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On the Stability Analysis of Uncertain Fuzzy Models

M. Chadli

Abstract

This paper deals with the stability and the robust
stability of fuzzy models using a class of
nonquadratic Lyapunov functions. New sufficient
stability conditions are given for continuous-time
fuzzy models. The stability conditions are proved to
be less conservative than the quadratic case and
compared to another classes of nonquadratic
Lyapunov functions. The derived conditions are
solved using linear matrix inequalities (LMI) and the
S-procedure. Examples are given to illustrate the
proposed results.

Keywords: Continuous-time fuzzy models, stability,
uncertainties, Lyapunov methods, S-procedure, LMI.

1.Introduction

The stability analysis of the Takagi-Sugeno (T-S)
models [11] has been actively considered during the last
decade. This approach includes the Polytopic Linear
Differential Inclusions (PLDI) [1], multiple models
approach [8] and in some cases the Linear Parameters
Varying (LPV) approach (see e.g. [14] and references
therein).

The stability analysis and stabilisation of T-S models
is firstly studied using a common quadratic Lyapunov
function. However, the class of quadratic Lyapunov
function leads to significant conservativeness (see for
example [3][4][14]-[19]). To improve these results,
stability conditions have been established using a
piecewise quadratic Lyapunov function [5][6][15].
Unfortunately, when the supports of the activation
functions are infinite, the method does not introduce any
relaxation comparing with the quadratic result. Another
class of Lyapunov function candidates usually called
polyquadratic (or fuzzy quadratic) is also studied for
both continuous-time and discrete-time cases (see
[2][7][10][12][13][20][21] and references therein).

However, it is interesting to notice the great
difference between the results of the continuous domain
and the discrete domain. Thus, whereas the stability
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conditions obtained for the discrete case are global and

may be formulated into a LMI form [20][21], the
conditions in continuous case are often local and in
nonlinear form [2][7][10][12]. In this case, the proposed
method needs a priori bound on the state variation. For
example, the stability conditions in [7][10][12] are
obtained under constraint on state norm or his time-
derivative (i.e. time derivative of activation functions).
This paper deals with the stability analysis of uncertain
continuous-time T-S model with infinite support of
activation functions. Using another class of nonquadratic
Lyapunov function, the aim is to obtain global stability
independently of the time derivative of activation
functions and easy to solve using classical numerical
tools (LMI Toolbox for Matlab for example).

In this paper, the stability of uncertain continuous-
time T-S models is considered. New sufficient conditions
for global asymptotic stability are obtained using a class
of nonquadratic Lyapunov function and the S-procedure.
The paper is organized as follows. Section 2 is dedicated
to the description of the uncertain continuous-time T-S
model. In section 3, sufficient stability conditions for
nominal T-S models are given and then extended to
robust stability in section 4. To illustrate the
effectiveness of the proposed results comparing with
others methods, numerical examples are given in section
5.

In the rest of the paper, the following useful notation
is used: X" denotes the transpose of the matrix X, X >0
(X >0) denotes a symmetric positive definite (semi-

definite) matrix, | denotes an identity matrix
and 1 ={L2,..,n}.

2. Preliminary

In this work, we consider the case of uncertain
continuous-time T-S model obtained by extending the T—
S fuzzy model [11]. An open loop uncertain continuous-
time T-S model fuzzy is based on the interpolation
between several uncertain LTI (Linear Time Invariant)
local models as follows:

Model rulei: If z(t) is My and...and z,(t) is Mj,
Then x(t) = (A +AA)x(t),

iel,

where x(t)eRp is the state vector, A eR"" is the i
state matrix and the terms AA(t) are time-varying
matrices representing parametric uncertainties. n is the
number of the If-Then rules (i.e. the number of sub-
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models) and (Mil,T.,Mi are the fuzzy sets. Vector
Z(t):gzl(t)""vzq(t) eR " is the vector of the premise
variables assumed to be depending on measurable
variables.

The final output of the T-S models is interpolated as
follows:

K = Y1 O)A + A4 O)X(O) (1)

where 1 (2(t) = nwi(z(t)) and wi(z(t)):f[Mij(Z(t))
> a0

The normalised activation function p;(.),iel, respect
the properties:

S0 =Lk @®)20 Viel, v)

The choice of variable z(t) leads to different classes of

models. It can depend on the measurable state variables.
In this case, system (1) describes a class of nonlinear
systems. It can also be an unknown constant value,
system (1) then representing a PLDI (Polytopic Linear
Differential Inclusion) [1].

The terms AA (t), representing parametric uncertainties,

are supposed admissibly norm-bounded, structured and
satisfy assumption 1.

Assumption 1 [9]: The
uncertainties are norm-bounded:
AAi(t):DiFi(t)Ei' Fi(t)TFi(t)Sl (3)

where D, E, are known real constant matrices of
appropriate dimension, F(t) is an unknown matrix

function with Lebesgue-measurable elements and | is
the identity matrix.

considered  parameter

The following lemmas will be used in the rest of the
paper

Lemma 1 (S-Procedure, [1D: Let
F(x(t)),-.F,(x(t)) be quadratic functions of
variable x(t) e R ’

If there exists scalars t,>0,.,t,>0 such that

Fo(x(t))—zn:riFi(x(t))SO then F (x(t)) <0 for all x(t)

such that F, (x(t))<0,Viel,.

Lemme 2 [9]: Given constant matrices D and F ,
unknown constant matrix F of appropriate dimension
satisfying constraint FTF<1 . The following two
propositions are equivalent:
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i)DFE+E'F'D" <0
ii) eDD" +¢'ETE<0 forsome ¢>0. MW
3. Non quadratic stability conditions

Consider the nominal T-S model of (1):
X(t) = 2 i (Z()AX(t) 4)
i=1

Sometimes, it is possible to prove the stability of the T-S
model (4) using a quadratic Lyapunov function

V(x(t))=x" (t)Px(t),P>0 . Taking account the time-
derivative of Lyapunov function V (x(t)), T-S model (4)

is globally asymptotically stable if there exists a matrix
P >0 such that
ATP+PA <0 viel, (5)
Inequalities (5) give a sufficient condition for ensuring
the stability of (4). However, it is well known that in a
lot of cases, a common positive definite matrix P does
not exist whereas the T-S model is stable (see example
given in section 5).

To overcome this conservatism, nonquadratic
Lyapunov functions may be used. Among these
functions, we can quote the piecewise quadratic
functions [5][15]. This approach allows to reduce the
conservatism of the quadratic method by taking into
account the partition of the state space induced by
activation functions with limited local support of
variables (for example trapezoidal or triangular
activation functions) [5]. However, in the case of an
infinite  support (for example Gaussian activation
functions), this approach is reduced to the quadratic
stability (conditions (5)). Some works also propose
another type of nonquadratic Lyapunov function called
fuzzy ~ Lyapunov  functions of the  form

V) =x®' Y )P [21[71[10]12]20][21].
In the continuous domain, the obtained results need a
priori bound on the state variation which is synonym of
conservatism. In order to overcome this restriction and
the limitation of the result obtained by piecewise
quadratic Lyapunov functions [5] when the activation
functions have an infinite or unknown support, the
following class of nonquadratic Lyapunov functions is
proposed [1]:

V(x(1)) = max(V, (x(t).....V; (X(1)),....V, (x(1))) (6)

where V; (x(t))=x(t)" Rx(t), R>0icl,

In the following, sufficient conditions for global
asymptotic stability of T-S model (4) are established by
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using the S-procedure lemma and a nonquadratic
Lyapunov function candidate (6).

Theorem 1: Suppose that there exists matrices

R >0, iel, and scalars t;; >0 such that v (i, j)elf :

T n
A P +P,A +Z‘cijk (PR )<0
k=1
(7)
Then T-S model (4) is globally asymptotically stable.

Proof: Considering nonquadratic Lyapunov function
candidate (6). It follows that

V(x(t))=V; (x(t)) if V; (x(t)) 2V, (x(t)),V kel, (8)

Consequently
ex(t)! Z:l:“‘ (z(t))(ATPl +RA )x(t)
whenwx(t):V (x(t)) 2V (x(t)), V kel,

dV(x(t))

at

ox(t)" Z;:pi(z(t))(ATPn+PnA)x(t)
whenvx(t): V, (x(t)) 2 Vi (x(t)), V kel,

9)
Therefore when X(t)T(Pj—Pk)X(t)ZO,Vke I, , we

obtain

w= x(t)' Zn:ui (z(t))(AT P+ PjA)x(t) (10)

i=1

Consequently, if we have ATPJ-+PJA <0 when

x(t)" (P, -R)x(t)20, vkel, that

dv (x(t))
dt
(lemmal) stability conditions (7) are derived.

we ensure

<0 Vx(t)#0 . Using the S-procedure

Remark 1: It should be noted that quadratic conditions (5)
are included in conditions derived in (7). So when
P=PViel, we have P,-R =0 and
T .-
V(x(t))_rirl?nx(vi(x(t)))_x(t) Px(t) . Then conditions

(7) are reduced to the quadratic conditions (5). The same
result can be obtained by using nonguadratic Lyapunov

function V(x(t)):rir;ir(vi(x(t))) where V;(x(t)) is
defined in (6), it suffices to choose the scalars
negatives.
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4. Extension to robust stability analysis

In this section we consider uncertain T-S model (1).
Using a quadratic Lyapunov function
(V(x(t))=x" ()Px(t),P>0 ), the global asymptotic
stability of (1) can be obtained directly by considering (5)
as follows:

(A+AA) P+P(A+AA)<O0  Viel, (11)

Knowing that AA =D;F(t)E; (assumption 1) and
using lemma 2, the inequalities (11) become

A P+ PA +8 E E +8£1PDi D/ P<0 (12)

Indeed, if there exist a matrix P >0 and scalars gj >0

such that (12) hold, then the uncertain T-S model (1) is
robustly stable. However, the stability conditions (12)
are often very conservative (see example given in section
5). In order to reduce this conservatism, the robust
stability of such models can be studied directly by using
the result of theorem 1. The following result is proposed.

there exists matrices
and tj >0 such that

Theorem 2:
P >0, iel,

Suppose that
and scalars g;
v (i, j)els:

AP +PA +i‘cijk (P —R)+eE E PD,
— <0(13)
—gjjl

@) is

D, P,
Then, uncertain T-S model
asymptotically stable.

globally

Proof : The stability conditions of the uncertain T-S
model (1) are obtained directly from theorem 1, i.e. :

(A+AR) P +P (A +AA)+ > 1y (P =R ) <0 (14)
k=1
Taking account assumption 1 (i.e. AA =D;F()E; ),
inequalities (14) are equivalent to
A P +PA+E F(®) D P +PDF®E + Y ty (P ~R)<0
k=1

(15)
Using lemma 2, the following propositions are
equivalent:

. T T_T
i) E R(t) D; P, +P,DR(ME,
for some ¢; >0

. T -1 T

Consequently, inequalities (14) are equivalent to the
following inequalities
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T . T 1 T
A P, +PA +Zrijk(Pj—Pk)+sijEi E;+&; P;D,D; P, <0
k=1
(16)
This is only the Schur complement [1] of the
sufficient conditions (13).

As it is stated above, conditions (12) are included in
conditions (13). So, when B =P,Viel, we have

P, — B, =0 and stability conditions (13) becomes
PD;

"1<0
—g

A P+PA +,E, E
D/ P

It is obvious that conditions (17) are only the Schur

complement of (12). This is a proof that the proposed

stability conditions (13) are less conservative than
conditions (12) derived from the quadratic case.

(17)

Remark 2: The derived stability conditions, using
the S-procedure lemma and the nonquadratic

constraints.

Lyapunov function (6), lead to n’ (”;1)

These conditions are not jointly convex in P >0
and ;. However if we fix scalars r; , we obtain

convex problem in R, >0 and g; >0,(i, j) e lnz.

5. Numerical examples

Consider the T-S model (D) with

n=3, AA = EFRD;, FiT F <1 and the following data

0 1 0 1 00667 0
Al_(-O.l -1]' El‘(o -1)'D1‘( 0 0.0667)

(18a)
0 12 0 1 0.0667 0
& :(-1.9 -J’ & :(-1 -J' > :( 0 0'0667j
(18b)
o 2 0 2 0.0667 0
3 Bl o oy
(18c)
The activation functions (figures 1, 2) are as follow
B ml(xl(t))
(3 ()= oy (% (1)) + 0, (X (1)) + o5 (X (1)) aed
©, (Xl(t))
()= 18
HZ(X ()) ml(xl(t))+0)2(Xl(t))+0)3(xl(t)) ( e)
03 (Xl(t))
o) = 18f
B3 (x, (1) oy (X (1)) + 0, (X, (1)) + o5 (% (1)) 4o
with
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The figures 1 and 2 show the case of activation
functions with infinite support and different slope (i.e.
switching speed between sub-models related directly to
the time-derivative of activation functions). Figure 2
represents the case of activation functions with very
large slope in comparison with figure 1.The influence of
the activation functions form (i.e. support and switching
speed) will be discussed in the following.

(189)

A. Comparison with other results (AA =0,i e 1;):
Although the three nominal state matrices are stable
and the simulation show that stability of example (18)
(see figures 5), the quadratic stability conditions (5) fail
to prove the stability of this example. This verification
can be made easily by solving the dual problem stated in
the following lemma 1:
Lemma 3 [1]: If there exists matrices X;,Vie I, not all

zero such that

n
X; 20 and > X;A" +AX; >0
i=1
then the inequalities (5) do not admit a solution P >0.
[ |

Thus, for the given example, the dual problem is

X;>0,X,>0,X;>0
XA +AX + XA + A X, + X5AL + A X, >0

Which is feasible and gives

(20419 639.7 (4474 -5837
171 639.7 2105 ' 2| -583.7 7685 ’
66.5 34.5
X, =
345 275

The conditions given in [5] also fail to prove the
stability of T-S model (18) because the activation
functions (18d-g) are with infinite support; these
conditions are reduced to the search of a common global
quadratic Lyapunov function in this case.

The derived stability conditions using polyquadratic

Lyapunov functions (V(x(t)) = x(t)TZ::lui(x(t))Pix(t) )

[71[10][12] also fail to prove the global stability of the T-
S model (18), because the stability conditions depend on
the activation functions dynamics. The obtained stability
conditions are derived under bound of state time-
derivative and are local only. Moreover, the method is
very conservative in the case of activation functions with
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large time-derivative (see [7][10][12] for examples).
Thus, whereas the proposed example is globally
asymptotically stable (see figure 5)-as we will prove it
sub-section 5.2- these methods depend on switching
speed between sub-models (y ) and need a priori bound

on state variation which is synonym of conservatism.
For example using the stability conditions (theorem 1) of
[12], the T-S model (18) is asymptotically stable if the
0.0219

constraint on the state variation: % @®] < is
¥
satisfied where y = max w is the upper bound of
il X, t

the derivative of the activations functions (see figure 3
and figure 4). Indeed, the stability is local only and
depends on switching speed between sub-models
(|| ()|<0.15 for activation functions (18d-g) with

c=9,d=4 and |x(t)|<o0.0118 for activation functions
(18d-g) with ¢=9,d=1). It is obvious that when the

switching speed between sub-models is very large, even
a local stability is impossible to find.

In the following sub-sections, by using the derived
stability conditions of theorem 1 and theorem 2, we
prove that the given example is globally asymptotically
stable independently of the activation functions form.

B. Stability analysis (AA =0,ie l5):
Now by considering stability conditions of theorem 1,
we obtain nine constraints in B >0,P, >0, P, >0 and

T >0, (i, j.k)e Ir?. By an iterative method fixing the
positive scalars ., (i, j, k) e I:, stability conditions (7)

lead to an LMI problem in B, >0,P, >0,P, >0. Solving
this LMI problem, we get:

P 149.4433 84.1699 P _ 161.1414 99.1047
171 84.1699 162.2407 ) ' "2 | 99.1047 174.9105) '
151.4240 57.5350
Py = ( 57.5350 179.8239j (19)
Ti1 = Tu1z = 0, To1p = To13 = 0.5, 137, = 1313 =0 (20a)
Tio1 = Tio3 = 0, Top1 = Topg =1, Tgp = T3 =0 (20b)
Tig1r = Tyzz = 0.5, Tpg1 = To3p =0, T35 =T33, =0 (ZOC)

which allows affirming the global asymptotic stability of
the nominal T-S model of (18).

C. Robust stability analysis
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By an iterative method fixing the positive scalars
Tk (i 5. K) € |§, stability conditions of theorem 2 lead to
nine LMI in B >0,P,>0, P,>0 and g (i,j)elj.
Solving this LMI problem, we get:

P 39.57 26.39 P _ 35.99 10.51
1712639 4711 ! 2711051 40.90 '
37.87 10.53

Py = (10.53 42.87) (21)

Tr1z = Ti1z3 = 0, To1p = To13 =1 T35 =T33 =0 (223)
Tio1 = Tipz = 0.9, Tppy = T3 =0, Tgp = Tgp3 =1 (22b)
Tiar = Tiz2 =1 Tozn = Tozp =0, Tagp = Ta3p =1 (22c)
€,=0.7912, ¢,,=0.7597, ,5,=1.1174 (23a)
€99= 0.2281, £5,=0.2909, &,;= 0.3137 (23b)
€4,=0.2810, £5,=0.9569, £4,=0.4369 (23c)

Which shows the global asymptotic stability of the
uncertain T-S models (18). It is important to recall that
the quadratic stability conditions (12) fail to prove the
robust stability of (18).

Remark 3: It is important to note that the proposed
method (theorems 1 and 2) do not depend on time-
derivative of activation functions (i.e. switching speed
between models) in comparison with the polyquadratic

approach (V(x(t)):x(t)TZ::lui(x(t))Pix(t) ). To show

concretely this fact, the example (18) is simulated with
activation functions of different switching speed
between sub-models (figures 1 & 2). It is checked that
when the proposed stability conditions hold, the global
stability of the system is guaranteed independently of the
activation functions form.

Indeed, the proposed method guarantees a global
asymptotic stability independently of the activation
functions dynamics. This contribution is particularly
more interesting when the switching speed between
models is very large (i.e. the case of activation functions
wi(.),iel, with large slope, example of figure 2). The

given stability conditions are also shown independent of
the support of the functions of activation (figures 1, 2 are
with infinite supports).
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Figure 4. Derivative of activation functions (18d-g) %ﬁ()t)) with c=9,d =1
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Figure 5. Example of simulation of the nominal T-S
model (18) with activation functions (18) and initial
condition x(0)" =(-2,1.75)

6. Conclusion

In this paper, the stability of uncertain continuous-
time T-S fuzzy model is considered. Using the S-
procedure and a class of nonguadratic Lyapunov
function, sufficient conditions for global asymptotic
stability are derived. The derived stability conditions
allow to reduce the conservatism of the results obtained
by (i) the quadratic method, (ii) the nonqudartic method

[5] with unknown activations functions p;(.),iel, or

known with infinite support, (iii) and the polyquadratic
methods, particularly in the case of very large speed
between sub-models. A numerical example is given to
illustrate the effectiveness of the proposed method in
comparison with some others existing methods.
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