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Abstract11 

 We describe fuzzy sets of type-2 and look at the 
definition of some of the available operations. With 
the aid of the extension principle we suggest some 
operations for implementing the concept of con-
tainment between fuzzy sets of type-2. We discuss 
the idea of specificity of a fuzzy set. We suggest a 
procedure for calculating the specificity of a interval 
value type-2 fuzzy subset. We show the uniqueness 
of this procedure. We then extend our method to the 
case of a general type-2 fuzzy subset. 
 

 
 

1. Introduction 
 

Beginning with his fuzzy set based theory of ap-
proximate reasoning [1-4] and continuing to his recent 
work on the generalized theory of uncertainty [5] Zadeh 
has developed a framework/system for reasoning with 
information expressed in a natural language. A central 
requirement of such a system is the ability to make de-
ductions and inferences. One important deduction rule 
in Zadeh's generalized theory of approximate reasoning 
is the entailment principle [4-8], this principle is closely 
related to the binary logic law of addition which allows 
one to infer A or B from the knowledge of A. Effec-
tively the entailment principle allows one to infer less 
precise information from more precise information. 
Central to the formalization and implementation of de-
duction in the theory of approximate is the fuzzy set 
operation of containment. In addition the concept of 
specificity [9], via the principle of minimal specificity 
[10, 11], plays an important role in the theory of ap-
proximate reasoning. 

Recent interest has focused on the use of 
non-standard fuzzy sets as a way of representing lin-
guistic, imprecise and granular information. Particularly 
notable here is the interest in fuzzy subsets of type-2 
and especially the case of type-2 fuzzy subsets with in-
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terval valued membership grades [12-18]. Our focus 
here is to support the use of fuzzy subsets of type-2 
within the framework of Zadeh's generalized theory of 
approximate reason by extending the operation of con-
tainment and the concept of specificity to the case of 
fuzzy subsets oftype-2. 
 

2. The Extension Principle 
 

Central to working with fuzzy subsets of type-2 is 
Zadeh's extension principle [1, 19-21]. This principle 
allows us to extend operators defined on elements of a 
space to act on fuzzy subsets of the space. In the fol-
lowing we define various manifestations of this princi-
ple. We shall let X, Y and Z be three sets. 

Assume f: X → Y, it maps an element in X to an 
element in Y, f(x) = y. Let A be a fuzzy subset of X, 

}
x

A(x){A
Xx ∈

∪= . Using the extension principle we obtain 

f(A) = G where G is the fuzzy subset of Y such that 
}

f(x)
A(x){G

Xx ∈
∪= . An alternative description of G is in 

terms of its membership function, ]A(x)[MaxG(y)
f(x)y 

s.t.x  
=

= . 

A simple example of this is f: R → R where 
32xf(x) += . In this case }

32x
A(x){f(A)

+
= . Another exam-

ple is 2xf(x) =  here }
x

A(x){f(A) 2= . 

Assume f: X × Y → Z, it maps pairs of (x, y) to point 
in points of Z, f(x, y) = z. Let A and B be fuzzy subsets 
of X and Y respectively then using the extension prin-
ciple F(A,B) is a fuzzy subset G of Z such that 

}
y) f(x,
B(y)A(x){GB)f(A,

YX y) (x,

∧∪==
×∈

. Alternatively we ex-

press G in terms of its membership function, 
]B(y)A(x)[MaxG(z)

y)f(x,y 
s.t.  y) (x,

∧=
=

. Many binary operators can be 

extended using the version of the extension principle. 
This is particularly useful for arithmetic operators [22]. 

More generally let f: X1 × X2 ×..  . × Xn → Z, 
f(x1, ..., xn) = z. Assume Ai, i= 1 to n, are fuzzy subsets 
of Xi then f(A1, ..., An) is a fuzzy subset of Z such 

}
)x,...,f(x
)](x[AMin{)A..., ,f(A

n1

iii

X...X)x,...,(xn1
n1n1 ××∈

∪=  

There exists another example of the extension princi-
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ple which provides for the extension of set operators. 
Prior to defining this we shall introduce some concepts 
that are needed. Assume A is a fuzzy subset of X. For 
any α∈[0, 1] we define D = α → A as the fuzzy of X 
such D(x) = α A(x), we multiply the membership grades 
of A by α. In the special case where A is a crisp subset, 
a fuzzy subset with membership grades either 1 or 0, 
then D is a fuzzy subset such D(x) = α if x∈A and D(x) 
= 0 if x∉A. 

We now recall the concept of α-level sets. Let A be a 
fuzzy subset of X the α level set of A is a crisp subset 
A  of X such that A  = {x/A(x) ≥ α}. α α

Combining the preceding two allows us to obtain the 
resolution identity. Any fuzzy subset A of X can be ex-
pressed as 

α

1

0 α
AαA →∪=

=
 

We now can define the set version of the extension 
principle. Again let X and Y be two sets. Let H be a 
mapping that takes ordinary subsets of X into Y, H: 2X 
→ Y. It is a set mapping. We now extend H to act on 
fuzzy subsets of X. Let A be a fuzzy subset of X we 
define 

}
)H(A

α{H(A)
α

1

0 α =
∪= . 

 
3. Fuzzy Subsets of Type-2 

 
A fuzzy subset of type-2 is a fuzzy set whose mem-

bership grades are fuzzy subsets of the unit interval. In 
the following we shall denote the unit interval [0, 1] as I. 
Thus if A is a type-2fuzzy subset of X then for any 
x∈X its membership grade, A(x), is a fuzzy subset of I. 
At times, for notational convenience, we shall express 
the fuzzy subset A(x) as Ax. Using this for any r∈[0,1], 
Ax(r) is the membership grade of r in the fuzzy subset 
Ax. An important special class of type-2 memberships 
grades are interval valued. These have been extensively 
studied by Mendel and Turksen [14, 18]. A membership 
grade Ax is said to be interval valued if there exists 
some interval [a, b]∈[0, 1] such that Ax(r) = 1 for r∈[a, 
b] and Ax(r) = 0 for r∉[a, b]. We shall find it conven-
ient to denote such interval valued membership grades 
simply as [a, b]. There two notable examples of interval 
valued membership grades. The first, [a, a], corresponds 
to a precise membership grade of a. In this case A(x) = 
a. It is a fuzzy subset where Ax(r) = 1 for r = a and 
Ax(r) = 0 for r ≠a. The other notable case is Ax = [0, 1]. 
This corresponds to the case where the membership 
grade of x in A is completely unknown. Another inter-
esting interval membership grade is Ax = [α, 1] this is 

can be expressed as "at last α". Another interesting 
membership grade is Ax = [0, α] this is "at most α." 

It should be clear that an ordinary fuzzy subset can be 
viewed as a type-2 with membership [A(x), A(x)]. 

We now look at some operations on type-2 fuzzy sets. 
Here considerable use will be made of the extension 
principle. In the following we shall refer to ordinary 
fuzzy subsets simply as fuzzy subsets and use the quali-
fication type-2 when we want to denote a fuzzy subset 
of type-2. 

Assume H is a fuzzy subset of X, its negation H is 
the fuzzy subset of X such that H(x) = 1 – H(x). We 
extend this operation to type-2 fuzzy subsets using the 
extension principle. Let A be a type-2 fuzzy subset its 
negation A is a type-2 fuzzy set of X such that 

}
r-1
(r)A{A(x)A x

1

0 rx =
∪== . 

Here the fuzzy subset Ax is the membership grade of x 
in A and Ax(r) is the membership grade of r in Ax. We 
note that A x can alternatively be expressed as  

}
r

r)-(1A{A x
1

0 rx =
∪=  

For the case where Ax interval valued, Ax = [a, b], 
then Ax = [1 - b, 1 - a]. Thus the negation of an interval 
valued membership grade is still internal valued. We 
note the following special cases of negation of interval 
values: 

Ax = [a, a]      Ax = [1 - a, 1 - a] 
Ax = [0, 1]      Ax = [0, 1] 
Ax = [a, 1]      Ax = [0, 1 - a] 
Ax = [0, a]      Ax = [1 - a, 1] 

Assume H and G are fuzzy subsets of X their interac-
tion, T = G∩H is a fuzzy subset of X such that T(x) = 
Min[G(x), H(x)]= G(x)∧ H(x). We now extend this to 
type-2 fuzzy subsets. Let A and B be type-2 fuzzy sub-
sets there intersection is a type-2fuzzy set D = A∩ B 
where 

}
rr

)(rB)(rA{DD(x)
21

2x1x

Ir,r
x 2

21 ∧
∧

∪==
∈

 

For the case of interval valued membership grades, Ax 
= [La, Ua] and Bx = [Lb, Ub], we get 

∧Dx = [La Lb, Ua Ub] ∧
It's worth noting that if Ax = [0, 1] then Dx = [0, Ub], at 
most Ub, and if Ax = [La, 1] then Dx = [La∧ Lb, Ub] 

For the case of union S = G H with S(x) = 
Max[G(x), H(x] = G(x) H(x)]. The extension to 
type-2 follows in a similar way to the above. That is E = 
A∪B is type-2 with 

∪
∨

}
rr

)(rB)(rA{EE(x)
21

2x1x

Ir,r
x 2

21 ∨
∧

∪==
∈
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For the interval case where Ax = [La, Ua] and Bx = [Lb, 
Ub] then Dx = [La∨ Lb, Ua∨ Ub]. In the special case 
where Ax = [0, 1] then Dx = [Lb,1], at least Lb. If Ax = 
[La, 1] then Dx = [La Lb, 1]. If Ax = a then Dx = 
[Lb a, Ub a] 

∨
∨ ∨

Actually we can provide a more general result that is 
particularly useful in the case of interval valued type-2 
membership grades. Assume G and H are two fuzzy 
subset of X. Let R be a fuzzy subset of X denoted R = 
G H where R(x) = F(G(x), H(x)). Here we shall as-
sume that F is monotonic and continuous, F(a1, b1) ≥ 
F(a2, b2) if a1 ≥ a2 and b1 ≥ b2. We can extend this to 
type–2. If A and B are type-2then the extension is D = 
A B where 

⊥

⊥
}

)r,F(r
)(rB)(rA{DD(x)

21

2x1x

Ir,r
x 2

21

∧
∪==
∈

 

Consider now the case of interval valued membership 
grades, Ax = [La, Ua] and Bx = [Lb, Ub]. We see that 

in this case }
)r,F(r

1{D
21]U,[Lr

]U,[Lrx

bb2
aa1

∈
∈
∪= . From the monotonic-

ity and continuity of F we get the simple result that 
Dx = [F(La, Lb), F(Ua, Ub)] 

Furthermore if F is not continuous but just monotonic 
then while Dx is not necessarily an interval we can say 
it is a crisp subset such that Dx [F(La, Lb), F(Ua, 
Ub)]. 

⊆

We recall t-norms [23] provide a generalization of 
the Min operation used to define intersection. Thus P = 
G H can be defined by P(x) = T(G(x), H(x)) where T 
is a t-norm. Similarly t-conorms provide a generation of 
the Max operator used to define union. Thus Q=G H 
can be defined by Q(x) = S(G(x), H(x)). Since t-norms 
and t-conorms are by definition monotonic and often 
are continuous the preceding result allows us easily to 
implement aggregations using these operators. 

∩

∪

Another interesting special case of F can be consid-
ered. We shall say F is mixed monotonic if it satisfies 
the conditions 

F(a, c) ≥ F(b, c)      if a > b 
F(c, a) ≤ F(c, b)      if a > b 

Here F is monotonically increasing in the first argument 
and monotonically decreasing in the second argument. 
We shall additionally assume that F is also continuous. 
We now consider interval membership grades for this 
class of operators. Thus here Ax = [La, Ua] and Bx = 
[Lb, Ub]. It can easily be shown in this case that 

Dx = [F(La, Ub), F(Ua, Lb)] 
Here we combine the smallest element in Ax with the 
largest element in Bx to get the lower bound of Dx and 

we combine the largest value in Ax with the lowest 
value in Bx to get the upper bound of Dx. In the case 
where F is not continuous but still mixed monotonic we 
get that Dx is still a crisp subset of the unit interval but 
we can only conclude that Dx [F(La, Ub), F(Ua, Lb)]. ⊆

We now consider the special cases where F is some 
arithmetic operation: addition, subtraction, multiplica-
tion and division. When necessary we shall let F+, F-, 
Fx, F/ respectively denote the operation. We now con-
sider the extension to type-2 sets, G = A B, where A 
and B are type-2 and 

⊥
⊥  is an arithmetic operation. In 

this case as in the preceding 
}

)r,F(r
)(rB)(rA{DD(x)

21

2x1x

r,rx
21

∧
∪==  

Before proceeding we note that extension of arithmetic 
operations to ordinary fuzzy sets have been investigated 
by Dubois and Prade [24] in considerable detail. Our 
particular interest here is in the case where Ax and Bx 
are interval fuzzy sets, Ax = [La, Ua] and Bx = [Lb, 
Ub] 

Let us consider the individual arithmetic operators. 
First we consider addition = + (F = F+). Since addi-
tion is both a monotonic and continuous operator then 
using our earlier result 

⊥

D(x) = [La + Lb, Ua + Ub] 
In the situation when all the numbers are 

non-negative, as is the case when the intervals lie in the 
unit interval, multiplication is also monotonic as well as 
continuous. Thus if ⊥ = *, (F = F*) then D(x) = [La * 
Lb, Ua * Ub] 

Subtraction on the other hand is mixed monotonic 
thus if Ax - Bx = [La, Ua] - [Lb, Ub] then Ax - Bx = 
[La - Ub, Ua, - Lb]. 

Division in the case when all the arguments are 
non-negative is also mixed monotonic. Thus if Ax /Bx 
= [La, Ua] / [Lb, Ub] = [La / Ub, Ua, / Lb] 

In passing we note that the operation of raising to a 
number to a power, ab, when all numbers are 
non-negative is also monotonic. Thus for the interval 
case we get 

[La
La, Ua

Ua](Ax)Bx = [L  = a, Ua][Lb, Ub]
 

 
4. Containment of Fuzzy Sets of Type-2 

 
We now consider the issue of the containment rela-

tionship betweentype-2 fuzzy subsets. We first recall 
the situation for regular fuzzy subsets. Assume A and B 
are two fuzzy subsets of X. In his original paper Zadeh 
[19, 25] suggested that A B if A(x) ≤ B(x) for all ⊆
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x∈X. Bandler and Kohout in their classic paper [26, 
27] noted the binary nature of Zadeh's definition and 
suggested an alternative, and more general definition, 
more in the spirit of the concept of gradualness associ-
ated with fuzzy sets. Fundamental to their definition 
was the realization that the "the degree to which A is a 
fuzzy subset of B is the degree of membership of A is 
the power set of B." In [26] the authors operationalized 
this idea using the following definition. 
Definition: Assume A and B are fuzzy subsets of X. 
The degree to which A is a subset of B, denoted 
∏(A⊆B), is defined as 

]B(x)A(x)[Min)BA(
Xx 

→=⊆∏
∈

 

Here  is the ply or implication operation. A proto-
typical example of a→b is 

→
a∨ b. 

Klir and Yuan [28] as well as Bandler and Kohout 
[26] investigated these ply operators and described 
some required and optional properties. In the following 
we shall denote a b as P(a, b). Among the properties 
required of this operator are 

→

1) Anti-monotonicity in the first argument: P(a, c) ≤ 
P(b, c) if a > b 

2) Monotonicity in the second argument: P(c, a) ≥ P(c, 
b) if a > b 

3) P(a, 1) = 1 
4) P(0, b) ≥ b 
We point our that these operators are not necessarily 
symmetric, P(a, b) ≠ P(b, a). 

Many examples of these operators can be described. 
Some of the more notable examples of this operator are 
1. P1(a, b) = Max[a, b] 
2. P2(a, b) = Min[1,a+b] 

3. P3(a, b) = Min[1,
a
b ] 

4. P4(a, b) = 1 if a ≤ b 
 P4(a, b) = 0 if a > b 
We now consider the issue of extending the defini-

tion of containment provided by Bandler and Kohout to 
the case of type-2 fuzzy subsets. Here we must first ad-
dress the issue of extending A(x)→B(x) to the situa-
tion where A(x) and B(x) are fuzzy subsets. In the fol-
lowing we shall just consider the case where we have 
interval valued type-2 fuzzy subset. Thus here Ax = a = 
[La, Ua] and Bx = b = [Lb, Ub]. 

Let us first look at the ply operator P1(a, b) = Max(a, 

b). Since a = [Ua, La] then 
P1(a, b)=Max([Ua, La], [Lb, Ub])=[Ua∨ Lb, La∨ Ub] 

If a = [0, 1], unknown, then P1(a, b) = [Ua, 1]. If both 
are unknown as we would expect P1(a, b)=[0, 1]. 

Let us now consider P2 when a = [La, Ua] and b = 

[Lb, ub]. Here since a = [Ua, La] we get a + b= [Ua+ 

Lb, La + Ub] and finally 

P2(a, b) = [1∧ (Ua + Lb), 1 (La∧  + Ub)] 

If a = [0, 1], unknown then Ua = 0 and La = 1 and 
hence P2(a, b) = [1∧ Lb, 1∧ 1 + Ub] = [Lb, 1] 

If b = [0, 1] unknown then P2(a, b)= [Ua, 1] 
Actually a closer look at P1 and P2will enable us to 

provide a unification. We note that the operations x y 
and 1

∨
∧ (x + y) are examples of t-conorms [29]. This 

inspires us to provide a unification. If we let S be any 
continuous t-conorm then 

PS([La, Ua], [Lb, Ub]) = [S(Ua, Lb), S(La, Ub)] 

a
bWe now consider the case P3(a, b) = Min[1, ] 

when a = [La, Ua] and b = [Lb, Ub]. Since division is 

mixed monotonic then ] 
L
U , 

U
L[  ≠ 

a
b

a

b

a

b . Using this P3(a, 

.]
L
U 1,

U
Lb

a

b

a

b ∧∧  

In the case when = [0, 1] then P3(a, b) = [Lb, 1] and 
when b = [0, 1] then P3(a, b) = [0, 1]. 

Finally we consider the extension of P4. Here we 
have 

P4(a, b) = 1      if b ≥ a 
P4(a, b) = 0      if b < a 

The extension to the case where a = [La, Ua] and b = 
[Lb, Ub] is not self-evident. One possible extension is 
the following 

P4(a, b) = [1, 1]      if Lb ≥ Ua 
P4(a, b) = [0, 0]      if La ≥ Ub 
P4(a, b) = [0, 1]      otherwise 

In the preceding we have suggested a number of dif-
ferent ways of extending A(x)→B(x)for the case where 
both A(x) and B(x) can be interval values. Using these 
extension we obtained interval values, thus A(x) B(x) 
= [Lx, Ux]. In order to obtain ∏(A B) we must calcu-
late . In this case 

→
⊆

 =⊆∏ )BA(]B(x)A(x)[Min
Xx 

→
∈

)]U(Min),L(Min[])U,L([Min xXx xXx xxXx ∈∈∈
= . Thus here we get an 

interval value for the degree to which A is contained in 
B. 

We now consider an alternative extension of P(a, b). 
This extension has the useful feature of giving us a sin-
gle value instead of an interval value even in the case 
where a and b are intervals. Using this will enable us to 
obtain a point value for the degree of containment of A 
in B even when both A and B are interval value type-2 
fuzzy sets. Again let a = [La Ua] and b = [Lb, Ub]. Fig-
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ure 1 will be useful in understanding this method. The 
first step in calculating P(a, b) is to draw a rectangular 
in the x – y space as shown in figure 1 where the lower 
left coordinate is(La, Lb) and the upper right is (Ua, 
Ub). The area of this rectangle is ∆a ∆b where ∆a = Ua 
– La and ∆b = Ub – Lb. We next draw the line y = x 
and calculate the area of the rectangular that is above 
the line x = y. This is denoted 1  in the figure 1. Fi-
nally we calculate 

P(a,b) = 
Area in 1 

baΔΔ   
Thus P(a, b) is the proportion of the rectangle that is 
above the line x = y. 
 

x

y

Lb

Ub

UaLa

y = x
1

 
Fig. 1  Basic Calculation of P(a, b) 

 
Some special cases are shown in figure 2 and figure 3. 

In figure 2 we see the case when Ua ≤ Lb, that is La≤ 
Ua ≤ Lb ≤ Ub. Here area 1  is the whole rectangular 
and hence P(a, b) = 1. 
 

x

Ub

Lb

La Ua

y = x1

 
Fig. 2  All area above x = y, P(a, b) =1 

 
At the other extreme is the case where Lb ≤ Ub ≤ La 

≤ Ua. In this case as shown in figure 3 the whole rec-
tangle is below x = y and hence P(a, b) = 0. 
 

x

Ub

Lb

La Ua

y = x
y

 
Fig. 3  P(a, b) = 0 

Conveniently we can decompose the ordering be-

tween La, Ub, and Lb and Ub into six distinct cases and 
determine P(a, b) for each of these. The six cases are: 
1) La < Ua ≤ Lb < Ub 
2) La ≤ La ≤ Ua ≤ Ub 
3) La ≤ Lb≤ Ub ≤ Ua 
4) Lb ≤ La< Ua ≤ Ub 
5) Lb ≤ La≤ Ub ≤ Ua 
6) Lb < Ua <La ≤ Ub 

Since we have already investigated the first and sixth 
case let us now consider the four other cases: 2, 3, 4, 5. 
We can easily show in the second case where La ≤ Lb ≤ 

Ua ≤ Ub that the Area of −= baΔΔ  1 2
ba )LU(

2
1

−  and 

hence P(a, b) = 1 - 1
2 

(Ua - Lb)2

Δa Δb
. In the third case where 

La ≤ Lb≤ Ub ≤ Ua it can be shown that Area of 1  = 
2
bbab 2

1)LL( Δ+Δ−  and hence in this case P(a, b) = 

(Lb - La) + 1
2

 Δb

Δa
. In the fourth case where Lb ≤ La≤ Ua ≤ Ub 

we can show that the Area of 1  = (Ub - Ua)∆a + 
 1
2

(∆a)2 and hence P(a, b) = (Ub - Ua) + 1
2

 Δa

Δb
. Finally in the 

fifth case where Lb ≤ La ≤ Ub≤ Ua we get that Area of 
1  = 2

ab )L - (U
2
1

 and hence P(a, b) = 
ba

2
ab

ΔΔ
)L(U

2
1 − . 

In the preceding we implicitly assumed Ua ≠ La and 
Ub ≠ Ub. We must consider the situations in which this 
not true. If Ua = La = a and Ub = Lb = b then P(a, b) = 
1 if b ≥ a and P(a, b) = 0 otherwise. If Ua = La = a and 
Ub ≠ Lb then 

P(a, b) = 1          if a ≤ Lb 
P(a, b) = Ub - a

Ub - Lb     if Lb< a < Ub
 P(a, b) = 0          if a ≥ Ub 

If Ua≠ La and Ub = Lb = b then 
P(a, b) = 0          if b ≤ La 
P(a, b) = b - La

Ua - La     if La ≤ b ≤ Ua
 P(a, b) = 1          if b ≥ Ua 

In Table 1 we provide a summary of the calculation 
of this operator. It can be noted that effectively this op-
erator can be viewed as a probabilistic like operator. In 
particular we can consider two random variables x and 
y such that x is uniformly distributed on the range 
[La,Ua] and y is uniformly distributed on the range [Lb, 
Ub]. The our operator can be viewed as  

P(a, b) = Prob(y ≥x) 
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Table 1 
 

1. La = ua = a and Lb = Ub =b 
P(a, b) = 1       if b ≥ a 
P(a, b) = 0       if b < a 

2. La = Ua = a and Lb ≠ Ub 
P(a, b) = 1         if a ≤ Lb 

bb

b

LU
aU  b) P(a,

−
−

=    if Lb ≤ a < Ub 

P(a, b) = 0         if a ≥ Ub 
3. La ≠ Ua and Lb = Ub = b 

P(a, b) = 0         if b ≤ La 

aa

a

LU
Lb  b) P(a,
−
−

=    if La < b < Ub 

P(a, b) = 1         if b ≥ ua 
4. La ≠ Ua and Lb ≠ Ub 

1  b) P(a, =                 La≤ Ua ≤ Lb ≤ Ub 

ba

2
ba

ΔΔ
)L(U

2
1 1 b) P(a, −

−=     La ≤ Lb ≤ Ua ≤ Ub 

a

bab

Δ

Δ
2
1)L(L

  b) P(a,
+−

=       La ≤ Lb ≤ Ub ≤ Ua 

b

aab

Δ

Δ
2
1)U(U

  b) P(a,
+−

=    Lb ≤ La ≤ Ua ≤ Ub 

ba

2
ab

ΔΔ
)L(U

2
1  b) P(a, −

=       Lb ≤ La ≤ Ub ≤ Ua 

0  b) P(a, =                Lb ≤ Ub ≤ La ≤ Ua 
 
 
 

5. The Role of Specificity 
 

The concept of specificity [9, 30-34] plays a funda-
mental role in granular computing by providing a 
measure of the amount of information contained in a 
fuzzy subset or possibility distribution. Its role in fuzzy 
set and possibility theory is analogous to the role that 
entropy plays in probability theory. The specificity 
measure evaluates the degree to which a fuzzy subset 
points to one and only one element as its member. 
While closely related to the inverse of the cardinality of 
a set it has an additional degree of sophistication in that 
it must handle non-normal fuzzy subsets. Klir [35] has 
discussed a related idea which he calls non-specificity 
however this is defined for normal fuzzy subsets. 

We first emphasize the distinction between specific-
ity and fuzziness. Fuzziness is generally related to the 
lack of clarity of membership in some set whereas 
specificity is related to the granularity of the knowledge 
of some attribute. For example, knowing that the length 

of a river is between fifty and sixty miles is not fuzzy, 
for we know with clarity what are the possible values 
for the length of the river, however it is not specific for 
we don't the exact length of the river. In most cases 
these two kinds of uncertainty appear together as in the 
knowledge that the river is approximately 50 miles long. 
To succinctly distinguish between these two concepts 
we can say that fuzziness is fundamental to measuring 
gradualarity while specificity is fundamental to meas-
uring granularity. 

Many applications have made use of the measure of 
specificity. Kacprzyk [36] describes its use in a system 
for inductive learning. Yager [37, 38] has shown its 
usefulness as a measure anxiety in making a decision. 
The more specific the set of choices the easier, the less 
anxiety provoking the decision. Another important area 
of application is in the measurement of performance of 
expert systems and other information proving systems. 
In this environment the specificity concept plays a role 
in the determination of the usefulness of the information 
provided by a system. In this regard we note that an in-
crease in specificity of information provided generally 
tends to increase the usefulness of the information. 
Consider an expert system which is used to predict the 
weather. Assume that the system says that the tempera-
ture will be above zero degrees Fahrenheit. While this 
system will in most cases be correct, the information it 
provides will not be very useful if the output of the sys-
tem is to be used to determine what kind of clothes we 
should wear. This example brings into focus a very 
fundamental uncertainty principle in information theory 
which we call the specificity-correctness tradeoff. 
What this principle says is that in providing information 
we generally must make a tradeoff between being very 
specific and running the risk of being incorrect or being 
unspecific and running the risk of providing useless in-
formation. In expert and other knowledge based sys-
tems we desire both correctness and specificity with its 
effect of providing more useful information. Thus the 
performance of systems should be judged by its per-
formance in both these measures, specificity and cor-
rectness [39]. More importantly this principle is funda-
mental to understanding many aspects of human com-
munication where people often choose their words to 
provide a balance between these conflicting criteria. 

Another area where specificity plays a fundamental 
role is in deductive reasoning systems. In the theory of 
approximate reasoning (AR), the inference mechanism 
associated with Zadeh's paradigm of computing with 
words [40], a central principle used in deduction is what 
Zadeh called the entailment principle [4]. The principle 
is a manifestation of the fact that one can always infer 
less specific information from more specific informa-
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1tion.  For example this principle allows us to infer from 
the knowledge that John is 23 years old the conclusion 
that John is over 20 years old. We note that reasoning 
the other way, going from less specific to more specific 
can not be done with complete confidence. We can't 
conclude from the fact that John is over 20 that he is 23 
years old. We note in [41] we investigated issues related 
to this. The principle of minimal specificity introduced 
by Dubois and Prade [11] is a manifestation of the close 
relationship between the concept of specificity and the 
entailment principle. Dubois and Prade using the con-
cept of minimal specificity show the central role of 
specificity in the theory of approximate reasoning [42]. 

calculating the degree to which the distribution points to 
one and only one element as its manifestation. 

In the following we provide a characterization of the 
measure of specificity over a finite universe X. In this 
definition we shall let A be a fuzzy subset of X and let 
aj be the jth largest membership grade in A. 

Definition: A measure Sp: Ix I (I = [0, 1]) is called a 
measure of specificity if it has the following properties: 

→

In many real world applications our available 
knowledge is not precise enough to allow us to solve 
the problem at hand. In these situations we must reduce 
the uncertainty by inferring something that is not totally 
justified and risk the possibility of concluding some-
thing that is not correct. One common motivation for 
going in this direction opposite of the entailment prin-
ciple is simplification, to help reduce complexity so as 
to enable an agent to more effectively and efficiently 
deal with their environment. The use of default rules is 
an example of this kind of simplification. In [43] we 
discussed the role of specificity in manipulating default 
knowledge. 
 

6. Characterization of Specificity 
 

The concept of specificity was introduced to measure 
the degree to which a fuzzy subset contains one and 
only one element. In [32] we provide a comprehensive 
discussion of this concept. In many applications of 
fuzzy subsets, especially those based on a possibilistic 
interpretation of a fuzzy subset, specificity can be seen 
as measuring the amount of information contained in 
the fuzzy subset. Consider the following three fuzzy 
subsets expressing information relating to the age of a 
person 

A1: 50 years old 
A2: about 50 
A3: middle age 

It should be clear A1 provides more information than 
A2 which in turn provides more information than A3. 
As noted the concept of specificity plays a role in pos-
sibility theory comparable to the concept entropy in 
probability theory. Both of these measure the amount of 
information contained in the associated distribution by 

                                                 
1 Essentially this principle is a generalization of a basic classical 
logic rule of reasoning called the law of addition which states 
from the knowledge that P is true we can always conclude P or 
Q is true. 

1) Sp(A) = 1 if and only if A is a singleton set, A = 
{x} 

2) Sp(Ø) = 0 
3) i. 0

a
(A)S

1

P >
∂

∂  

ii. 0
a
(A)S

j

P ≤
∂

∂   for all j ≥ 2. 

We see that condition one requires that the specificity 
is maximal, equal one, for only sets that are singletons. 
Condition two provides the second boundary condition, 
a measure of specificity assumes its minimal value for 
the null set. It should be noted unlike the first property 
we have not required this to be the only case for this to 
happen. The third condition imposes the characteristic 
that specifically increases as the largest membership 
grade increases and it decreases as any of the other 
membership grades increase. 

From the above definition a number of basic proper-
ties about measures of specificity can be easily ob-
tained. 
Theorem: Assume A and B are two normal fuzzy sub-
sets of X, they have at least one element with member-
ship grade one. Let aj and bj be the ordered membership 
grades in these sets. If aj ≥ bj for all j then Sp(B) 
≥Sp(A). 
Proof: Since starting from B we can obtain A by in-
creasing the j = 2 to n membership grades and since a 
measure of specificity is non-increasing with respect to 
changes in these elements we obtain the result. 

From this theorem we get some other basic properties 
of specificity. 
Corollary 1: If A and B are normal fuzzy subsets of X 
and A B then Sp(B) ≥ Sp(A). ⊂
Corollary 2: If A and B are two non-null crisp subsets 
of X where Card(A) ≥ Card(B)then Sp(B) ≥ Sp(A). 

Our characterization of specificity allows for many 
different realizations. A particular realization maybe 
useful for a particular application. In discussing par-
ticular realizations of the specificity measure we shall 
find the following definitions useful. 

Definition: Assume Sp and Sp  are two different 
measures of specificity on the space X. We shall say 

that Sp is a stricter measure of specificity then Sp, de-
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Spnoted Sp ≤ , if for any fuzzy subset A we have 

Sp(A) ≤ Sp(A). 
Definition: A measure of specificity will be called 
regular if for all fuzzy subsets in which the member-
ship grade is constant, A(x) = C for all x, we have 
Sp(A) = 0. 

Specificity plays an important role in procedures and 
algorithms for manipulating and reducing uncertainty. 
With this measure we have a tool which can guide us in 
the correct direction by telling us when information 
content is increasing or decreasing. In most cases the 
actual value of the degree of uncertainty is not as im-
portant as the relative uncertainty. This situation gives 
us considerable freedom in selecting the actual form of 
the measure to be used. One important consideration in 
the selection of a measure of specificity for a particular 
application is the ease with which we can manipulate 
the specificity measure under the operations needed in 
that application. Simple measures are always desirable. 

In [43] Yager looked at a number of different meas-
ures of specificity and introduced a class of specificity 
measures which he called linear specificity measures. 
Definition: Assume X is a finite set of cardinality n and 
let F be a fuzzy subset of X. A linear specificity meas-
ure is defined as 

n

1 j
j=2

Sp(F) = a  - w a∑ j
 

where aj is the jth largest membership grade in F and 
the wj's are a set of weights satisfying: 
1. wj∈[0, 1] 

2.  
n

j
j=2

w 1=∑
3. wj ≥ wi  for j < i. 

A notable member of this class is the specificity 

measure. 
n

1
j=2

1Sp(F) = a  -  a
n - 1 ∑ j

 This can be seen sim-

ply as expressing specificity as 
Sp(F) = largest membership grade - average of the oth-

ers. 
It can be shown that this is the least strict of the linear 
specificity measures. 
 

7. Specificity of Interval Valued Type-2Fuzzy 
Sets 

 
In the preceding we indicated that the measure of 

specificity of a fuzzy subset F can be calculated as 

Sp(F) = a1-∑  where a1 = Max [F(x)] is the larg-

est membership grade in F and aj is the jth largest 

membership grade. Furthermore the wj are a collection 
of non–negative weights that sum to one where wj ≥ wi 
if j < i. We indicated an important special case is wj 

= 1
n - 1

 for j = 2 to n. In this case if we index the xj's so 

that x1 has the maximal membership grade then SP(F) 

∑
=

=
n

2j
j1 )F(x

1-n
1- )F(x . We emphasize in this case we 

have no need to order the other membership grades. 
We now turn to the calculation of the specificity of a 

fuzzy subset of type-2. We shall use the specificity 

measure where 
1n

1w j −
=  for j = 2 to n. We shall ini-

tially focus on the interval valued type fuzzy subsets of 
type-2 extensively used by Mendel [18]. 

Here we assume that X = {x1, x2, ...,xn} and F is a 
type-2fuzzy subset such that the membership grade F(x) 
is an interval, F(x) = [L(x), U(x)] where 0 ≤ L(x) ≤ U(x) 
≤ 1. We note that this type membership grade can be 
viewed as a fuzzy subset of the unit interval, actually it 
is a crisp subset. 

We note when L(x) = U(x) this implies that F(x) is 
precise, F(x) = U(x) = L(x). An important case is where 
L(x) = U(x) =1, in this case F(x) = 1. We shall say that 
F is normal if there exists at least one x∈X such that 
L(x) =1, here of course we have F(x) = 1. We shall say 
that F is regular if there exists at least one x∈X such 
that U(x)= 1. We shall say that F is a strict type-2 in-
terval fuzzy subset if there exist at least one x∈X such 
that U(x)- L(x) ≠ 0. 

We now suggest the following procedure for calcu-
lating the specificity of an interval valued type-2 fuzzy 
subset: 
I. Determine the biggest of the lower bounds, = 

Maxx[L(x)]. (We shall assume this occurs at x*, 
that is = L(x*)). 

α

α
II. For all x calculate G(x) = U(x). α∧
III. Calculate the specificity of F as 

*x  x

1α - G(x)
n - 1 ≠

∑  Sp(F) =

Example: Assume X = {x1, x2, x3, x4, x4 5} and F is 
an intervaltype-2 fuzzy set with 

F(x1) = [0.3, 0.4], F(x2) = [0.6, 1], F(x3) = [0.4, 0.9], 
F(x4) = [0.2, 0.3], F(x5) = [0, 0.5] 

In this case = Maxx[L(x)] = 0.6, this occurs at x2. 
Using this we calculate G(x) =α U(x) 

α
∧

G(x1) = 0.6∧ 0.4 = 0.4 
G(x3) = 0.6∧ 0.9 = 0.6 

=

n

2j
jjaw x

G(x4) = 0.6∧ 0.3 = 0.3 
G(x5) = 0.6∧ 0.5 = 0.5 
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Using this we obtain In the following we shall confine ourselves to situation 
where X is a discrete set. 1

4
(1.8)

4
SP(F) =0.6 - (0.4 + 0.6 + 0.3 + 0.5) = 0.6 - = 0.15  

8. Uniqueness of Specificity Measure We can easily show that Sp(F)∈[0, 1]. Let us ob-
serve some other features of this approach to determin-
ing the specificity of F. First we note that for all x, 
G(x)∈[L(x), U(x)]. To verify this we first observe that 
G(x) = U(x) ≤ U(x). Furthermore since 

 
In the preceding we have suggested an approach for 

obtaining the specificity of a fuzzy subset of type-2 with 
interval valued membership grades. Other formulations 
can be considered. For example we can calculate 

α∧ α∧U(x) ≥ 
L(x) and since α = Maxx[L(x)] then for all x, 
U(x) ≥ L(x). In the special case where F is a type-1 

fuzzy subset, L(x) =U(x) = F(x), we observe that this 
reduces to the usual measure of specificity. In this case 

= Maxx[L(x)] = Maxx[F(x)] and therefore G(x) 
= U(x) = F(x) = Maxz[F(z)] F(x) = F(x) and 
hence Sp(F) = F(x*) - . 

α∧
α∧

α
α∧ α∧ ∧

*x  x≠
∑ F(x)

An important special case is a normal interval type-2, 
there exists some x* such that L(x*) = 1. Here of course 
L(x*)= U(x*) = F(x*) = 1. In the case α = 
Maxx[L(x)]= 1. With = 1 we get G(x) =αα ∧U(x) = 

U(x) and hence Sp(F) = 1 -
*x  x

1 U(x)
n - 1 ≠

∑ . In this case the 

specificity it is one minus the average o fall the upper 
bounds except that of x*. 

Another property of our definition is that for any 
strict type-2 fuzzy subset F we have SP(F) < 1.We ver-
ify this as follows. First we observe that if < 1 then it 
must be the case that SP(F) < 1. Consider now we have 

= 1. In this case since L(x*) = 1 then it must be true 
that F(x*) = L(x*)= U(x*) = 1 Let 

α

α
x be an element 

where U(x) > . > For this element as for all ele-
ments 

ˆL(x)

G(x) = U(α∧ x) = U(x). Since U(x) > then 
. Since  then  and hence 

ˆL(x)
0)x̂U( > 0)x̂G( > 0G(x)

*xx 

>∑
≠

∑
≠

<
−

−=
x

xx 
P

*

1G(x)
1n

11(F)S . 

Another interesting special case is when all the ele-
ments have the same membership grade. Here then for 
all x we have F(x)= [L(x), U(x)] = [a, b]. In this case 

= Maxx[L(x)] = a. Using this for all x that G(x) 

= b= a b = a. From this we see SP(F) = a -

α
α∧ ∧ 1

n - 1
(n - 

1) a = 0. In this case we get the minimal specificity. 
We note that this approach can be extended to the 

case where X = [c, d] and F is a type-2 interval fuzzy 
subset of X. Here we again let  and G(x) 

= U(x). Using this we calculate 
x  X

α= Max[L(x)]
∈

α∧

∫−
−=

d

cP dx G(x) 
cd

1α(F)S  

1F(x) = [L(x) + U(x)]
2

%  for all x and then obtain F(x*) = 

Maxx[F(x)]. Using this we can express the specificity 

of F as ∑
≠

=
*xx 

*
P (x)F~

1-n
1-)(xF~(F)S . 

More generally we can let QF(x) be such that QF(x) 
is any arbitrary value in [L(x), U(x)]. Using this we can 
calculate QF(x*) = Maxx[QF(x)]and then calculate 

∑
≠

=
*xx 

F
*

FP (x)Q
1-n

1-)(xQ(F)S . 

Essentially we see that any function QF(x) as de-
scribed above can be seen as a manifestation of a possi-
ble type-1 fuzzy subset that is consistent with the origi-
nal type-2 interval valued fuzzy subset F. Thus QF can 
be seen as an arbitrary manifestation of the imprecise 
fuzzy subset of type-2by a type-1 fuzzy subset. Thus 
one way to obtain the specificity of an interval valued 
type-2 fuzzy subset is to select some 
type-1manifestation and then calculate its specificity 
using the standard definition. 

An important special manifestation is one which we 

shall denote as QF. For this manifestation we let  = 
Maxx[L(x)] = L(x*). Using this we define 

α

QF(x*) =  α
Q α∧U(x) = G(x)      for x ≠ x* F(x) = 

This is essentially the manifestation that we used earlier 
in defining our original measure of specificity for inter-
val valuedtype-2 fuzzy sets. 

We prove an important theorem related to the 

uniqueness of QF. 
Theorem: Let F be a type-2fuzzy subset with interval 
membership grades, F(x) = [L(x), U(x)]. Let QF be any 
arbitrary manifestation of F, QF is a type 1 fuzzy subset 

such that QF(x)∈[L(x), U(x)] then SP(QF) ≥ SP(QF). 

∑
≠

∧
−

−=
*xx 

FP U(x)α
1n

1α)Q̂(SProof: . Consider now an 

arbitrary QF with QF(x)∈[L(x), U(x)]. Let Maxx[Q(x)] 
= QF(x**) = . We first observe that ≥α . This fol-β β
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lows since QF(x*) ≥ L(x*) ≥  and the fact that = 
Maxx[QF(x)]. Hence 

α β

** * **

* **

*
F

P F F F
x x x  x , x

*
P F F F

x x , x

Q (x )1 1S (Q ) = β - Q (x) = β -  - Q (x)
n - 1 n - 1 n - 1

1 1S (Q ) = (β - Q (x)) + (β - Q (x ))
n - 1 n - 1

≠ ≠

≠

∑ ∑

∑

 

while 

*

* **

P F
x  x

**

x  x , x

1ˆS (Q ) = α - α U(x) 
n - 1

α U(x ) 1= α -  - α U(x)
n - 1 n - 1

≠

≠

∧

∧
∧

∑

∑

 

* **

**
P F

x  x , x

1 1ˆS (Q ) = (α - (α U(x))) (α - (α U(x )))
1 n - 1n ≠

∧ + ∧
− ∑  

Consider any x ≠ x*, x** 
1) If U(x) ≥ α then α - (α ∧ U(x)) = 0 and hence 

- QF(x) ≥ β α - (α ∧ U(x)) 
2) If U(x) < α  then α ∧ U(x) = U(x). Since 

QF(x)∈[L(x), U(x)] then QF(x) ≤ U(x) and hence 
- QF(x) ≥ β α - U(x) 

Thus for any x ≠ x*, x* we have α - α ∧ U(x) ≤ - 
Q(x). 

β

Consider now the term α - (α ∧ U(x**)) since U(x**) 
≥ QF(x**) ≥  then β α ∧ U(x**) = α and hence α - 
(α ∧ U(x**)) = α - α = 0. Since - QF(x*) ≥ 0 ≥ β α 
- α ∧ u(x*) the result follows. 

Thus our early definition for the specificity of the 
type-2fuzzy set F is equal to the smallest specificity of 
any ordinary fuzzy subset that can be manifested from 
the interval valuedtype-2 set F. 
 

9. Measure with the Largest Specificity 
 

We now consider a related problem. Again let F be a 
type-2fuzzy subset with interval valued membership 
grades, [L(x), U(x)]. Here we are interested in finding 
the manifestation QF of F with the largest specificity. In 
anticipation of solving this we introduce the concept of 
a vortex subset. 
Definition: Let F be an interval valued type-2 fuzzy 
subset of X. A type-1 fuzzy subset Q of X is called a 
vortex subset associated with F if Q is such that there 
exists one element x*∈X such that Q(x*) = U(x*) and 
for all x ≠ x* is Q(x) = L(x). 

We further observe that if X = {x1, ..., xn} then there 
are exactly n vortex sets associated with F. We shall 
denote Qj as the vortex set where Qj(xj) = U(xj) and 
Qj(x) = L(x) for x ≠xj. 

We show the following theorem about vortex sets. 
Theorem: If Q is any manifestation of F, Q(x)∈[L(x), 

U(x)]there exists some vortex set Qk such that SP(Qk) 
≥SP(Q). 
Proof: Let Q be such that Maxx[Q(x)] = Q(xk). In this 
case 

P k
j k

1S (Q) = Q(x ) - Q(x )
n - 1 ≠

∑ j
 

Consider now the vortex set Qk, here Qk(xk) = 
U(xk ) and Qk(xj) = L(xj) for j ≠ k. It is easy to see that 

P k k j P
j k

1S (Q ) = U(x ) - L(x )  S (Q)
n - 1 ≠

≥∑ . 

Thus we see that the manifestation with the largest 
specificity must be a vortex subset. Let us now compare 
two vortex sets with respect to their specificity. Con-
sider without loss of generality Q1 and Q2. Here then 

1

P 1 1 j
j x

1S (Q ) = U(x ) - L(x )
n - 1 ≠

∑  

2

P 2 2 j
j x

1S (Q ) = U(x ) - L(x )
n - 1 ≠

∑  

Taking the difference we get 
2L(x )

n - 1
1L(x )

n - 1
SP(Q1) - SP(Q2) = (U(x1) - ) - (U(x2) - ) 

1
n - 1

1
n - 1

SP(Q1) - SP(Q2) = (U(x1) + L(x1)) - (U(x2) + L(x2)) 

1
n - 1

Thus we see if we define D(xj) = U(xj) + L(xj) then 

the manifestation of F with the largest specificity is the 
vortex set Qj such that D(xj) = Maxx[D(x)]. 

Using Q+ to denote the vortex set with the largest 
specificity we can make some observations. We first 
note that if for all xj we have U(xj) = 1 then the maxi-
mal vortex set is the Qj where L(j) = Maxx[L(x)]. It is 
the vortex set with the largest lower bound. We also 
observe that as n gets larger the calculation of D(x) and 
in turn the selection of Q+ is more and more determined 
by the upper bounds. We also note that if D(xj) = D(xk) 
then we have more than one possible manifestation for 
Q+. We further note that if L(x) = 1 then Q(x) = 1 and 
hence D(x) assumes its maximal possible value, n

n - 1
. 

Thus we see that if L(xj) = 1 then it is one of the possi-
ble maximal vortex sets. 
 

10. Specificity of General Type-2 Fuzzy Sets 
 

We now consider the issue of defining the specificity 
of a generaltype-2 fuzzy subset F. In this case each of 
the membership grades F(x) is a fuzzy subset of the unit 
interval. To obtain the specificity in this case we pro-
ceed as follows. For each x∈X we calculate 

F(x) = {x/F(x) ≥ } αα

the collection of level sets of its membership grade. We 
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now define fuzzy lower bound of F(x) as 

α

αL(x)={ }
Min[F(x) ]

%  

Here  is the smallest element in the  level 
set of F(x). Using this we calculate the effective lower 
bound . 

Min[F(x)α] α

1

α0
L̂(x)= Min[F(x) ] dα∫

From these effective lower bounds we now calculate 

= Maxx[β L(x)]. We let x* be such that = β L(x*), it 
is the element that attains the largest effective lower 
bound. 

For each x we now calculate the upper bound of its 
membership grade F(x). This is the fuzzy subset 

α

αU(x)={ }
Max[F(x) ]

%  

We proceed to then calculate 
1

α0
Û(x)= Max[F(x) ] dα∫  

Using this we obtain G(x) = β ∧ U(x). From this we 
calculate the specificity of F as 

*
P

x x

1 ˆS (F) = β - G(x)
n-1 ≠

∑  

We observe that if F(x) is an interval, F(x) = [a, b], 
then F(x) = [a, b] for all  > 0. In this case, 
Min[F(x) ] = a for  and hence . 

Similarly in this case Max[F(x) ] = b for all  and 

α α

α α 1

0
L̂(x)= a dα = a∫

α α
U(x) = { 1

b
} and hence U(x) = b. In this case G(x) = 

L(x*) b. This results in the same value for specificity 
as we had in the case formulated particularly for inter-
val type-2fuzzy sets. 

∧

 
11. Conclusion 

We discussed fuzzy sets of type-2 and looked at some 
of the available operations. With the aid of the exten-
sion principle we suggested a method for implementing 
the concept of containment between fuzzy sets of type-2. 
We suggested a procedure for calculating the specificity 
of a interval value type-2 fuzzy subset. We showed the 
uniqueness of this procedure. We then extended our 
method to the case of a general type-2 fuzzy subset. 
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