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Observer-Based Direct Adaptive Fuzzy-Neural Control for
Anti-lock Braking Systems

Guan-Ming Chen, Wei-Yen Wang, Tsu-Tian Lee, and C. W. Tao

Abstract!

In this paper, an observer-based direct adaptive
fuzzy-neural controller (ODAFNC) for an anti-lock
braking system (ABS) is developed under the con-
straint that only the system output, i.e., the wheel slip
ratio, is measurable. The main control strategy is to
force the wheel slip ratio to well track the optimal
value, which may vary with the environment. The
observer-based output feedback control law and up-
date law for on-line tuning of the weighting factors of
the direct adaptive fuzzy-neural controller are de-
rived. By using the strictly-positive-real (SPR)
Lyapunov theory, the stability of the closed-loop sys-
tem can be guaranteed. Simulation results demon-
strate the effectiveness of the proposed -control
scheme for ABS control.

Keywords: anti-lock braking system, slip ratio, fuzzy
control, neural networks, nonlinear systems, adaptive
control, observer.

1. Introduction

Locking-up during braking has a marked negative ef-
fect on the stability of a vehicle, potentially putting
driver and passengers at risk. Therefore, ABS has be-
come the most important and necessary safety devices
for vehicles [1], [2]. The main goal of most ABS is to
attain the optimum negative acceleration rate without
sacrificing the stability and steering ability of the vehicle
while maintaining the maximal safety to the driver and
passengers [3]. Wheel slip ratio, one of the most influen-
tial factors on the quality of braking, should be consid-
ered to achieve this goal. The main idea of ABS is pre-
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venting the wheels from locking by keeping the wheel
slip ratio within a certain range when the brake is oper-
ated on a slippery road surface. The optimal wheel slip
ratio for most road surfaces is between 0.1 and 0.3 [4].
Most ABS control strategies [3] aim at maintaining the
wheel slip ratio at a compromise value 0.2. However, in
general, optimal slip ratios vary with different road sur-
faces, such as dry asphalt or icy road. Forcing the wheel
slip ratio to track optimal slip ratios, which causes the
maximal tire/road friction force, can minimize the vehi-
cle stopping distance. It is worth noting that if the road
surface changes during braking, it is impossible to obtain
the minimum stopping distance by tracking a constant
optimal slip ratio. Therefore, if we want to track variant
optimal slip ratio during braking, a stable and robust
controller for ABS is needed [32]-[33].

Adaptive control of systems has been an active area of
research [5]-[6] for at least a quarter of a century. Re-
cently, there has been a surge of interest in the adaptive
control of nonlinear systems. Some adaptive control
schemes for nonlinear systems via feedback linearization
have been proposed in [7]-[12]. The fundamental idea of
feedback linearization is to transform a nonlinear system
dynamic into a linear one. Therefore, linear control tech-
niques can be used to acquire the desired performance.
Some preliminary results have been presented in [7].

Since neural networks and fuzzy logic are universal
approximators [13]-[14], the adaptive control schemes of
nonlinear systems that incorporate the techniques of
fuzzy logic [15] or neural networks have grown rapidly
[16]-[20]. Although both neural networks and fuzzy
logic are universal approximators, there are some differ-
ences between them. The former possesses characteris-
tics of fault-tolerance, parallelism and learning. The later
has characteristics of linguistic information and logic
control. However, both of them have the complementary
characteristics. The combined algorithms were proposed
in [21]-[24]. All these methods assume that the system
states are available for measurement, i.e., the nonlineari-
ties approximated by fuzzy logic or neural networks are
functions of the system states which are available for
measurement.

It has to be pointed out that ABS, which involves high
nonlinearities, time-varying parameters and uncertainties,
is a highly nonlinear system. Furthermore, in ABS con-
troller design, it is necessary to precisely measure some
parameters such as wheel velocity, the wheel accelera-
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tion, the brake-line pressure, etc. Utilizing detecting
sensors to obtain the measurements is difficult and ex-
pensive. Due to the technical difficulties and the eco-
nomic benefits, we assume that only the vehicle velocity
and the wheel velocity are measurable. In other words,
only the system output, i.e., the wheel slip ratio, is
measurable [33].

Therefore, in this paper, an observer-based direct
adaptive fuzzy neural controller (ODAFNC) for the ABS
is developed under the constraint that only the system
output is available for measurement. An observer-based
control law and update law to on-line tune the weighting
factors of the adaptive fuzzy-neural controller are de-
rived. Based on the strictly-positive-real (SPR)
Lyapunov theory, the stability of the closed-loop system
can be verified. Moreover, the overall adaptive control
scheme guarantees that all signals involved are bounded
and the output of the closed-loop system will asymptoti-
cally track the desired optimal slip ratio.

The paper is organized as follows. First, the vehicle
model is introduced in Section 2. The problem is formu-
lated in Section 3. A brief description of fuzzy-neural
networks is presented in Section 4. The design of the
observer-based direct adaptive fuzzy-neural controller is
interpreted in Section 5. In Section 6, simulation results
are presented to confirm the effectiveness and the appli-
cability of the proposed controller for ABS. Finally, Sec-
tion 7 concludes the paper.

Table 1. List of notations

symbol Quantity value
Y Wheel slip ratio
A Wheel slip ratio of the front wheel
a, Distance from center of gravity to front 12m
axle
A Effective orifice area of the build valve 0.00316 M2
A, Effective orifice area of the dump valve 0.00633 m?
a, Vehicle linear acceleration m
b, Distance from center of gravity to rear axle 1.2m
c Longitudinal tire stiffness of the front
sf N
wheel
Coefficient of the flow and the time de-
C 5
f rivative function of hydraulic pressure 10 m*/kgf
E Longitudinal tractive force of the front N
f wheel in half vehicle model
= Longitudinal tractive force of the rear N
r wheel in half vehicle model
g Gravitational constant m/s>
h Height of the sprung mass m
| Moment of inertia of wheel 3kg-m’
k, Gain between Pi and Tb 28
M, Vehicle mass 1100 kg
N, Normal force of the front wheel in half N

vehicle model
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Normal force of the rear wheel in half

N, vehicle model N
P Sﬁg;?lil;,i rr:;:sure at the valves from the kefiom”
Pow Constant reservoir pressure 6000 kgf/cm 2
P, Constant pump pressure 5 kgf/em?
PNG Percent Normalized Gradient 0.833 s/m
R Wheel radius M
T, Wheel braking torque N-m
T Tractive force torque N-m
v Vehicle linear speed m/s
w Wheel speed 1/s
W, Vehicle weight kegw
7 Friction coefficient
M Friction coefficient of the front wheel
Mo Friction coefficient at zero vehicle speed 1

2. Vehicle Brake Model

Due to the high nonlinearities, time-varying parame-
ters and uncertainties, such as vibration of suspension
systems and wind drag during braking, it is difficult to
describe the exact dynamics of a braking vehicle. In this
paper, without losing accuracy, a half vehicle model is
introduced. In addition, some assumptions to focus the
research interest should be stated first: a) the controlled
vehicle is assumed to be in straight-line motion on a flat
road, b) the motion dynamics arising from rotation of the
vehicle about the vertical axis is not considered. Note
that lateral tire force and yaw do not exist Note that in
straight line braking. The wheel slip ratio A, which is
the most influential factor on the quality of braking, is
defined as

Rw

A=1-—2.
\'

(1)

A. Half Vehicle Model

Figure 1. shows the free body diagram of the half ve-
hicle brake model. Consider the front wheel first. As-
sume that the longitudinal tractive force F, is a

nonlinear function of the front wheel slip A,, as shown
by the Dugoff tire model [25]

Cop x4 if C, (x4 <:quNf
BEED -2, 2 @)
e N, x[p, — 12 N, x(1-4) if Coi x4 py xN,
T axe, x4, 1-4, 2
where
C,i =10N; 3)
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Figure 1. Free body diagram of half vehicle model.

and

100 @
PNG (Percent Normalized Gradient) is a constant whose
magnitude is relative to the root mean square texture
height of the road surface. Note that in (2), if we change
the parameters for the front wheel to those for the rear
wheel, the resulted equation is exactly the Dugoff tire
model for the rear wheel. Owing to the load transfer ef-
fect, the normal forces acting on the front and rear tires
are unequal and time varying. According to the equilib-
rium of torque, we have

PNG-v- 4,
My = o X €Xp| = ————— |

M
_Ff_Fr: anv (5)
2
WV
N¢+N, = 5 (6)
W, M,
Nr(af+br)_ 2xaf: B Xath (7)
From (5)-(7), the normal forces, N, and N,, can be
expressed as
W
2” xb, +(F, +F,)xh
N, = 8
' a, +b, ®)
W
“xa, —(F, +F,)xh
N, =—2 ©)
a, +b,
The acceleration of the vehicle is
= (10)

a :M—X(—Ff _Fr)

v

B. Hydraulic Brake System Model

The most commonly used brake system on automo-
biles is the hydraulic brake system shown in Figure 2.
[1]. The pressure created by the driver and
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> to other valves

master

cylinder | i-th build valve brake tire
pad
driver’s —T -
wes —(O=03 =
i-th wheel
force vacuum .
booster cylinder  rotor
pump D | * |_: |i- th dump
valve

|' TThmmTTT | "" | reservoir

Figure 2. Hydraulic braking system model.

pump can only be transferred to the wheel cylinder when
the build valve is open and the dump valve is closed. On
the contrary, if the build valve is closed and the dump
valve is open, the pressure in the wheel cylinder de-
creases because the brake fluid flows back to the
low-pressure reservoir. The case that both valves are
closed is not allowed. If we regard the flow in and out of
the hydraulic circuit as a flow through an orifice [26],
the hydraulic brake system dynamics can be obtained as
follows [1]:

1]
dP. A A

P A, 2e -py-Lc, 2R -r, a1
dt C, Y C, P

C, =1 and C,, =0 is the case that the build valve is
open and the dump valve is closed. On the contrary,
Cq1 =0 and Cy, =1 is the case that the build valve is

close and the dump valve is open. On the premise that
the initial properties of the fluid and the resistance in the
pipes are neglected, the pressure in the wheel cylinder is
assumed to be P, . Brake torque T, can be expressed as

a linear function of the brake pressure P,
T, =K, xP. (12)

3. Problem Formulation

The discussions in the following can be applied to the
case corresponding to the front wheel as well as the rear
wheel. For convenience, the subscripts representing the
front or the real wheel are omitted.

A. Problem Formulation
Rewrite (1) as

w=Ya=4

R (13)
Differentiating both sides of (13) yields
wzé[—vma—z)av] (14)
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dv
where a, = at Also, form Figure 1., we obtain

Tt _Tb _ I:XR_KbPi

W= (15)
I I
From (12), (14) and (15), we have
i:l[lﬁ(—FXRJrKba)+(1—,1)av]. (16)
v
Differentiating (16) yields
A=A, AV, P,P) (17)

where 1 = A(/i,/i,v,\'/,\'/',l:’i,lf’i) is a highly nonlinear
function. Rewrite (17) as

A=fA,A)+g(AA)u+d (18)
where f(1,4) and g(1,A) are an unknown nonlinear
functions, U= PI is the control input , and

d=A,AV,V,V,P,P)-f(1,A)—g(1,4) . Now we
can consider the following dynamics of an anti-lock
braking system:

A=t AD+gADu+d, y=1 (19
where y e R is the system output. Assume that the so-

lution for (19) exists. In addition, only the system output
Y is assumed to be measurable. The control objective is

to design an observer-based direct adaptive fuzzy-neural
controller such that the system output y follows a

given bounded optimal wheel slip ratio Y, , and all sig-
nals involved in the system are bounded.

B. Convert the Tracking Problem to Regulation Prob-
lem
Rewritten (19) as
A=AL+B(f(A)+g(A)u+d)
y=C"A

] <)

and A=[4 /i]T € R’ is the state vector. Define the

output tracking error € =Y, — Y and the tracking error

(20)

where

vector e=[e €]" eR’. According to the certainty
equivalence approach, the optimal control law is
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u*:é[—f +y, +K €], Q1)
where € denotes the estimate of e, and K, =[k; k']
is the feedback gain vector, chosen such that the charac-
teristic polynomial of A -BK! is Hurwitz because
(A,B) is controllable. Since only the system output Y
is measurable and f is unknown, the optimal control

law (21) cannot be implemented. Thus, suppose the con-
trol input U is

u=u, +u, (22)
where U, is designed to approximate the optimal con-

trol law (21), and u,, is employed to compensate the
external disturbance and the modeling error. From
(20)-(22), we have
€=(A-K,C)e+B[gu —gu, —gv—d]
8 =C'¢ '
Equation (23) indicates that we have converted the

tracking problem into the regulation problem. That is,
designing a state observer to estimate the state vector e

(23)

and thus €, can be regulated to zero.

C. State Observer Design
Considering the following observer that estimates the
state vector e in (23)

e=Aé-BKle+B(gv—-gu,)+K, (e —6)
g =C'e
where K, =[k! kZ]' 1is the observer gain vector,
chosen such that the characteristic polynomial of
A-K_,C' is strictly Hurwitz because (C,A) is ob-
servable. The control term Vv is employed to compen-
sate the external disturbance d and the modeling error.

24

Define the observation errors ¢€=e—€ and
€, =e, —é,. Subtracting (24) from (23), we have
¢=(A-K,C")e+B[gu —gu, —gv—d] 05

g =C'%.
Furthermore, the output error dynamics of (25) can be
given as

€ =H(s)[gu" —bu, —bv-d] (26)
where s is the Laplace wvariable, and
H(s)=C"(sI-(A-K,C"))"'B is the transfer func-
tion of (25).

4. Description of Fuzzy-Neural Network

The basic configuration of fuzzy logic systems con-



212

sists of some fuzzy IF-THEN rules and a fuzzy infer-
ence engine. In this paper, the fuzzy inference engine
uses the fuzzy IF-THEN rules to perform a mapping

from an input linguistic vector e R”> to an output
U, € R. The ith fuzzy IF-THEN rules is written as

RV:If e is A and e, is A) than u, is B' (27)
where A', A and B' are fuzzy sets [15], [23]. By

using produce inference, center-average and singleton
fuzzifier, the output of the fuzzy-neural network can be

expressed as
h 2
S [Ty
i= j=1

1
u = =07pe)  (28)
Z{H py (8, )}
i1 | = !
where
M, (&), =12 the membership function value
]
of the fuzzy variable e;
h the number of the IF-THEN
rules
u' the point where @)=1
0=[0" T’ U"]" adjustable parameter vector
p=[p" ¢’ @"]"  fuzzy basis vector

where ¢' is defined as
2
[1x,€)
‘:12 . (29)

- |:H‘UA} (ej):|

i j=1

9'(e)=

When the inputs are given into the fuzzy-neural network
shown in Figure 3., the truth value ¢' (layer III) of the

antecedent part of the ith implication is calculated by
(29). Among the commonly used deffuzzification strate-
gies, the outputs (layer IV) of the fuzzy-neural system
are expressed as (28). The fuzzy logic approximator
based on neural networks can be established [22], [24].
Figure 3. shows the configuration of the fuzzy-neural

function approximator. The approximator has four layers.

At layer I, input nodes stand for the input linguistic
variables e and €. At layer II, nodes represent the
values of the membership functions. At layer III, nodes
are the values of the fuzzy basis vector ¢. Each node of

layer III performs a fuzzy rule. The links between layer
III and layer IV are full connected by the weighting fac-
tors @=[0' U> --- U"]", ie., the adjusted parame-

ters. At

International Journal of Fuzzy Systems, Vol. 8, No. 4, December 2006

Layer I'V

Layer I Layer Il Layer 111

Figure 3. Configuration of fuzzy-neural networks

layer IV, the outputis U, .

5. Observer-Based Direct Adaptive Fuzzy-Neural
Controller (ODAFNC)

In this section, our task is to use the fuzzy neural net-
work to approximate the ideal optimal control (21), and
develop an adaptive control law to adjust the parameters
of fuzzy neural networks for the purpose of regulating

the observation error € to zero.

First, replace U, in (22) by the output of the

fuzzy-neural network, 0" (&), in (28), i.e.,
U(e]0)=0"p@). (30)

In order to derive the direct adaptive update law, the fol-
lowing assumptions and lemmas should be stated first.

Assumption 1 [10]: Let eand € belong to the compact

sets U, = {e € R2|||e|| <m, < oo} and

U, = {é € R2H|é|| <m, < oo} , respectively, where e de-

notes the estimate of e and m_ and m, are designed
parameters. It is known a prior that the optimal parame-

ter vector 0 =argmin[ sup ‘u*—u(é|9)‘] lies in
0=Mp “ecu, .2cU;

some convex region M, = {9 eR’ ||9|| <m, }, where the
radius m, is constant. .

According to Assumption 1 and (30), (25) can be rewrit-
ten as

€=(A-K,CT)e+B[gu,(&]0")—gu, (¢]0)—gv+w—d]
g, =Ce
(31

where [U”—uU,(€|07)] is the approximation error and

w=g[u —u,(e|0")]. Rewrite (31) as
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€=(A-K,C")e+B[g0 p@) —gv+w—d]

_ (32)

g =C'e
where 6 =0"—0. Since only the output € in (32) is
assumed to be measurable, we use the

strictly-positive-real (SPR) Lyapunov design approach to
analyze the stability of (32) and derive the direct adap-
tive update law for 0. The output dynamics of (32) can
be rewritten as

& =H(s)[g0" p(&)— gv+w—d] (33)
where H(s)=C"(sI-(A-K,C"))"B is a known
stable transfer function. In order to employ the
SPR-Lyapunov design approach, (33) can be written as

& =HELO)0 ¢@) -V, +w,] (34)
where  ¢(@&)=L"(s)[p@)] , Vv,=L"'(s)gv , and
w, =L (s)[w—d + g0 p(&)]-0"¢@) . L(s) is cho-

sen so that L™'(s) is a proper stable transfer function
and H(S)L(S) is a proper SPR transfer function. Sup-
pose that L(S)=sS+b,, where b, is a constant, such
that H(sS)L(s) is a proper SPR transfer function. Then
the state-space realization of (34) can be written as

e—A e+B [9 p&)—v, +w,]
g =Cl¢
A, =(A-K,C")eR™ | B! =[0 b]eR’ a

(35)

where

Observer-Based Direct Adaptive Fuzzy-Neural Control for Anti-lock Braking Systems
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(39)

where ¢ is a positive constant. *
Remark 1 : Assumption 3 is reasonable due to the uni-
versal approximation theorem.

On the basis of the above discussions, the following
theorems can be obtained.
Theorem 1: Consider the system (35) that satisfies As-
sumptions 1-3. Let 0 be adjusted by the update law
(36), and let v Dbe given as

‘Wf‘sg

if >0
v={” o (40)
—-p ifg <
where p Zﬂi . Then &(t) converges to zero as
1
t—o0. .

Proof : Given in Appendix.
Theorem 2: Consider the nonlinear ABS dynamic system
(20) that satisfies Assumptions 1-3. Suppose that the
control law is

u=u,(e|0)+u, (41)
with the state observer (24), the adaptive law (36), and
u, =V, given as (40) . Then all signals in the

closed-loop system are bounded, and e, (t) converges

tozeroas t—o0. .

proof : Given in Appendix.

4 According to the aforementioned discussion, the design
nalgonthm of the ODAFNC is described as following.

C. =[1 0]eR’. In the following, some assumptions anfStep 1] Select the feedback and observer gain vectors

lemmas are stated for the purpose of stability analysis of the

whole control scheme.
Lemma 1 [15], [28]: Supposed that the adaptive laws are
chosen as

[r&g@. if o] <m, or (J6] =m, and &0 #(&)>0)
“|Pr(rE @), if 0] =m, and §07 4(&) <0
(36)
where the projection operatoris given as [15]
Pr{&4()= /8.8 7 ” ﬁ” ©y. @)
Then ||9|| <m, and “6” <2m,. .
Assumption 2: The unknown function ¢(A) is bounded
by
B <[a@)| <5, (38)
where S, and [, are positive constants. .

Assumption 3: w, is assumed to satisfy

K., K,

and A-K_ C" are Hurwitz matrices, respec-

such that the matrices A —BK]

tively.

[Step 2] Choose an appropriate value £ in (40) and
y in (36). In order to eliminate the control
chattering, (42) can be modified as

Yo, if 6120and|€1|>a,
V=4— if€1<0and|€l|>a (42)
€ .
P it l<a
a
where « is a positive constant.

[Step 3] Solve the state observer in (24), where V in
(40) or (42).

[Step 4] Construct fuzzy sets for €(t), and then com-

pute the fuzzy basis vector ¢ by (29).

Calculate the control law (41), and the update
law (36).
Remark 2: The initial value 0(0) should be determined

before solving the adaptive laws in (36). The value of ¥

[Step 5]
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é=(A-BKT)é+K,g

4

u, O%p(é)
¥ !

The adaptive law <

0 in(36)

u, =v in (40) or
(42)

A

Figure 4. Overall scheme of the observer-based direct adaptive
fuzzy-neural controller for ABS

in (36) is obtained by an trial and error procedure ac-
cording to 0(0). In order to compute the controller in

(41), we need to determine p. Under Assumptions 2-3,
£ s also chosen by a trial and error procedure without
using any adaptive tuning procedure. Larger p results
in larger control input according to (42). From (40), we
see that the absolute value of the control term U is the
value of p. The control term V is employed to com-
pensate for external disturbance and modeling error.

To summarize, Figure 4. shows the overall scheme of

the proposed observer-based direct adaptive fuzzy-neural
controller for an ABS.

6. Simulations

In this section, the effectiveness of the proposed
ODAFNC for anti-lock braking system are examined on
half vehicle models. Figure 5. shows longitudinal trac-
tive forces (F,) with respect to wheel slip ratio.We can
observe clearly that F, increases rapidly near a zero
wheel slip ratio. However, after reaching a peak value,
F, decreases gradually with the increasing slip ratio.

The optimal slip ratios corresponding to different road
conditions are determined by choosing the slip ratios
corresponding to the peak tractive forces.

To carry out the simulation successfully, the optimal
wheel slip ratio function during braking, which is as-
sumed to be obtained from an optimizer [29] or an ob-
server [30], should be defined first. The road conditions
are altered in the following order: dry surface for 2.1

International Journal of Fuzzy Systems, Vol. 8, No. 4, December 2006

seconds, wet surface for 1.15 seconds, snowy surface for
1.45 seconds, and icy surface for the rest of the braking,
with corresponding optimal slip ratios of 0.28, 0.25, 0.13,
and 0.1, respectively. The optimal slip ratio curve, which
shapes like stairs, is shown in Figure 6. It can be ex-
pressed as

2c,

c

Ym == ym(ym - CS) (43)

1
where C,,C,, and C; are designed constants. Figure 7

(a) shows the curve of the vehicle speed reduced from
33.33 m/sec (about 120 km/hr) to 0 m/sec at 6.17 sec-
onds. The curve of wheel speed during braking is shown
in Figure 7 (b). Figure 7 (c) shows the control input.
Note that those peaks of control input are reasonable,
because they occur at the times when the road surface
changes suddenly. In Fig 7 (d), it can be observed that
after periods of transient response, the wheel slips A
can still approach to the optimal values of different road
surfaces. This fact proves the robustness of the
ODANFC under parameter variations. Figure 7 (e)
shows the stopping distances in to two cases: the case of
tracking a fixed wheel slip ratio 0.2 and the case of
tracking the optimal wheel slip ratio variant with differ-
ent road surfaces. The former stops at 7.88 seconds with
a stopping distance 88.88 m, while the latter stops at
6.16 seconds with a stopping distance 75.33 m. It is clear
that in the latter case, both braking time and distance are
shorter. In other words, the correctness and effectiveness
of the control strategy is verified. It is worth noting that
the tracking trajectory of the slip ratio can converge to
the optimal values in the presence of suddenly variation
of road surfaces.

2500
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500 |

ic/
Yy

0 L I I I I I I I I

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

wheel slip ratio
Figure 5. Longitudinal force versus wheel slip ratio
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Figure 7 Simulation results of the ABS with an ODAFNC
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6. Appendix

A. Problem Formulation
Consider the Lyapunov-like function candidate
V=lepes 078
2 2y
where P =P" > 0. Differentiating (A.1) with respect to
time and inserting (35) yield

(A.1)

LT (ATP+PA,)E+E PB,[074—v, +W,]+1078.
y

V==¢
2
(A2)
Because H(s)L(s) is SPR, there exists P=P' >0
such that
A/P+PA_=-Q
PB, =C,
where Q=Q" > 0. By using (A.3), (A.2) becomes

(A3)

\/:_%ETQE+€I[§T¢ -V, +Wf]+%6T§. (A.4)

By wusing Assumptions

smallest eigenvalue of Q and A4

2-3, (40) and the fact
*, where A...(Q) denotes the
(Q) >0, we have

Y, S—%imm(Q)|€l|2 +€16T¢+§6T6. (A.5)
Inserting (36) in (A.5) and after some manipulation yield
V<o h (@ (A6)

(A.1) and (A.6) only guarantee that € (t)el, and

e(t)elL,, but do not guarantee the convergence. Be-

|2

cause all variables in the right-hand side of (35) are
bounded, eﬁ(t) is bounded, i.e., eﬁ(t) e L, . Integrating
both side of (A.6) and after some manipulation yields
L ‘& @ dt VO V(=) (A7)
N
2 min (Q)
Since the right side of (A.7) is bounded, so & (t)elL,.
Using Barbalat’s lemma [31], we have lim|§1 (t)|=0.

This completes the proof.
B. Proof of theorem 2
First, from Theorem 1, we have %im|€1 (t)| =0. Using
(24) and the fact Uy, =V, we obtain
¢=(A-BK)é+K,C'€
€ ( i C )e 0 ¢ . (A8)
€ =C'e

Similarly, because A — BK_'is a Hurwitz matrix and
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€(t) is bounded, é(t) is bounded. From € =e-e, it
and () >0 as
From e,e,y, €L, it follows that x,X,e,ee L . The
boundedness of Y(t) follows that of e, (t) andy,(t).
This completes the proof.

follows that e ,eel, t—>ow .
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