy controller be-

comes .  The matrices E

jĜ

)(ˆ)(
2

1

twtu j
j

j xG∑
=

= ij and Fij 

are designed heuristically such that the eigenvalues of Ai 
+ BB

)

iGj +Eij and Ai + Fij for all i and j are located at −150 
and −200 respectively.  It can be seen from Fig. 1 that 
Theorem 3 provides larger stable region than those of 
Theorem 1 and Theorem 2.  The relaxation in the pro-
posed stability conditions are granted by the freely de-
sign matrices Eij and Fij of the auxiliary system. 
 Furthermore, the stability conditions can be fur-
thered relaxed if the ASD fuzzy controller is designed as 

.  The stable region of-

fered by this ASD fuzzy controller is shown in Fig. 1.  
Under this fuzzy controller, we choose the same G

( )(ˆ)(ˆ)(
2

1

ttwtu jj
j

j eGxG += ∑
=

j, Eij 
and Fij.  The feedback gain  is chosen heuristically 

such that the eigenvalues of  for all i are 
located at −1 and −20 respectively.  It can be seen that 
the stable region can be furthered enlarged. 

jĜ

iii GBA ˆ+

 In this simple numerical example, it can be seen 
that the proposed ASD approach is able to produce sta-
bility conditions relaxed than those of the existing ones 
[6], [8]-[10].  The relaxation of stability conditions is 
mainly due to the introduction of the freely designed 
matrices of Eij and Fij in the auxiliary system which pro-
vides enriched information to enhance the stabilization 
ability of the fuzzy controller.  Comparing the proposed 
ASD stability conditions with those in Theorem 1 and 
Theorem 2, it can be seen that the ASD stability condi-
tions are complicated comparatively.  However, the 
merits of the ASD control approach is shown when the 
existing stability conditions in Theorem 1 or Theorem 2 
fail to provide a stable design for fuzzy controller. 
 
 

B.  Example 2:  Inverted Pendulum 
 An application example on stabilizing a cart-pole 
typed inverted pendulum [15] using the proposed fuzzy 
controller is given in this section. 
 
Step I) The dynamic equations of the inverted pendu-
lum on the cart [15] is given by, 
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 (32) 
where x1(t) and x2(t) denote the angular displacement 
(rad) and the angular velocity (rad/s) of the pendulum 
from vertical respectively, x3(t) and x4(t) denote the dis-
placement (m) and the velocity (m/s) of the cart respec-
tively, g = 9.8 m/s2 is the acceleration due to gravity, m = 
0.22 kg is the mass of the pendulum, M = 1.3282 kg is 
the mass of the cart, l = 0.304 m is the length from the 
center of mass of the pendulum to the shaft axis, J = 
ml2/3 kgm2 is the moment of inertia of the pendulum 
round the center of mass, F0 = 22.915 N/m/s and F1 = 
0.007056 N/rad/s are the friction factors of the cart and 
the pendulum respectively, and u(t) is the force (N) ap-
plied to the cart.  The objective is to design a fuzzy 
controller to close the feedback loop such that x1(t) = x3(t) 
= 0 at steady state.  The nonlinear plant can be repre-
sented by a fuzzy model with two fuzzy rules [15].  The 
i-th rule is given by, 

Rule i:  IF x1(t) is  THEN i
1M )()()( tutt ii BxAx +=&  

for i = 1, 2                    (33) 
The system dynamics are described by, 

( )∑
=

+=
2

1
1 )()()()(

i
iii tutxwt BxAx&       (34) 

where [ ]T4321 )()()()()( txtxtxtxt =x ;  

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+−−

+−+
=

1
2

0111
22

10111
1

/)(0//
0100

/0/)(/)(
0010

amlJFamlFaglm

amlFamMFamglmM
A , 



H.K. Lam, et al.: Auxiliary-state-driven Fuzzy Controller for Nonlinear Systems Based on TS-fuzzy-model-based Approach  73  

( )

( ) ( ) ⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+−−

+−+
=

1
2

0212
22

20212

2

/)(0/3/cos/3/cos
2

33
0100

/3/cos0/)(/)(
2

33
0010

amlJFamlFaglm

amlFamMFamglmM

ππ
π

π
πA

, 

, ; 

, 
.  

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

−
=

1
2

1
1

/)(
0

/
0

amlJ

aml
B

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

−
=

2
2

2
2

/)(
0

/)3/cos(
0

amlJ

aml π
B

222
1 ))(( lmmlJmMa −++=

2222
2 )3/cos())(( πlmmlJmMa −++=

∑
=

= 2

1
1M

1M
1

))((

))((
)(

1

1

l

i

tx

tx
xw

l

i

μ

μ
.  The membership functions are 

defined as 

)6/)((7)6/)((71M 11
1
1 1

1
1

11))(( ππμ +−−− +
⎟
⎠
⎞

⎜
⎝
⎛

+
−= txtx ee

tx  and 

))((1))(( 1M1M 1
1

2
1

txtx μμ −= . 

 
Step II) From (6), a two-rule ASD fuzzy controller is 
proposed to handle the nonlinear plant described by (29) 
to (32).  The fuzzy rules are of the following format. 
Rule j:  IF x1(t) is  j

1M
       THEN , j = 1, 2 (35) )(ˆ)( ttu j xG=

where  is the system state vector of the auxiliary 
system.  The fuzzy controller is described by, 
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Step III) From (7), the auxiliary system is defined as 
follows, 

( )( ))()(ˆ))(())(()(ˆ  

2

1

2

1
11 tttxwtxwt ijijjii

i j
ji eFxEGBAx −++= ∑∑

= =

&

]

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

××−×−×
×−×××−
×−×××−
××−×−×

=

−−−−

−−−−

−−−−

−−−−

3444

4456

4544

4644

102584.4106079.3106155.9106796.2
106079.3108573.4104964.2101517.7
106155.9104964.2105049.9102382.5

106796.2101517.7102382.5105914.4

X

 

 (37) 
where . [ T
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Step IV)  To apply the stability conditions in Theorem 4, 

we choose a = 0.9, σ1 = σ2 = 5×10−2, , 
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bility and performance conditions in Theorem 4 are sat-
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 It can be shown that the nonlinear system can be 
stabilized by the proposed ASD fuzzy controller.  Fur-
thermore, in order to show the effect of the performance 
conditions, the feedback gains and the system parame-
ters of the auxiliary system are obtained with 

,  and 

 respectively with other parameters 

being unchanged.  It can be seen that these J
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1s put dif-
ferent weights on x1(t) and x3(t).  Fig. 2 shows the sys-
tem state responses and the control signals of the 
fuzzy-model-based control systems under the initial sys-
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Referring to this figure, it can be seen that the fuzzy 

control system with , which places 
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1(t) and x3(t), offers the best per-
formance in terms of transient response and settling 
time. 
 Through this example, it can be seen that the pro-
posed ASD fuzzy controller can stabilize the nonlinear 
plant with the used of the derived stability conditions.  
Furthermore, the system performance can be designed 
by properly assigning the values of J1, J2 and J3.  In 
this example, for seek of simple structural complexity, 
the ASD fuzzy controller of (36) does not use the error 
state e(t).  It is revealed in example 1 that the ASD 
fuzzy controller with e(t) can further enhance its stabili-
zation ability.  Hence, when stable design of ASD fuzzy 
controller of (36) cannot be achieved, the ASD fuzzy 
controller with e(t) should be employed. 
 For comparison purpose, the obtained feedback 
gains, Gj, of the ASD fuzzy controller are put to the sta-
bility conditions in Theorem 2 to verify the system sta-
bility.  It can be shown that no feasible solution is 
achieved.  As a result, it can be seen that the stabiliza-
tion ability of the proposed fuzzy controller is not only 
granted by the feedback gains but also from the informa-
tion given by the auxiliary system.  The effectiveness of 
the proposed control approach and stability conditions 
can thus be reflected.  In the following, to differentiate 
the feedback gains in Theorem 2 and Theorem 3, the 
feedback gains in Theorem 2 are denoted as Kj.  In or-
der to apply Theorem 2 to design the feedback gains 
automatically, the feedback gains are designed as Kj = 
NjX−1, j = 1, 2.  By putting this design into Theorem 2, 
the feedback gains can be determined by the convex 
programming techniques.  Furthermore, putting a = 1 to 
the performance conditions in Theorem 3, they become 
the performance conditions for Theorem 2.  The fuzzy 
controller for Theorem 2 is defined as 

 [9]-[10].  Considering 

 and all other parameter values un-

changed, the feedback gains are obtained as K
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1 = 
[3918.9683   310.4852   54.6481   289.3873] and 
K2 = [1988.0786   155.1525   24.5723   140.5409] 
by solving the solution of the stability conditions in 
Theorem 2 and the corresponding performance condi-

tions.  Fig. 3 shows the system state responses and con-
trol signal.  It can be seen that this fuzzy controller pro-
vides a better transient response at the cost of large mag-
nitude of control signal with peak magnitude around 
2054.4922 N.  Compared with that of the proposed 
control approach, the ASD controller produces less con-
trol power to realize the control process. 
 

6.  Conclusion 

 An auxiliary-state-driven fuzzy controller has been 
proposed to handle nonlinear systems.  With a proper 
design, the system stability of the fuzzy-model-based 
control system is implied by the auxiliary system and the 
error system.  The auxiliary system offers some freely 
designed matrices contributed to the system stability.  
With these freely designed matrices, the stability condi-
tions can be relaxed compared with some existing ones.  
Based on the Lyapunov-based approach, LMI-based sta-
bility and performance conditions have been derived.  
Simulation examples have been given to illustrate the 
merits of the proposed approach. 
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Fig. 1.  Stable regions of different theorems.  (a). 
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Fig. 2(a).  x1(t). 
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Fig. 2(b).  x2(t). 
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Fig. 2(c).  x3(t). 
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Fig. 2(d).  x4(t). 
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Fig. 2(e).  u(t). 

Fig. 2.  System responses of the ASD fuzzy control 
system (solid lines) and the auxiliary system (dotted 

lines), and the control signal of the ASD fuzzy controller 
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Fig. 3(a).  x1(t).  Fig. 3(b).  x2(t). 
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Fig. 3(c).  x3(t).  Fig. 3(d).  x4(t). 
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Fig. 3.  System responses and control signal for the 
nonlinear system with the published fuzzy controller 
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